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Chapter 1

Introduction

Superconductivity is the sudden disappearance of resistivity of some materials at low

temperatures. This phenomenon can also be considered a transition in the thermo-

dynamic phase from a “normal state” to a “superconducting state” [3].

According to Kamerlingh Onne’s notebook number 56, on April 8, 1911, he

recorded the first observation of superconductivity while experimenting on solid mer-

cury’s resistivity at low temperatures. He used the recently produced liquid helium

to decrease the temperature and observed that the resistivity of the mercury unex-

pectedly disappeared at 4.2 K [4]. From that time, physicists did many experiments

to observe this phenomenon in other materials at different temperatures. Meissner

and Ochsenfeld took the next important step in 1933 when they discovered that the

superconductors expel an applied magnetic field, the property known as the Meissner

effect now.

The first theoretical model that tried to explain the Meissner effect classically

was presented in 1935 by Fritz and Heinz London. Then in the 1950s, the Ginzburg-

Landau theory (proposed by Landau and Ginzburg in 1950) and the BCS theory (pro-

posed by Bardeen, Cooper, and Schrieffer in 1957) provided a proper understanding

of superconductivity.

The BCS theory is a microscopic description of superconductivity. According to

this theory, at low temperatures, the Fermi sea is unstable in the presence of an

attractive potential, and the electrons pair up to form the Cooper pairs near the
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Fermi surface. In this case, the charge is carried by the Cooper pairs.

The Ginzburg-Landau is a phenomenological approach that describes the super-

conducting phase transition from a thermodynamic point of view. The “supercon-

ducting”and “normal”states are different phases of material, like solids, liquids, and

gases. In this theory, the phase transition is characterized by the order parameter,

a physical quantity, that can be found by minimizing the free energy of the super-

conductor [5]. The order parameter is zero when the temperature is above a critical

temperature of Tc and becomes non-zero at a temperature below Tc.

For the first time, in 1979, Frank Steglich reported the superconducting properties

in a class of materials known as heavy-fermion materials [6]. The conventional BCS

theory could not explain the superconducting properties of these materials. The study

of unconventional superconductivity began with the discovery of superconductivity in

heavy-fermion materials. For decades, the study of unconventional superconductivity

has been an interesting subject in condensed matter physics.

In this project, we study unconventional superconductivity using a symmetry-

based approach. The symmetry-based approach is a phenomenological method to

characterize superconducting states using the irreducible representation of the sym-

metry group in the normal state [7]. The benefit of using this approach is that all

the possible stable states can be listed even if the microscopic details and the pairing

methods are not fully understood [2]. This property makes the symmetry approach

a powerful tool for studying superconductivity.

In this chapter, we try to provide a proper introduction to the symmetry-based

approach in unconventional superconductors. The next section briefly reviews the

BCS theory and the Cooper pairing mechanism. Then in Sec. 1.2 unconventional

superconductivity is introduced, and its difference from conventional superconductiv-

ity is discussed. We need some background from the group theory to introduce the
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symmetry-based approach, which is summarized in Secs. 1.3 and 1.4. Finally, in Sec.

1.5 we apply the symmetry-based approach to unconventional superconductors.

1.1 The BCS theory

The BCS theory is the first microscopic theory that describes the phenomenon of

superconductivity. The BCS explains superconductivity by discovering that in low

temperatures, the Fermi sea is unstable in the presence of an attractive potential. In

this case, electrons pair up near the Fermi surface with a total momentum of zero

and make the Cooper pairs. Therefore, the current is carried by the Cooper pairs

and not the single electrons. Electron-phonon coupling is the origin of the attractive

potential between electrons in conventional superconductors. The electron-phonon

coupling is the interaction between electrons and phonons of the crystal lattice [3].

In the following sections, we study the unconventional superconductivity and the

effective interaction between electrons in unconventional superconductors.

The BCS theory predicts the existence of a fixed energy gap 2∆ at the Fermi

level, where ∆ is called the gap function and is proportional to the Cooper pairs

wave-function. Using the mean field Hamiltonian, the BCS theory introduces the

Schrodinger equation for the Cooper pairs, which leads to finding the BCS gap func-

tion and pairing wave-function of the Cooper pairs. The effective BCS Hamiltonian

is presented in Eq. (1.1), where ϵ(k) is the band energy relative to the chemical

potential:

H =
∑
k,s

ϵ(k)c†kscks +
1

2

∑
k,k′,s1,s2,s3,s4

Vs1s2s3s4(k,k
′)c†−ks1

c†ks2ck′s3c−k′s4 . (1.1)

The first term of the Hamiltonian above describes the Hamiltonian of the single
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electrons. This term contains band dispersion ϵ(k) for an electron with wave-vector

k. The second term considers the pairing Hamiltonian between electrons, where

Vs1s2s3s4(k,k
′) = ⟨−k, s1;k, s2|V̂ | − k′, s4;k

′, s3⟩ are the matrix elements of pairing

potential operator V̂ in momentum space (s1 and s2 corresponding to the electron with

momentum k while s3 and s4 are corresponding to the electron with momentum k′).

Also, in the second term, c†ks and cks denote the creation and annihilation operators.

In the absence of the spin-orbit coupling, s1, s2, s3, and s4 are the spin indexes.

Finding the eigenstates and eigenvalues of the Hamiltonian, presented in Eq. (1.1),

is a many-body problem that is treated by a mean-field approach. The mean-field or

gap functions defined to treat this mean-field problem are:

∆ss′(k) = −
∑

k′,s3,s4

Vs′ss3s4(k,k
′)⟨ck′s3c−k′s4⟩, (1.2)

∆∗
ss′(−k) =

∑
k′,s1,s2

Vs1s2s′s(k
′,k)⟨c†−k′s1

c†k′s2
⟩, (1.3)

where, the angle brackets denote the expectation values of the operators contained

within. By replacing the gap functions presented in Eqs. (1.2) and (1.3) into the

relation (1.1), the general effective mean-field Hamiltonian in the absence of spin-

orbit coupling is derived [5]:

H̃ =
∑
k,s

ϵ(k)c†kscks +
1

2

∑
k,s1,s2

[∆s1s2(k)c
†
ks1
c†−ks2

−∆∗
s1s2

(−k)c−ks1cks2 ], (1.4)

where ∆s1s2(k) = ⟨s1|∆̂(k)|s2⟩ are elements of 2× 2 matrix of the gap function ∆̂(k)

for a given two-fold degenerate band. A brief explanation of the mean-field theory is

provided in Appendix A.

The gap function ∆̂(k) is a 2 × 2 matrix for a given two-fold degenerate band.
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Therefore, it can be written in terms of the Pauli matrices σ̂ in the Hilbert space:

∆̂(k) = ψ(k)iσ̂y + (d(k)σ̂)iσ̂y, (1.5)

where ψ(k) is a scalar function representing the singlet gap function, and d(k) is

a vector function corresponding to the triplet gap function. Because of the gap

function definition, it has the symmetry of the pairing wave-function. The fermion

wave-function is antisymmetric in the momentum space, thus:

∆̂(k) = −∆̂T(−k). (1.6)

This constraint on the gap function is explicitly proven at the end of Sec 1.6. Ac-

cording to this constraint, for a singlet pairing, the gap function should be even in

terms of momentum k, and for a triplet pairing, the gap should be odd in terms of

k. However, as we will see later, in interband pairings, the singlet and triplet gap

functions are not necessarily even or odd, respectively.

In 1959, Gor’kov derived the Ginzburg-Landau theory from the BCS theory. He

showed that except for some numerical coefficients, the order parameter is the same

as the gap function in the BCS theory [8].

1.2 Unconventional superconductivity

Unconventional superconductivity is a new era in the theory of superconductivity.

This field studies materials that exhibit unconventional superconducting properties

compared to conventional superconductors described by the BCS theory. The study

on unconventional superconductors started with the discovery of superconductivity

in heavy-fermion materials. Heavy-fermion materials like UBe13 and UPt3 are com-



Chapter 1. Introduction 6

pounds that contain actinide ions. Following heavy-fermion materials, Copper-oxide-

based and organic materials were investigated for their unconventional superconduct-

ing properties.

From the BCS theory point of view, a superconductor is unconventional if its su-

perconducting state has any abnormality with the standard and typical BCS super-

conducting state [9]. The best-known examples are heavy-fermion superconductors.

In heavy-fermion superconductors, in addition to a normal isotropic s-wave state, an

anisotropic pairing channel (p-wave spin triplet or d-wave spin singlet state) can also

be formed to make the Cooper pairs [10]. To understand it better, see Fig. 1.1, which

shows a cross-section of a spherical Fermi surface. As we mentioned, the Cooper

pairs are formed near the Fermi surface. In Fig. 1.1, the shaded outer shell is the

area (states) where the Cooper pairs are created in a conventional superconductor

and form an isotropic s-wave pairing channel. On the other hand, in heavy-fermion

superconductors, other types of pairing, such as p-wave and d-wave pairings, are

formed (see Fig. 1.2). This unconventional pairing in heavy-fermion superconduc-

tors is formed to avoid a large overlap of the wave functions of the paired electrons.

The overlap of the wave functions is due to the strong Coulomb repulsion between

electrons strongly correlated in the f-shell of the heavy-fermion materials.

Electron-phonon coupling is the origin of the attractive potential between electrons

in the BCS theory for describing conventional superconductors. The electron-phonon

coupling causes an isotropic pairing channel, resulting in an s-wave symmetry for the

Cooper pairs. Spin-orbit coupling, the interaction mechanism between the spin of

electrons and momentum degree of freedom, is another origin of electrons interaction,

which leads to an anisotropic pairing for the Cooper pairs. The spin-orbit coupling is

proportional to the nuclear charge number squared and becomes significant in heavy-

fermion materials.
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Figure 1.1: A spherical Fermi surface is shown on the left of the picture, and a cross-
section of this Fermi surface is shown on the right. The shaded outer shell
is the area where the Cooper pairs are created and form an isotropic s-wave
pairing channel.

Figure 1.2: A cross-section of a spherical Fermi surface in heavy-fermion superconductors.
The shaded shells are the area where the Cooper pairs are created. A dx2−y2-
wave (left) and a chiral p-wave (right) anisotropic pairing channel are formed
to avoid a large overlap of the wave functions.
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In recent years, the symmetry of the superconducting states has been an interest-

ing subject in the study of unconventional superconductors. The next two sections

provide a brief review of the group theory and the classification of the supercon-

ducting states using the symmetry group representations. In Sec. 1.5, we study the

symmetry of the unconventional superconductors in the presence of the spin-orbit

coupling.

1.3 Symmetry groups and their representations

In group theory, a group includes a set of elements and an operator called the

group operator, which satisfies four properties: closure, associativity, identity

property, and inverse property. The total number of the elements in a group

is called the order of the group. Similarly, a symmetry group of an object is a

group including a set of symmetry operators in which the object is invariant under

the transformation of these symmetry operators.

A point symmetry group is a symmetry group in which the objects transformed

under all the symmetry transformation elements have a fixed point in common. As

an example, in Fig. 1.3, there is a 3D schematic object and its 2D cross-section,

which along with three elements C6z (a 2π/6 rotation around the z-axis), C2y (a 2π/2

rotation around the y-axis), and I (inversion transformation) form a hexagonal or

D6h point group.

In group theory, the representation of a group is a way to describe the elements

of a group using matrices. Consider we have a symmetry group G with an order of

d and assume ψ1 is a function of the coordinates. Under the transformation of each

element of the symmetry group, ψ1 will be changed to another function. Therefore,

under the transformation of all d elements of the group, d functions ψ1 , ψ2 , . . . , ψd
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Figure 1.3: A schematic representation of an object which forms a hexagonal or D6h

point group along with the elements C6z, C2y, and I. This object is invariant
under the transformation of these three elements, and there is a fixed point
in common after all of these transformations. The 3D shape of this object
is presented on the left, and the cross-section is shown on the right of the
picture.

will be generated. Some of these functions (for example, n of these functions; n < d)

can be linearly dependent. It means, under the transformation of each group element

(g ∈ G), one function can be written as a linear combination of other n functions:

gψi =
n∑

k=1

Gkiψk, (1.7)

where Gki is an element of matrices called the transformation matrices. Regarding

all d symmetry group elements, there is a set of transformation matrices called a

representation of the symmetry group. The set of functions ψ1 ,ψ2 ,. . . , ψn, used

to define the representation, is called the basis function of the representation, and n,

which is the number of these functions, is called the dimension of the representation.

Consider the case where the basis functions can be divided intom sets of functions

f1 ,f2 ,. . . , fm in a manner that any function in each set transformed under the
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symmetry group elements can be written as a linear combination of the functions

in the same set, but not the other sets. In this case, the representation is called a

reducible representation. On the other hand, when the basis functions can not be

divided into sets in such a way to satisfy the same condition, the representation is

irreducible [11].

1.4 Symmetry classification of the

superconducting states

The symmetry of the Cooper pairs is characterized using the irreducible representa-

tion of the point symmetry group. Consider two coupled electrons and their spin-

independent state ψ(r1, r2) as determined by the spin-independent Schrodinger equa-

tion:

− h̄2

2m
(∇2

1 +∇2
2)ψ(r1, r2) + V (r1 − r2)ψ(r1, r2)

=

(
∆+

h̄2k2F
m

)
ψ(r1, r2), (1.8)

where V (r1, r2) is the potential between coupled electrons and ∆ is the energy of a

pair in comparison with two decoupled electrons [7]. By defining the center of mass

position R =
(
r1 + r2

)
/2 and the relative motion of electrons r = r1 − r2, the

superconducting state ψ(r1, r2) is replaced by ψ(R)ψ(r) in the Schrodinger equation.

The total momentum of the Cooper pairs is zero, and the center of mass is at rest.

Therefore, ψ(R) is omitted from two sides of the Schrodinger equation presented in



Chapter 1. Introduction 11

Eq. (1.8) and it can be written as:

− h̄
2

m

∂2ψ(r)

∂2r
+ V (r)ψ(r) =

(
∆+

h̄2k2F
m

)
ψ(r), (1.9)

where V (r) is the potential between coupled electrons as a function of the relative

motion of electrons r.

Using the Fourier transformation, the superconducting state transforms to its

representation in momentum space g(k):

g(k) =

∫
d3r e−ikrψ(r). (1.10)

By substituting the momentum representation of the superconducting state in Eq.

(1.9), the Schrodinger equation transforms to:

h̄2

m
k2g(k) +

∫
d3k′

(2π)3
V (k − k′)g(k′) =

(
∆+

h̄2k2F
m

)
g(k), (1.11)

where V (k−k′) is the momentum representation of the interaction potential derived

from the Fourier transformation of V (r):

V (k − k′) =

∫
d3r e−i(k−k

′
)rV (r). (1.12)

Here the interaction potential is a function of the momentum direction, denoted by

k̂ = k/kF :

V (k − k′) =
∞∑
l=0

Vl(k, k
′)

l∑
m=−l

Ylm(k̂)Y
∗
lm(k̂

′), (1.13)

where Ylm(k̂) are spherical harmonics with the angular momentum l and its z-axis
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projection m. The interaction potential can be assumed to be a constant attractive

potential within a thin layer of thickness ϵl from the Fermi surface ϵF and zero outside

of this interval:

Vl(k, k
′) =


−Vl inside the interval (ϵF , ϵF + ϵl),

0 outside of the interval (ϵF , ϵF + ϵl),

(1.14)

where Vl is a constant interaction potential.

In Eq. (1.11), we change the integration from momentum to energy ζ =
h̄2k2F
2m

− ϵF

and the angle Ω, which defines the direction of k:

∫
d3k

(2π)3
→ mkF

2π2h̄2

∫
ζ

∫
dΩ

4π
. (1.15)

By putting the interaction potential from Eq. (1.13) into Eq. (1.11), the Schrodinger

equation transforms to:

[ h̄2
m

(k2 − k2F )−∆
]
g(k)− mkF

2π2h̄2

∫ ϵl

0

dζ ′
∫
dΩ′

4π

∞∑
l=0

Vl

l∑
m=−l

Ylm(k̂)Y
∗
lm(k̂

′)g(k′) = 0. (1.16)

It is simple to demonstrate that for a given angular momentum l, the Schrodinger

equation presented in Eq. (1.16) has the following solutions for eigenstates ∆l and

gl(k):

∆l = −2ϵle
− 4π2h̄2

VlmkF ,

gl(k) =
l∑

m=−l

alm(k)Ylm(k̂), (1.17)
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where alm(k) are coefficients of spherical harmonics.

We considered the spin-independent component of the superconducting state. The

Cooper pairs contain electrons which are spin-1/2 particles. Therefore, the spin of

the Cooper pairs can be either S = 0 (spin-singlet state) or S = 1 (spin-triplet state).

The superconducting state is given by the product gl(k)χ12, where χ12 is the spin

component of the Cooper pair (containing electrons 1 and 2) wave-function. The

spin component of the Cooper pair should be constructed using the spin of the single

electrons, which are:

α =

1
0

 = |↑⟩ , β =

0
1

 = |↓⟩. (1.18)

For a spin-singlet state, where S = 0 and Sz = 0, the spin component of the wave

function, which is antisymmetric concerning the permutation of particles, can be

written as the unnormalized form below:

χ12 = α1β2 − β1α2 = |↑↓⟩ − |↓↑⟩ =

 0 1

−1 0

 = iσ̂y. (1.19)

Therefore, the singlet superconducting state has the form below:

Ψl
Cooper pair = gl(k)χ12 = gl(k)iσy =

l∑
m=−l

almYlm(k̂)iσ̂y. (1.20)

For a spin-triplet state, S = 1 and Sz = −1, 0, 1. The unnormalized spin component

of the wave-function, which is symmetric concerning the permutation of the particles,
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can have three forms below regarding different values for Sz:

Sz =



+1, α1α2 = |↑↑⟩ =

1 0

0 0

 ,

0, α1β2 + β1α2 = |↑↓⟩+ | ↓↑⟩ =

0 1

1 0

 ,

−1, β1β2 = |↓↓⟩ =

0 0

0 1

 .

(1.21)

Therefore, the triplet superconducting state has the form:

Ψl
Cooper pair = g1(k)|↑↑⟩+ g2(k)

(
|↑↓⟩+ |↓↑⟩

)
+ g3(k)|↓↓⟩ =

g1(k) g2(k)

g2(k) g3(k)

 , (1.22)

where:

gn(k) =
l∑

m=−l

an,lmYlm(k̂). (1.23)

By defining the symmetric matrices iσσ̂y = (iσ̂xσ̂y, iσ̂yσ̂y, iσ̂zσ̂y), the triplet super-

conducting state can also be written in the form:

Ψl
Cooper pair = i(d(k)σ)σ̂y = (dxσ̂x + dyσ̂y + dzσ̂z)iσ̂y, (1.24)

where the components of the vector d(k) are related to gn(k):

g1(k) = −dx(k) + idy(k), g2(k) = dz(k), g3(k) = dx(k) + idy(k), (1.25)
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and are proportional to spherical harmonics:

dn(k) =
l∑

m=−l

bn,lmYlm(k̂). (1.26)

According to the Landau theory of phase transition, the coefficients alm and bn,lm in

Eqs. (1.20) and (1.26) play the role of the singlet and triplet superconducting order

parameters, respectively.

The singlet and triplet superconducting states are expressed as a function of the

spherical harmonics in Eqs. (1.20) and (1.26), respectively. A spherical harmonic

function obtained after rotation of the reference frame in three-dimensional space can

be written as a linear combination of other spherical harmonic functions with the

same orbital angular momentum:

Ylm(k
′) =

l∑
m′=−l

Γmm′Ylm′(k). (1.27)

Therefore, in an isotropic system, which is invariant under all spatial rotations, the

spherical harmonics form the basis functions for the irreducible representation of SO3

symmetry group (the symmetry group containing all the spatial rotations). In this

case, there is a one-to-one correspondence between the superconducting states and

the irreducible representations of the SO3 symmetry group. Characterization of the

superconducting states using the basis functions of the irreducible representation is

also valid in anisotropic systems with a point symmetry group G [9, 12–15]:

g(k) =

dΓ∑
i=l

ηiψ
Γg

i (k), (1.28)

d(k) =

dΓ∑
i=l

ηiψ
Γu
i (k), (1.29)
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where ψ
Γg

i (k) and ψΓu
i (k) are the basis functions of irreducible representation Γ of

the point group G with dimensionality dΓ. The complex coefficients ηi, denote the

elements of the irreducible representation matrices. According to the Landau theory

of phase transition, the set of these coefficients is the same as the superconducting

order parameter.

1.5 Symmetry in the presence of the spin-orbit

coupling

In addition to the crystal point symmetry operations, the symmetry group of the

normal state contains the time-reversal operation and the gauge transformation op-

eration. In other words, the normal state is invariant under the time-reversal operator

and is not distinguishable after adding a phase factor. The time-reversal operation is

a transformation that reverses the direction of time:

K : t→ −t, (1.30)

where K is the time-reversal operator.

The transformation from a normal state to a conventional superconducting state

breaks the gauge symmetry. Other types of symmetries can be broken due to the

transformation of the normal state to an unconventional superconducting state. As

an example, forming an unconventional pairing channel in some unconventional su-

perconductors creates a finite angular momentum in the center of mass of the Cooper

pairs. A magnetic momentum violates the time-reversal symmetry. It means a mag-

netic momentum changes its sign under the transformation of the time-reversal oper-
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ator. Therefore, in these types of unconventional superconductors, the pairing wave

function would not be invariant under the time-reversal operation. In the follow-

ing, the symmetry of the superconductors in the presence of spin-orbit coupling is

discussed.

In the presence of spin-orbit coupling, the Bloch states are not eigenstates of the

pure spin operators. The Bloch state of a single particle, which is a superposition of

spinors, can be written as follows:

|k, s⟩ = c†ks|0⟩, (1.31)

where c†ks is the creation operator and s = 1, 2 denotes the pseudospin index. The

pseudospin states are in one-to-one correspondence with the pure spin states (|1⟩ →

|↑⟩, |2⟩ → |↓⟩).

In a centrosymmetric (invariant under inversion operation I) and non-magnetic

(invariant under time-reversal operation K) crystal, the Bloch states within a band

n are two-fold degenerate at each k. This two-fold degeneracy is because of trans-

formation under the conjugation operator C = KI. In other words, the conjugation

operator only changes the pseudospin index s in a Bloch state [16]:

|k, n, 1⟩, (1.32)

C|k, n, 1⟩ = KI|k, n, 1⟩ = |k, n, 2⟩. (1.33)

These states are orthonormal and have the same energy. Since this degeneracy is

because of the conjugation operator, we also call s = 1, 2 the conjugation indexes.

The effect of the inversion operator (I) and time-reversal operator (K) on a Bloch
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state is given as below:

I|k, n, s⟩ = pn| − k, n, s⟩, (1.34)

K|k, n, 1⟩ = CI|k, n, 1⟩ = pn| − k, n, 2⟩, (1.35)

where pn = ±1 is the parity of the band.

As we mentioned, the Cooper pairs contain two particles with the same energy and

total momentum of zero. In an even parity pairing (corresponding to a singlet-state),

the Bloch state |k, n, 1⟩ pairs up with the time-reversed Bloch state K|k, n, 1⟩ =

|−k, n, 2⟩, to make a Cooper pair [17–19]. In an odd parity pairing (corresponding to a

triplet-state), the particles in a Cooper pair can be from four energetically degenerate

states |k, n, 1⟩, K|k, n, 1⟩ = | − k, n, 2⟩, I|k, n, 1⟩ = | − k, n, 1⟩, and KI|k, n, 1⟩ =

|k, n, 2⟩. Therefore, the BCS mean-field Hamiltonian in the presence of spin-orbit

coupling (SOC) is given by:

Ĥ =
∑
kns

ξn(k)c
†
knsckns +

1

2

∑
k,nn′,ss′

[∆nn′,ss′(k)c
†
knsc̃

†
kn′s′ +H.c.], (1.36)

where the first term represents the Hamiltonian of a single electron. In the second

term, which describes the pairing of time-reversed states, H.c. denotes the hermitian

conjugate of the first term in the bracket, and c̃†kns is the creation operator transformed

under the time-reversal operation:

c̃†kns = Kc†knsK
−1. (1.37)

Entering the time-reversal operator into the Hamiltonian is necessary to define the

gap function ∆̂nn′(k) [20].
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The gap function ∆̂nn′(k) is a 2 × 2 matrix that describes the pairing potential

between two electrons in bands n and n′. According to the Landau theory of phase

transition, ∆̂nn′(k) can be characterized using the single-valued irreducible represen-

tations of the crystal point group:

∆̂nn′(k) =
d∑

m=1

ηm,nn′ϕ̂m,nn′(k), (1.38)

where ηm,nn′ , are superconducting order parameters and ϕ̂m,nn′(k) are basis functions

of a single-valued irreducible representation of the point group. Note that ∆̂nn′(k) is

single-valued and not double-valued since, physically, it represents the wave-function

of the Cooper pair. The difference between single and double-valuedness is discussed

later, and at the beginning of Appendix B, a brief review of the single and double-

valued irreducible representations is provided. The gap function ∆̂(k) for a system

with N bands is a 2N × 2N matrix. For the case that two paired electrons are from

a single band (n = n′), the pairing is intraband, while in a case that the paired

electrons are from two different bands (n ̸= n′), the pairing is interband (See Fig.

1.4). The key question addressed in the rest of this section is whether the conjugate

Bloch states (and the gap function defined by them) transform under the point group

operation in the same way as the pure spin-1/2 states?

The point of interest for us is the center of the reciprocal space (k = 0), called the

Γ point. In addition to the point group G, the symmetry group of k, that describes

the band symmetry, contains the conjugation operator. Thus, the full symmetry

group of k at Γ point is G = G + CG. Since the full symmetry group contains an

antiunitary component, it is called a magnetic or Shubnikov symmetry group [19].

Instead of an irreducible representation, an irreducible corepresentation describes

the symmetry properties of a magnetic group.
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Figure 1.4: The hypothetical diagram of a system with two bands (N = 2). Red dots are
electrons from band n = 1, and blue dots are electrons from band n′ = 2. The
pairing between two red dots or two blue dots is intraband, while the pairing
between a red and a blue dot is interband.

There is another complication that must be considered. A 2π rotation changes

the spin of electrons, and the electrons return to their initial state only under a

4π rotation. Therefore, the sign of the Bloch states, which are spin-1/2 spinors,

is changed under a 2π rotation. For considering this symmetry property, a new

symmetry element Ē is defined, which has properties C2
2n = Ē, Ē2 = E, and commute

with all the elements in the point group G. Considering this additional element, for a

point group G, there is a corresponding group G′, called the double-group of G, which

has twice as elements of G. The single-valued representation (corepresentation) of G′

is the double-valued representation (corepresentation) of G.

According to group theory, the two-fold degenerate Bloch states |k, n, 1⟩ and

|k, n, 2⟩ in a certain band n form the basis functions of a double-valued corepre-

sentation Dn(g) of the wave-vector k symmetry group. At Γ point, the symmetry

group of k is the crystal magnetic point group. Therefore, the Bloch states under the
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transformation of a point group element and conjugation operator transform accord-

ing to the corepresentation matrices:

g|0, n, s⟩ =
∑
s′

|0, n, s′⟩Dn,s′s(g) ; g ∈ G, (1.39)

C|0, n, s⟩ =
∑
s′

|0, n, s′⟩Dn,s′s(C) ; D̂(C) =

0 −1

1 0

 . (1.40)

In Appendix B, we show how to find the double-valued corepresentation matrices

using the double-valued irreducible representation of the point group G. All the

corepresentations for all the point groups in 3D and 2D are two-dimensional, except

for (Γ6,Γ7) in the point group G = Th and Γ8 in the point group G = Oh [21].

Now the “orientation”of the Bloch states at different k ̸= 0 should be considered.

It means we have to see how the Bloch states at k ̸= 0 transform under an element of

the crystal point symmetry group. The elements of the point symmetry group of the

crystal affect the wave-vector k and change it to gk. Therefore, the transformation of

the Bloch state |k, n, s⟩ under the element g can be written as a linear superposition

of the two-fold degenerate Bloch states with wave-vector gk in the band n:

g|k, n, s⟩ =
∑
s′

|gk, n, s′⟩Un,s′s(k, g), (1.41)

where Un,s′s(k, g) are the elements of a 2×2 unitary matrix of the expansion coefficient,

which depends on g and k. A Bloch wave-function is an analytical function of k when

bands are two-fold degenerate due to conjugation symmetry; It can be explicitly

proven using the k.p perturbation theory [16]. Therefore, the unitary matrices Ûn of

expansion coefficient in the vicinity of Γ point are allowed to be chosen independently
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of k. As a result, by putting k = 0, Eq. (1.41) can be written in the following form:

g|0, n, s⟩ =
∑
s′

|0, n, s′⟩Un,s′s(g). (1.42)

Comparing Eqs. (1.42) and (1.39), it can be seen that the expansion coefficient ma-

trices Ûn are the same as corepresentation matrices at Γ point only if the corepresen-

tation matrices are two-dimensional. Therefore, the Bloch states transform under a

point group element according to the corepresentation matrices and they constructed

at k ̸= 0 using the equation below:

g|k, n, s⟩ =
∑
s′

|gk, n, s′⟩Dn,s′s(g) ; g ∈ G. (1.43)

This equation resulted from the assumption that the corepresentation matrices are

two-dimensional. Therefore, this conclusion is invalid for two exceptional cases in

cubic point groups, where corepresentation matrices are four-dimensional. These

exceptional cases are not the subject of our work.

According to the Ueda-Rice prescription, the pure spin-1/2 Bloch states trans-

form under an element of the point group G as:

g|k, n, s⟩ =
∑
s′

|gk, n, s′⟩D̂1/2
s′s (g) ; g ∈ G, (1.44)

where D̂
1/2
s′s (g) are elements of 2×2 pure spin-1/2 rotation matrix. In other words, for

the pure spin-1/2 Bloch states, in the absence of spin-orbit coupling, the expansion

coefficient matrix Ûn(g) is the same as the 2×2 pure spin-1/2 rotation matrix D̂1/2(R):

Ûn(g) = D̂1/2(R) = cos
θ

2
σ̂0 − i sin

θ

2
(nσ̂) ; g = R, (1.45)
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that represents a counterclockwise rotationR through an angle θ around the n axis [2].

The assumption in the symmetry-based approach presented in textbooks (also

called pseudospin approach) [22] is that the transformation of the Bloch states, in

the presence of spin-orbit coupling, is the same as the pure spin-1/2 Bloch states.

According to this assumption, the Bloch states are constructed using the Ueda-Rice

formula [13], even in the presence of spin-orbit coupling. Therefore, the corepresenta-

tion matrices at Γ point, for all the proper and improper rotations (g = R and IR),

should be equal to the spin-1/2 rotation matrices:

D̂n(g) = D̂1/2(g). (1.46)

However, this is not what always happens. In the bands in which the corepresentations

at Γ point are not equal to the spin-1/2 rotation matrices, the Bloch states transform

according to Eq. (1.43). These types of bands are called non-pseudospin bands.

On the other hand, in some bands, the corepresentations at Γ point are equivalent

to the spin-1/2 rotation matrices. The transformation of the Bloch states in these

bands, called pseudospin bands, is the same as the transformation of pure spin-1/2

Bloch states.

The non-pseudospin character of the bands can cause unusual gap functions in

intraband and interband pairings. In the next section, after analyzing the symmetry

of the gap function, we will apply the symmetry approach to see the momentum

dependence of the gap function in the presence of the spin-orbit coupling. In Chapters

2 and 3, we apply the non-pseudospin symmetry approach on a hexagonal multiband

superconductor to discover the consequences of the non-pseudospin character of the

bands on the nodal structure of the gap in intraband and interband cases.
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1.6 Momentum dependence of the gap function

The momentum dependence of the gap function should be found to determine the

effect of the non-pseudospin character of the bands on the gap nodal structure. For

this purpose, we must figure out how the singlet and triplet components of the gap

function, presented in Eq. (1.5), transform under an element of the point group. In

Sec. 1.5, the general form of the transformation of the Bloch states in the presence

of spin-orbit coupling was presented. We showed that the Bloch states transform

according to the double-valued corepresentations at Γ point, which is not necessarily

the same as the pure spin-1/2 states transformation. In this section, we will discover

the transformation rules for the gap function by applying the transformation rules to

the mean-field Hamiltonian presented in Eq. (1.36). It means we will find a relation

between ∆̂nn′(k) and ∆̂nn′(gk), where g is an element of the point group, that gives

the momentum dependence of the gap function.

According to Eqs. (1.43) and (1.35), and using the relation |k, n, s⟩ = c†kns|0⟩, the

transformation of the creation operators under the point group elements operation

and the time-reversal operation can be found:

gc†knsg
−1 =

∑
s′

c†gkns′Dn,s′s(g), (1.47)

Kc†kn1K
−1 = pnc

†
−kn2 , Kc†kn2K

−1 = −pnc†−kn1. (1.48)

The second term in the mean-field Hamiltonian presented in Eq. (1.4) is the pairing

between time-reversed states |k, n, s⟩, and K|k, n, s⟩. The operator c̃†kns in pairing

term of the Hamiltonian is the creation operator transformed by the time-reversal
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operator, which according to Eq. (1.48):

c̃†kns = Kc†knsK
−1 = pn

∑
s′

c†−kns′(−iσ̂2)s′s. (1.49)

By applying an element of the point group to the time-reversed creation operator

c̃†kns, according to Eqs. (1.47) and (1.49) we have:

gc̃†knsg
−1 = g(Kc†knsK

−1)g−1 = K(gc†knsg
−1)K−1 = K

∑
s′

c†gkns′Dn,s′s(g)K
−1

=
∑
s′

Kc†gkns′K
−1KDn,s′s(g)K

−1 =
∑
s′

c̃†gkns′KDn,s′s(g)K
−1 =

∑
s′

c̃†gkns′D
∗
n,s′s(g),

(1.50)

where we used the property of the time-reversal operator that it commutes with all

point group elements.

Now we have the transformation rules for all the elements of the mean-field Hamil-

tonian. First, we apply the point group operator to the first term of the mean-field

Hamiltonian H0:

H0 =
∑
k,n,s

ξn(k)c
†
knsckns,
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g : H0 → gH0g
−1 =

∑
k,n,s

ξn(k)
∑
s′s′′

c†gkns′Dn,s′s(g)cgkns′′D∗
n,s′′s(g)

=
∑

k,n,s′s′′

ξn(k)[
∑
s

Dn,s′s(g)D†
n,ss′′(g)]c

†
gkns′cgkns′′

=
∑

k,n,s′s′′

ξn(k)[D(g)D†(g)]n,s′s′′c
†
gkns′cgkns′′

=
∑

k,n,s′s′′

ξn(k)δs′s′′c
†
gkns′cgkns′′

=
∑
k,n,s′

ξn(k)c
†
gkns′cgkns′ . (1.51)

By changing gk to k and s′ to s, we obtain:

g : H0 → gH0g
−1 =

∑
k,n,s

ξn(g
−1k)c†knsckns. (1.52)

Since g is a symmetry element of the H0 symmetry group, it commutes with H0:

[g,H0] = 0. (1.53)

Thus:

ξn(g
−1k) = ξn(k), (1.54)

that leads to:

g : H0 → gH0g
−1 = H0. (1.55)

Therefore, under the transformation of a point group element, H0 does not change.

Now we apply an element of the point group to the second term (Hsc) of the
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mean-field Hamiltonian:

Hsc =
1

2

∑
k,nn′,ss′

[∆nn′,ss′(k)c
†
knsc̃

†
kn′s′ +H.c.], (1.56)

g : Hsc → gHscg
−1 =

1

2

∑
k,nn′,ss′

[∆nn′,ss′(gk)(gc
†
knsg

−1)(gc̃†kn′s′g
−1) +H.c.]. (1.57)

From Eqs. (1.47) and (1.50) we replace the transformed form of c†kns and c̃†kn′s′ into

Eq. (1.57), and obtain:

g : Hsc → gHscg
−1 =

1

2

∑
gk,nn′,ss′

[∆nn′,ss′(gk)
∑
s1s2

c†gkns1Dn,s1s(g)c̃
†
gkn′s2

D∗
n′,s2s′(g) +H.c.].

(1.58)

To get a form looking like the original Hamiltonian, we change gk → k̃, which leads to

k → g−1k̃. Also, by changing the subscripts, D∗
n′,s2s′

(g) is changed to its transposed

form D†
n′,s′s2

(g):

g : Hsc → gHscg
−1 =

1

2

∑
k̃,nn′,ss′

[
∑
s1s2

Dn,s1s(g)∆nn′,ss′(k̃)D†
n′,s′s2

(g)c†
k̃,n,s1

c̃†
k̃,n′,s2

+H.c.].

(1.59)

By comparing relations (1.56) and (1.59), the transformation of the gap function

matrix under an element of the point group is found as:

g : ∆̂nn′(k) → D̂n(g)∆̂nn′(g−1k)D̂†
n′(g) ; g ∈ G. (1.60)

Therefore, from Eq. (1.60), the gap function transforms according to corepresenta-

tions of the magnetic group at Γ point. Because the corepresentations describe the

symmetry of different bands, the transformation of the gap function depends on the
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symmetry of the bands participating in the pairing.

As we previously discussed, in the absence of spin-orbit coupling, the gap function

can be decomposed in terms of the singlet and triplet gaps, presented in Eq. (1.5).

In presence of spin-orbit coupling, the time-reversed states are paired instead of spin-

up and spin-down states (|k, n, ↑⟩ and | − k, n, ↓⟩). Therefore, the decomposed gap

function has the following form:

∆̂nn′(k) = ψnn′(k)σ̂0 + dnn′(k)σ̂. (1.61)

By applying the transformation rule of the gap function, presented in Eq. (1.60), to

Eq. (1.5), the singlet and triplet components of the gap function transform as:

g : ψnn′(k)σ̂0 + dnn′(k)σ̂ → ψnn′(g−1k)D̂n(g)σ̂0D̂†
n′(g) + dnn′(g−1k)τ̂nn′(g), (1.62)

where τ̂nn′(g) is a vector with three components:

τ̂µ,nn′(g) = D̂n(g)σ̂µD̂†
n′(g) ; µ = 1, 2, 3. (1.63)

In pseudospin bands, where D̂n(g) = D̂1/2(g), by replacing the corepresentation ma-

trices with pure spin-1/2 rotation matrices, the singlet component of the gap function

transforms under a point group element as a complex scalar:

g : ψ(k) → ψ(g−1k), (1.64)

and the triplet gap function transforms as a pseudovector:

g : d(k) → R̂d(g−1k), (1.65)
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where R̂ is the spin-1 rotation matrix, defined as:

D̂1/2,†(g)σ̂iD̂
1/2(g) =

3∑
j=1

Rijσ̂j. (1.66)

According to Eq. (1.62), the singlet and triplet components of the gap function do not

necessarily transform like a scalar or pseudovector, respectively. The transformation

of the gap function components depends on the symmetry of the bands, characterized

by corepresentations.

Similar to the procedure used for point group elements, we apply the time-reversal

operation to the second term of the mean-field Hamiltonian (KHscK
−1). Using the

relations presented in Eq. (1.49), the transformation of the gap function under the

time-reversal operation can be found as:

K : ∆̂nn′(k) → ∆̂†
n′n(k). (1.67)

The singlet and triplet components of the gap function transform under the time-

reversal operation as:

K : ψnn′(k) → ψ∗
n′n(k), (1.68)

K : dnn′(k) → d∗
n′n(k). (1.69)

Now we have all the required tools to find the momentum dependence of the gap

function.

According to Landau theory of phase transition, the gap function can be ex-

panded in terms of the superconducting order parameters and basis functions of a
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d-dimensional single-valued irreducible representation of the point group G:

∆̂nn′(k) =
d∑

m=1

ηm,nn′ϕ̂m,nn′(k), (1.70)

where ηm,nn′ are components of the multicomponent order parameter. In Eq. (1.70),

the terms ϕ̂m,nn′(k) are the basis functions of a single-valued irreducible representation

γ of the point group. Each irreducible representation of the point group characterizes

a pairing channel. By applying the gap function transformation rules, presented in

Eq. (1.60), to the gap function in the form presented in Eq. (1.70), the transformation

of the basis functions under a point group element can be found:

g : ϕ̂m,nn′(k) → D̂n(g)ϕ̂m,nn′(g−1k)D̂†
n′(g) =

d∑
m′=1

ϕ̂m′,nn′(k)Dγ,m′m(g), (1.71)

where Dγ,m′m(g) are the matrix elements of the irreducible representation γ. Eq.

(1.71) is the main equation we use (in Chapters. 2 and 3) to find the momentum

dependence of the basis functions, which leads to finding the momentum dependence

of the gap function.

According to Eqs. (1.60), (1.70), and (1.71), it can be seen that the transformation

of the order parameter under the point group elements depends on the pairing channel

and has the form:

g : ηm,nn′ →
d∑

m′=1

Dγ,m′m(g)ηm′,nn′ . (1.72)

Considering Eq. (1.67), the effect of the time-reversal operator on a basis function is:

K : ϕ̂m,nn′(k) → ϕ̂†
m,n′n(k). (1.73)
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The elements of the basis functions, which are 2 × 2 matrices in momentum space,

can be found in a manner that:

ϕ̂m,nn′(k) = ϕ̂†
m,n′n(k), (1.74)

which leads to:

K : ηm,nn′ → η∗m,nn′ . (1.75)

Therefore, the order parameter components under the time-reversal operation trans-

form to their complex conjugation.

Finally, there is a constraint on the gap function as a result of the anti-communication

rule of fermionic operators. By substituting the relation (1.49) in the second term of

the mean-field Hamiltonian Hsc, we obtain:

Hsc =
1

2

∑
k,nn′,ss′,s1

[pn′∆̂nn′,ss′(k)(iσ2)s′s1c
†
knsc

†
−kn′s1

+H.c.], (1.76)

where pn is the parity of the band n. From the anti-communication rule for creation

operators, we have c†knsc
†
−kn′s1

= −c†−kn′s1
c†kns. Therefore:

Hsc =
1

2

∑
k,nn′,ss′,s1

[−pn′∆̂nn′,ss′(k)(iσ2)s′s1c
†
−kn′s1

c†kns +H.c.]

=
1

2

∑
k,nn′,ss′,s1

[−pn′∆̂nn′,s1s′(−k)(iσ2)s′sc
†
knsc

†
−kn′s1

+H.c.]. (1.77)

Comparing the relations (1.76) and (1.77), we obtain:

∆̂nn′(k) = pnpn′σ̂2∆̂
⊤
n′n(−k)σ̂2. (1.78)
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By substituting the decomposed form of the gap function, presented in Eq. (1.78),

the same constraint for the singlet and triplet gap functions is obtained:

ψnn′(−k) = pnpn′ψn′n(k), dnn′(−k) = −pnpn′dn′n(k). (1.79)

This constraint for the gap function leads to the same relation for the basis functions:

ϕ̂m,nn′(k) = pnpn′σ̂2ϕ̂
⊤
m,n′n(−k)σ̂2, (1.80)

which leads to:

ηm,nn′ = ηm,n′n. (1.81)

By considering the inversion operator as an element of the point group g = I, from

Eq. (1.60), it can be seen that the transformation of the gap function depends on the

parity of the bands n and n′:

I : ∆̂nn′(k) → pnpn′∆̂nn′(−k) = Pγ∆̂nn′(k), (1.82)

where Pγ is the parity of the pairing channel, which is equal to +1 for an even pairing

and -1 for an odd pairing. By replacing the relation (1.82) in the constraint (1.79),

for singlet and triplet components of the gap function, we have:

ψn′n(k) = Pγψnn′(k), dn′n(k) = −Pγdnn′(k), (1.83)



Chapter 1. Introduction 33

for intraband pairing, where n = n′ and pnpn′ = 1. Also, we obtain:

ψnn′(−k) = Pγpnpn′ψnn′(k), dnn′(−k) = Pγpnpn′dnn′(k), (1.84)

for interband pairing, where n ̸= n′.

In Sec. 1.1, we showed that in the absence of spin-orbit coupling, the singlet

and triplet components of the gap function are even and odd, respectively. However,

according to Eq. (1.84) for interband pairing, the singlet component of the gap is not

necessarily even, and the triplet gap function is not necessarily odd. For example,

when the bands with the same parities (pnpn′ = 1) participate in an odd pairing

channel (Pγ = −1), the singlet interband gap function is odd. On the other hand,

when the bands with the opposite parities (pnpn′ = −1) participate in an odd pairing

channel (Pγ = −1), the triplet interband gap function will be even.

In the next two chapters, we apply the symmetry approach presented in this

section to find the momentum dependence of the gap function of a multi-band two-

dimensional hexagonal superconductor. We will consider all the intraband and in-

terband pairings to discover the exotic behavior of the gap function. The nodal

structure of the gap indicates the unusual behavior of the gap that can happen due

to the non-pseudospin character of the bands.

Before jumping to the next chapter, at Sec. 1.7, we present the general analysis

to find the excitation energy spectrum and the gap nodal structure, which is the area

in momentum space where the excitation energy vanishes.
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1.7 The gap nodal structure

The general form of the mean-field Hamiltonian presented in Eq. (1.36) describes

the pairing in superconductors. The eigenvalues of this Hamiltonian provide the

excitation energy spectrum of a superconductor and can be found by diagonalizing

the Hamiltonian. For diagonalizing the Hamiltonian, the Bogoliubov transformation

is used to get Bogoliubov-de Gennes Hamiltonian HBdG. In a system with N bands,

the HBdG is a 4N × 4N matrix defined by:

ĤBdG =


Ĥ11(k) · · · Ĥ1N(k)

...
. . .

...

ĤN1(k) · · · ĤNN(k)

 , (1.85)

where:

Ĥnn′(k) =

ξn(k)δnn′σ̂0 ∆̂nn′(k)

∆̂†
n′n(k) −ξn(k)δnn′σ̂0

 . (1.86)

ĤBdG is a product of tensors in the band, particle-hole, and conjugation space (see

Appendix. A).

The excitation energy spectrum can be determined by finding the momentum

dependence of the gap function and diagonalizing the ĤBdG. To find the gap nodal

structure, we must determine where the excitation energy vanishes in momentum

space. Therefore, by equating the determinant of ĤBdG to zero, we can locate the

gap nodes in the momentum space. In the following two chapters, we will discover

the nodal structure of a multiband hexagonal superconductor.
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Chapter 2

Intraband pairing

In the introduction, we analyzed the general symmetry approach in the presence of

spin-orbit coupling. We apply this approach to a multi-band hexagonal superconduc-

tor with a D6h point symmetry group. Note that we talk about point group, not space

group, and we neglect the translations. The D6h point group contains generator ele-

ments C6z (60-degree rotation around the z-axis), C2y (180-degree rotation around the

y-axis), and I (Inversion operator). TheD6h point group contains three double-valued

corepresentations at Γ point with different parities (Γ±
7 ,Γ

±
8 ,Γ

±
9 ) describing different

bands. This point group has twelve single-valued irreducible representations describ-

ing the pairing channels, where 8 of them (A1g, A2g, B1g, B2g, A1u, A2u, B1u, B2u) are

1D, and 4 of them (E1g, E2g, E1u, E2u) are 2D [21].

In the study of the band structure, physicists traditionally use the Γ-notation for

single and double-valued representations. However, in the field of superconductivity,

the “chemical”notation is used to denote the single and double-valued representations.

In our work, we use the Γ-notation for double-valued corepresentations corresponding

to the symmetry of the bands. To avoid confusion, we use the “chemical”notation for

single-valued irreducible representations corresponding to the pairing channels.

For analyzing the effect of the non-pseudospin character of the bands, discussed in

the introduction, we consider both intraband and interband pairings. In this chapter,

we discuss the intraband pairing, and in the next chapter, the interband pairing will

be considered.
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2.1 Symmetry analysis of the intraband gap

function

In the presence of weak spin-orbit coupling, where the interband pairing can be con-

sidered negligible, we can focus on just one two-fold degenerate band and drop the

band index n in our calculations [1]. According to Eqs. (1.82) and (1.83), regardless

of band parity, in the intraband pairing where n = n′:

ψnn′(k) = Pγψn′n(k) = Pγψnn′(−k), (2.1)

dnn′(k) = −Pγdn′n(k) = Pγdnn′(−k). (2.2)

These statements show that in an even pairing channel (Pγ = +1), the triplet gap

function should be equal to zero, and the gap function is purely singlet. On the other

hand, in an odd pairing channel (Pγ = −1), the singlet gap function is zero, so the

gap function is purely triplet. For an even pairing channel by ignoring the triplet gap

function, in Eq. (1.62) for an intraband pairing, we have:

g : ψnn′(k)σ0 → ψnn′(g−1k)Dn(g)σ0D†
n′(g)

= ψnn′(g−1k)Dn(g)D†
n′(g)σ0 = ψnn′(g−1k)σ0. (2.3)

Thus:

g : ψnn′(k) → ψnn′(g−1k). (2.4)
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Therefore, the singlet gap function in even pairing channels transforms as a complex

scalar, and its transformation is not dependent on the corepresentations (symmetry

of the bands). In this case, the momentum dependence of the gap function can be

found using the general pseudospin symmetry approach.

Based on Eqs. (1.62) and (1.63), for the odd pairing channels, the gap function

(which has just the triplet component) transforms under a point group element g

according to the 3× 3 orthogonal matrices R̂(g):

g : d(k) → R̂(g)d(g−1k), (2.5)

where R̂(g) matrices are defined from the effect of the corepresentation matrices on

the Pauli matrices:

D̂†
Γ(g)σ̂iD̂Γ(g) =

3∑
j=1

Rij(g)σ̂j, (2.6)

where σ̂j are the Pauli matrices, and D̂Γ(g) are the matrix form of the Γ corepresen-

tation corresponding to the point group element g.

The matrix form of the corepresentations for the D6h point group is presented in

Appendix C. Using the matrix form of the corepresentations and Eq. (2.6), we can

find the elements of the matrix R̂ corresponding to different corepresentations and

different point group elements. For example, we bring the calculations for finding

the matrix R̂ corresponding to Γ9 and C6z rotation. From Appendix C, for the Γ9
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corepresentation matrix corresponding to C6z rotation, we have:

D̂Γ9(C6z) =

i 0

0 −i

 , (2.7)

D̂†
Γ9
(C6z) =

−i 0

0 i

 . (2.8)

For i = 1 in Eq. (2.6), we obtain:

D̂†
Γ9
(C6z)σ̂1D̂Γ9(C6z) = R11(C6z)σ̂1 +R12(C6z)σ̂2 +R13(C6z)σ̂3. (2.9)

By replacing the matrix form of corepresentations and the Pauli matrices in Eq. (2.9):

−i 0

0 i


0 1

1 0


i 0

0 −i

 =

 0 −1

−1 0


= R11

0 1

1 0

+R12

0 −i

i 0

+R13

1 0

0 −1

 , (2.10)

which leads to the solutions below for R11, R12, and R13:

R11 = −1 , R12 = 0 , R13 = 0. (2.11)
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Now by putting i = 2, and from the matrix form of the relation (2.6):

−i 0

0 i


0 −i

i 0


i 0

0 −i

 =

 0 i

−i 0


= R21

0 1

1 0

+R22

0 −i

i 0

+R23

1 0

0 −1

 , (2.12)

that results in the solutions below:

R21 = 0 , R22 = −1 , R23 = 0. (2.13)

Finally, for i = 3:

−i 0

0 i


1 0

0 −1


1 0

0 −1

 =

 0 i

−i 0


= R31

0 1

1 0

+R32

0 −i

i 0

+R33

1 0

0 −1

 , (2.14)

which gives:

R31 = 0 , R32 = 0 , R33 = 1. (2.15)

Therefore, the matrix R̂ corresponding to Γ9 for C6z has the form:

R̂ =


−1 0 0

0 −1 0

0 0 +1

 . (2.16)
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Using the same approach, the 3×3 matrices R̂ corresponding to all corepresentations

and for all the point group elements are found. For Γ7:

R̂(C6z) =


cos π

3
− sin π

3
0

sin π
3

cos π
3

0

0 0 1

 , R̂(C2y) =


−1 0 0

0 1 0

0 0 −1

 . (2.17)

For Γ8:

R̂(C6z) =


cos π

3
− sin π

3
0

sin π
3

cos π
3

0

0 0 1

 , R̂(C2y) =


−1 0 0

0 1 0

0 0 −1

 . (2.18)

For Γ9:

R̂(C6z) =


−1 0 0

0 −1 0

0 0 1

 , R̂(C2y) =


−1 0 0

0 1 0

0 0 −1

 . (2.19)

These 3×3 matrices describe the transformation of the triplet intraband gap functions

d(k) in an odd pairing channel.

According to the discussion presented in the introduction, in pseudospin bands,

the corepresentation matrices are equivalent to the pure spin-1/2 rotation matrices

for proper and improper rotations (g = R and g = IR):

D̂Γ(g) = D̂1/2(R). (2.20)
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Now by replacing corepresentation matrices with D̂1/2(R) in Eq. (2.6), we have:

D̂1/2 †(R)σ̂iD̂
1/2(R) =

3∑
j=1

Rijσ̂j, (2.21)

where Rij are the elements of the spin-1 rotation matrices R̂. By comparing Eqs.

(2.6), (2.21), and (2.5) in the pseudospin bands, the triplet gap function transforms

under an element of the point group g, according to the spin-1 rotation matrices R̂:

g : d(k) → R̂d(g−1k). (2.22)

For the spin-1 rotation matrices of C6z and C2y, we have:

R̂(C6z) =


cos π

3
− sin π

3
0

sin π
3

cos π
3

0

0 0 1

 , R̂(C2y) =


−1 0 0

0 1 0

0 0 −1

 . (2.23)

Comparing the matrices presented in (2.23) with the matrices in (2.17), (2.18) and

(2.19), we see that for Γ7 and Γ8 bands:

R̂(g) = R̂(g), (2.24)

while for Γ9:

R̂(C6z) = R̂(C2z). (2.25)

Therefore, in Γ9 bands, when the argument of d(k) transforms according to C6z, the

direction of d(k) transforms according to C2z rotation. This is because of the presence



Chapter 2. Intraband pairing 42

of the additional orbital factors ρ± in spinor basis functions of Γ9 corepresentation (see

Table. C.1 in Appendix C). The additional orbital factors twist the band functions,

leading to the expression D̂(C6z) = −D̂1/2(C2z) in the Γ9 band.

As a result, in the Γ9 band, the triplet component of the intraband gap function

does not transform like a pseudovector, which is in contrast with the pseudospin

approach. However, in Γ7, and even in Γ8, which is a non-pseudospin band, the triple

intraband gap function transforms like a pseudovector. Therefore, the pseudospin

approach can find the momentum dependence of the triple intraband gap function in

Γ7 and Γ8 bands.

Now, we find the momentum dependence of the triplet intraband gap function,

for an odd pairing channel, in the Γ9 band. According to the Landau theory of

phase transition, this gap function can be written as a linear combination of an odd

irreducible representation basis functions ϕm(k):

d(k) =
d∑

m′=1

ηm′ϕm′(k), (2.26)

where ηm′ are the order parameter components. The transformation of the basis

functions under an element of the point group g is found using Eq. (2.5), as shown

below:

g : ϕm(k) → R̂(g)ϕm(g
−1k). (2.27)

According to Eq. (1.71), the transformed form of the basis function is equal to:

g : ϕm(k) → R̂(g)ϕm(g
−1k) =

d∑
m′=1

ϕm′(k)D
(γ)
m′m(g), (2.28)
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where D
(γ)
m′m(g) are the matrix elements of the irreducible representation γ.

The relation presented in (2.28) is used to find the momentum dependence of

the basis functions, which leads to finding the momentum dependence of the gap

function. Finding the momentum dependence of the basis functions in a chosen band

starts with picking an odd single-valued irreducible representation γ. Then we find the

basis functions ϕm(k), which transform according to γ or, in other words, transform

according to the relation (2.28). We seek the basis functions ϕm(k) in the form of the

linear combination of φγ(k)ei in the conjugation space. In this combination, φγ(k)

are the odd scalar basis functions of the irreducible representation (which can be

found in reference [21]), and ei are the unit vectors in the conjugation space.

To begin, we must determine how the unit vectors ei transform under a point

group element g, which, from Eq. (2.28), is according to matrices R̂(g):

g : ei → R̂(g)ei =
∑
j

ejRji(g). (2.29)

For example, we find the momentum dependence of the basis functions for an intra-

band pairing in the Γ9 band corresponding to the odd irreducible representation A1u.

First, we find the transformation of the unit vectors ei, by applying the matrices

R̂(g), to these unit vectors:

R̂(C6z)e1 =


−1 0 0

0 −1 0

0 0 1



1

0

0

 =


−1

0

0

 = −e1, (2.30)
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Table 2.1: Characters table for G = D6h point group (only characters for C6z and C2y

elements)

D6h C6z C2y

A1g +1 +1
A2g +1 -1
B1g -1 +1
B2g -1 -1
E1g +1 0
E2g -1 0
A1u +1 +1
A2u +1 -1
B1u -1 +1
B2u -1 -1
E1u +1 0
E2u -1 0

and:

R̂(C2y)e1 =


−1 0 0

0 1 0

0 0 −1



1

0

0

 =


−1

0

0

 = −e1. (2.31)

The irreducible representation matrices are simply characters of the D6h point group

elements because A1u is a 1D irreducible representation [21]. Based on the characters

of the D6h point group elements, presented in Table. 2.1, we can see e1 transforms

according to B1g irreducible representation.

Using the same procedure, for e2 we have:

R̂(C6z)e2 =


−1 0 0

0 −1 0

0 0 1



0

1

0

 =


0

−1

0

 = −e2, (2.32)
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and:

R̂(C2y)e2 =


−1 0 0

0 1 0

0 0 −1



0

1

0

 =


0

1

0

 = e2, (2.33)

which based on Table. 2.1, e2 transforms according to B1g.

Finally, For e3:

R̂(C6z)e3 =


−1 0 0

0 −1 0

0 0 1



0

0

1

 =


0

0

1

 = e3, (2.34)

and:

R̂(C2y)e3 =


−1 0 0

0 1 0

0 0 −1



0

0

1

 =


0

0

−1

 = −e3. (2.35)

Therefore, e3 transforms according to A2g.

For finding the ei component of ϕA1u(k) corresponding to A1u, all combinations

of the odd scalar basis functions and unit vectors should be examined to see which
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combination corresponds to A1u. Starting with e1:

γ = A1u ⇒ φA1u(k)× e1 corresponds to A1u ×B2g = B2u,

γ = A2u ⇒ φA2u(k)× e1 corresponds to A2u ×B2g = B1u,

γ = B1u ⇒ φB1u(k)× e1 corresponds to B1u ×B2g = A2u,

γ = B2u ⇒ φB2u(k)× e1 corresponds to B2u ×B2g = A1u,

γ = E1u ⇒ φE1u(k)× e1 corresponds to E1u ×B2g = E2u,

γ = E2u ⇒ φE2u(k)× e1 corresponds to E2u ×B2g = E1u.

(2.36)

From the products above, we can see φB2u(k)e1 corresponds to A1u. Therefore,

φB2u(k) is the e1 component of the basis function ϕA1u(k). Appendix D provides

a brief discussion about the multiplication (product) of the irreducible representa-

tions.

For finding the e2 component of ϕA1u(k):

γ = A1u ⇒ φA1u(k)× e2 corresponds to A1u ×B1g = B1u,

γ = A2u ⇒ φA2u(k)× e2 corresponds to A2u ×B1g = B2u,

γ = B1u ⇒ φB1u(k)× e2 corresponds to B1u ×B1g = A1u,

γ = B2u ⇒ φB2u(k)× e2 corresponds to B2u ×B1g = A2u,

γ = E1u ⇒ φE1u(k)× e2 corresponds to E1u ×B1g = E2u,

γ = E2u ⇒ φE2u(k)× e2 corresponds to E2u ×B1g = E1u.

(2.37)

From the products above, φB1u(k)e2 corresponds to A1u. Therefore, φB1u(k) is the
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e2 component of the basis function.

Finally, for the e3 component:

γ = A1u ⇒ φA1u(k)× e3 corresponds to A1u × A2g = A2u,

γ = A2u ⇒ φA2u(k)× e3 corresponds to A2u × A2g = A1u,

γ = B1u ⇒ φB1u(k)× e3 corresponds to B1u × A2g = B2u,

γ = B2u ⇒ φB2u(k)× e3 corresponds to B2u × A2g = B1u,

γ = E1u ⇒ φE1u(k)× e3 corresponds to E1u × A2g = E1u,

γ = E2u ⇒ φE2u(k)× e3 corresponds to E2u × A2g = E2u.

(2.38)

Therefore, φA2u(k)e3 corresponds to A1u, and φA2u(k) is the e3 component of the

basis function.

In conclusion, the intraband basis function corresponding to the A1u pairing chan-

nel in the Γ9 band has the following form:

ϕA1u(k) = φB2u(k)e1 + φB1u(k)e2 + φA2u(k)e3. (2.39)

The odd scalar basis functions φB2u(k), φB1u(k), and φA2u(k) in the momentum space

are [21]:

φB2u(k) = a1(k
3
+ + k3−) , φB1u(k) = ia2(k

3
+ − k3−) , φA2u(k) = a3kz, (2.40)

where k± = kx± iky, and the coefficients a1, a2, and a3 are real constants. Therefore,
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Table 2.2: The momentum dependence of the intraband triplet basis functions ϕγ(k) for
odd pairing channels (first column) in the Γ9 band of a system with D6h point
group (Ref. [1]).

γ Γ9 bands

A1u a1(k
3
+ + k3−)e1 + a2i(k

3
+ − k3−)e2 + a3kze3

A2u a1i(k
3
+ − k3−)e1 + a2(k

3
+ + k3−)e2 + a3i(k

6
+ − k6−)kze3

B1u a1kze1 + a2i(k
6
+ − k6−)kze2 + a3(k

3
+ + k3−)e3

B2u a1i(k
6
+ − k6−)kze1 + a2kze2 + a3i(k

3
+ − k3−)e3

E1u a1k
2
−kze1 + a2k

2
−kze2 + a3k+e3 , a1k

2
+kze1 − a2k

2
+kze2 + a3k−e3

E2u a1k+e1 + a2k+e2 + a3k
2
−kze3 , a1k−e1 − a2k−e2 + a3k

2
+kze3

ϕA1u(k) in momentum space has the following form:

ϕA1u(k) = a1(k
3
+ + k3−)e1 + a2i(k

3
+ − k3−)e2 + a3kze3. (2.41)

With the same procedure, all the intraband basis functions for all odd pairing channels

in the Γ9 band are found (see Table. 2.2).

2.2 Nodal structure of the intraband gap

The ĤBdG matrices, presented in (1.85) and (1.86), should be used to find the gap

nodes. The ĤBdG for an intraband pairing is a 4× 4 matrix which has the following

form:

ĤBdG =

ξ(k)σ̂0 ∆̂(k)

∆̂†(k) −ξ(k)σ̂0

 , (2.42)
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where the gap function ∆̂(k) for an odd pairing channel has only the triplet component

with the form below:

∆̂(k) = d(k)σ̂ =

 d3 d1 − id2

d1 + id2 −d3

 . (2.43)

Therefore, the ĤBdG has the following form:

ĤBdG =



ξ(k) 0 d3 d1 − id2

0 ξ(k) d1 + id2 −d3

d3 d1 − id2 −ξ(k) 0

d1 + id2 −d3 0 −ξ(k)


, (2.44)

where d1, d2, and d3 are three components of the triplet gap function d(k).

For finding the gap nodes, the determinant of the ĤBdG should be equated to zero:

det (ĤBdG) = 0,

⇒ ξ4(k) + 2ξ2(k)|d2|+ |d2|2 = 0. (2.45)

Since all the terms on the left side of Eq. (2.45) are positive, the equation has solutions

only at the intersections of the Fermi surface (ξ(k) = 0) and lines or planes where

d2 = 0. According to Eq. (2.26), for non-zero order parameters, the equation d2 = 0

leads to the following equation:

ϕ2
γ(k) = 0. (2.46)

The intraband triplet basis functions for odd pairing channels in Γ7 and Γ8 bands

are provided in Table. (2.3). These basis functions transform under the operation of
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Table 2.3: The momentum dependence of the intraband triplet basis functions ϕγ(k) for
odd pairing channels (first column) in the Γ7 and Γ8 bands of a system with
D6h point group (Ref. [1]).

γ Γ7 and Γ8 bands

A1u a1(kxe1 + kye2) + a2kze3

A2u a1(kye1 − kxe2) + ia2(k
6
+ − k6−)kze3

B1u a1(k
2
+kze+ + k2−kze−) + a2(k

3
+ + k3−)e3

B2u ia1(k
2
+kze+ − k2−kze−) + ia2(k

3
+ − k3−)e3

E1u a1kze+ + a2k+e3 , a1kze− + a2k−e3

E2u a1k+e+ + a2k
2
+kze3 , a1k−e− + a2k

2
−kze3

point group elements like a vector. Therefore, they can be found using the pseudospin

approach. Comparing Tables. (2.3) and (2.2), we can see that some of the triplet gap

nodes, predicted by the pseudospin approach in Γ7 and Γ8 bands, are absent in Γ9

band.

Apart from the Γ point (kx = ky = kz = 0), in Sec. 2.3, we show the presence

of symmetry-imposed nodes along the kx = ky = 0 line for the A1u, B1u, B2u, E1u,

and E2u pairing channels. Also, the gap function vanishes in the kz = 0 plane for

the A1u, A2u, and E2u pairing channels. By looking at Table. 2.2, we see these

symmetry-imposed nodes are absent for the A1u, B1u, and B2u pairing channels. In

other words, because of the non-pseudospin character of the Γ9 band, the symmetry-

imposed nodes, predicted by the pseudospin approach, are absent for some pairing

channels. Besides, there are new gap nodes for the A2u and E1u pairing channels,

which are not predicted by the pseudospin approach.

For example, we show the presence of the nodes along the six-fold axes for the

A2u pairing channel, which are not predicted by the pseudospin approach. For the

A2u pairing channel, the basis function has the following form:

ϕA2u(k) = a1i(k
3
+ − k3−)e1 + a2(k

3
+ + k3−)e2 + a3i(k

6
+ − k6−)kze3. (2.47)
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For k3+ + k3− we can write:

k3+ + k3− = (kx + iky)
3 + (kx − iky)

3

= (k cos θ + ik sin θ)3 + (k cos θ − ik sin θ)3

= k3e3iθ + k3e−3iθ = 2k3 cos 3θ,

where in kz = 0 plane, we wrote kx and ky in terms of the magnitude of momentum

vector k and its angle with the kx axis. Also, for k3x − k3y, we have:

k3+ − k3− = 2ik3 sin 3θ.

By equating |ϕA2u(k)|2 to zero, we obtain:

4k6(cos2 3θ − sin2 3θ) = 0,

4k6 cos 6θ = 0,

which is satisfied along the six-fold axes corresponding to θ = π
12

+ nπ
6
, for n =

0, 1, ..., 5, and causes gap nodes along these axes in the kz = 0 plane. These gap

nodes are not predicted by the pseudospin approach [23].

2.3 Symmetry-imposed gap nodes

Consider a d-dimensional odd single-valued irreducible representation γ in the D6h

point group with d scalar basis functions φ1(k), ..., φd(k). Apart from k = 0, there

are symmetry-imposed nodes along the kx = ky = 0 line and kz = 0 plane. This

section shows that the basis functions are zero in these areas only because of the

presence of C6z, C2z = (C6z)
3, and C2y elements. The transformation of the basis
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functions φi(k), under the operation of C6z, C2y, and C2z, is given by:

C6zφi(k) = φi(C
−1
6z k), (2.48)

C2zφi(k) = φi(C
−1
2z k), (2.49)

C2yφi(k) = φi(C
−1
2y k). (2.50)

For the points along the kx = ky = 0 line, the basis functions transform according to

the following relations:

C6zφi(0, 0, kz) = φi(0, 0, kz), (2.51)

C2yφi(0, 0, kz) = φi(0, 0,−kz) = −φi(0, 0, kz). (2.52)

In this case, the characters of C6z and C2y (denoted by χγ(C6z) and χγ(C2y)) should

be equal to d and −d, respectively:

χγ(C6z) = d , χγ(C2y) = −d, (2.53)

otherwise the basis functions should be equal to zero (φi(0, 0, kz) = 0). According

to Table. 2.4, for the A1u, B1u, B2u, E1u, and E2u pairing channels, the condition

presented in Eq. (2.53) is not satisfied. Therefore, for these pairing channels, there

are symmetry-imposed nodes along the kx = ky = 0 line.

For the points in the kz = 0 plane, the basis function transforms under the oper-

ation of C2z according to the following relation:

C2zφi(kx, ky, 0) = φi(−kx,−ky, 0) = −φi(kx, ky, 0). (2.54)
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Table 2.4: The characters table of the D6h point group for odd single-valued irreducible
representations. The irreducible representations are shown in the first column,
and their dimensions are shown in the second.

γ d χ(C6z) χ(C2y) χ(C2z)

A1u 1 +1 +1 +1
A2u 1 +1 -1 +1
B1u 1 -1 +1 -1
B2u 1 -1 -1 -1
E1u 2 +1 0 -2
E2u 2 -1 0 +2

In this case, the character of C2z should be equal to −d:

χγ(C2z) = −d, (2.55)

otherwise the basis function is equal to zero, (φi(kx, ky, 0) = 0). According to Table.

2.4, the condition presented in Eq. (2.55) is not satisfied for the A1u, A2u, and E2u

pairing channels. The gap vanishes in the kz = 0 plane for these pairing channels.
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Chapter 3

Interband pairing

This chapter presents the results of analyzing the symmetry in the interband gap

function of a quasi-2D hexagonal superconductor in the presence of spin-orbit cou-

pling. Graphene is the most well-known material with a 2D crystal structure that has

the D6h point group symmetry. However, spin-orbit coupling is weak in graphene.

Among the heavy-fermion materials, UPt3 has a 3D structure with D6h point group

symmetry. Superconducting properties of the flakes of UPt3, as a new 2D material,

is experimentally studied in Ref. [24]. At the end of this chapter, the analysis of the

interband gap nodal structure is provided for a crystal with a D6h point group.

3.1 Symmetry analysis of the interband gap

function

For analyzing the pairing between two particles from two different bands, we consider

all the possible pairs of bands described by double-valued corepresentations at Γ point

[25]. Regarding three corepresentations of either parity (Γ±
7 , Γ

±
8 , and Γ±

9 ), there are

twenty-one possible pairs of bands, (Γ+
7 ,Γ

+
7 ), (Γ

+
7 ,Γ

+
8 ), (Γ

+
7 ,Γ

+
9 ), (Γ

+
7 ,Γ

−
7 ), (Γ

+
7 ,Γ

−
8 ),

etc.

For the D6h point group, there are twelve single-valued irreducible representations

that describe the pairing channels. In our work, we consider two 1D single-valued

irreducible representations, A1g and A2g. Since these pairing channels are 1D, accord-
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ing to Eq. (1.70) , the gap function, describing the pairing between particles from

bands n and n′, has the following form:

∆̂nn′(k) = ηnn′ϕ̂nn′(k), (3.1)

where ηnn′ are order parameters, and ϕ̂nn′(k) are basis functions of the irreducible

representations. In our work, we take the most general situation, where the order

parameters are non-zero.

According to Eq. (1.71), the basis functions transform under an element of the

point group using the double-valued corepresentation matrices D̂n(g). The irreducible

representations A1g and A2g are both 1D. Thus, in Eq. (1.71), the 1×1 irreducible rep-

resentation matrices are replaced by the character of the element g in the irreducible

representation γ. Therefore:

g : ϕ̂nn′(k) → D̂n(g)ϕ̂nn′(g−1k)D̂†
n′(g) = ϕ̂nn′(k)χγ(g), g ∈ G (3.2)

where χγ(g) is the character of the element g in the irreducible representation γ.

It is easier to find the interband basis functions in their ”singlet-triplet” decom-

position form:

ϕ̂nn′(k) = αnn′(k)σ̂0 + iβnn′(k)σ̂, (3.3)

where αnn′(k) and βnn′(k) are singlet and triplet basis functions, respectively. Ac-

cording to Eq. (1.74), the real singlet and triplet components of the basis function
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satisfy:

ϕ̂nn′(k) = ϕ̂†
n′n(k),

⇒ αnn′(k)σ̂0+iβnn′(k)σ̂ = αn′n(k)σ̂0 − iβn′n(k)σ̂,

⇒ αnn′(k) =αn′n(k) , βnn′(k) = −βn′n(k). (3.4)

From Eqs. (1.84) and (1.81), the components of the basis functions also satisfy:

αnn′(k) = Pγpnpn′αnn′(−k),

βnn′(k) = Pγpnpn′βnn′(−k).

The A1g and A2g pairing channels are even, Pγ = 1. Therefore:

αnn′(k) = pnpn′αnn′(−k),

βnn′(k) = pnpn′βnn′(−k). (3.5)

From Eqs. (3.4) and (3.5), we finally obtain:

αnn′(k) = αn′n(k) = pnpn′αnn′(−k), (3.6)

βnn′(k) = −βn′n(k) = pnpn′βnn′(−k), (3.7)

where pn and pn′ are the parity of the bands.

Consider two bands labeled by n = 1 and n′ = 2. In this case, we have both

intraband and interband pairings. For simplicity in notation, we show the intraband
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order parameters with:

ηnn = η11 = ηn = η1,

ηn′n′ = η22 = ηn′ = η2.

Also, we indicate the intraband basis functions, which are purely singlet, by:

αnn = α11 = αn = α1,

αn′n′ = α22 = αn′ = α2.

Therefore:

∆̂11 = η1α1(k)σ̂0,

∆̂22 = η2α2(k)σ̂0,

where ∆̂11 and ∆̂22 denote the intraband gap functions.

According to Eq. (1.81), in an interband pairing, η12 = η21. Thus, the interband

order parameters can be represented by the same notations:

η12 = η21 = η̃. (3.8)

According to Eqs. (3.6) and (3.7), we have α12(k) = α21(k) and β12(k) = −β21(k).

As a result, we can use the notation below:

α12(k) = α21(k) = α̃(k),

β12(k) = −β21(k) = β̃(k),
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which leads to:

∆̂12(k) = η̃
(
α̃(k)σ̂0 + iβ̃(k)σ̂

)
,

∆̂21(k) = η̃
(
α̃(k)σ̂0 − iβ̃(k)σ̂

)
,

where ∆̂12(k) and ∆̂21(k) are the interband gap functions.

Using the symmetry analysis and the notations presented in this section, we solve

Eq. (3.2) for α̃(k) and β̃(k) in all possible pairs of bands. For simplifying the visual-

ization of the gap nodal structure, by neglecting the z-component of the momentum,

we find the gap of a 2D superconductor. In the next section, as an example, the

detailed steps for finding the basis functions of the s-wave (A1g) pairing channel cor-

responding to the (Γ±
7 ,Γ

±
7 ) pair of bands are presented. In Tables. 3.1 and 3.2 the

momentum dependence of basis functions are listed for all possible pairs of bands

participating in the pairing.

Table 3.1: Momentum dependence of real singlet interband basis functions α̃(k) and real
components of triplet interband basis functions (β1(k), β2(k), and β3(k)) for
all possible pairs of bands (presented in the first column) participating in an
A1g (s-wave) pairing channel. a and b are real and imaginary coefficients,
respectively, and k± = kx ± iky.

Pairs of bands α̃(k) β̃1(k) β̃2(k) β̃3(k)

(Γ±
7 ,Γ

±
7 ) a(k2x + k2y) 0 0 b(k6+ − k6−)

(Γ±
7 ,Γ

∓
7 ) 0 aky −kx 0

(Γ±
7 ,Γ

±
8 ) 0 a(k2x + k2y) −kxky 0

(Γ±
7 ,Γ

∓
8 ) b(k3+ − k3−) 0 0 a(k3+ + k3−)

(Γ±
7 ,Γ

±
9 ) kxky 0 0 −a(k2x − k2y)

(Γ±
7 ,Γ

∓
9 ) 0 aky −kx 0

(Γ±
8 ,Γ

±
8 ) a(k2x + k2y) 0 0 b(k6+ − k6−)

(Γ±
8 ,Γ

∓
8 ) 0 aky −kx 0

(Γ±
8 ,Γ

±
9 ) 0 a(k2x − k2y) −kxky 0

(Γ±
8 ,Γ

∓
9 ) kx 0 0 −aky

(Γ±
9 ,Γ

±
9 ) a(k2x + k2y) 0 0 b(k6+ − k6−)

(Γ±
9 ,Γ

∓
9 ) 0 a(k3+ + k3−) b(k3+ − k3−) 0
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Table 3.2: Momentum dependence of real singlet interband basis functions α̃(k) and real
components of triplet interband basis functions (β1(k), β2(k), and β3(k)) for all
possible pairs of bands (presented in the first column) participating in an A2g (i-
wave) pairing channel. a and b are real and imaginary coefficients, respectively,
and k± = kx ± iky.

Pairs of bands α̃(k) β̃1(k) β̃2(k) β̃3(k)

(Γ±
7 ,Γ

±
7 ) b(k6+ − k6−) 0 0 a(k2x + k2y)

(Γ±
7 ,Γ

∓
7 ) 0 aky kx 0

(Γ±
7 ,Γ

±
8 ) 0 a(k2x + k2y) kxky 0

(Γ±
7 ,Γ

∓
8 ) a(k3+ + k3−) 0 0 b(k3+ − k3−)

(Γ±
7 ,Γ

±
9 ) kxky 0 0 a(k2x − k2y)

(Γ±
7 ,Γ

∓
9 ) 0 aky kx 0

(Γ±
8 ,Γ

±
8 ) b(k6+ − k6−) 0 0 a(k2x + k2y)

(Γ±
8 ,Γ

∓
8 ) 0 aky kx 0

(Γ±
8 ,Γ

±
9 ) 0 a(k2x − k2y) kxky 0

(Γ±
8 ,Γ

∓
9 ) kx 0 0 aky

(Γ±
9 ,Γ

±
9 ) b(k6+ − k6−) 0 0 a(k2x + k2y)

(Γ±
9 ,Γ

∓
9 ) 0 b(k3+ − k3−) a(k3+ + k3−) 0

3.2 Interband basis functions

For finding the momentum dependence of the basis functions, it is convenient to use

their decomposed form:

ϕ̂nn′(k) = αnn′(k)σ̂0 + iβnn′(k)σ̂

= αnn′(k)σ̂0 + iβ1nn′(k)σ̂1 + iβ2nn′(k)σ̂2 + iβ3nn′(k)σ̂3. (3.9)

To solve Eq. (3.2), we replace the basis function with its decomposed form, presented

in Eq. (3.9).

As an example, we find the momentum dependence of the basis functions of A1g (s-

wave) irreducible representation for the case that (Γ±
7 ,Γ

±
7 ) are the bands participating

in the pairing. In the first step, the transformation of the identity matrix and Pauli
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matrices should be determined under the operation of g. Appendix C provides the

matrix form of the corepresentations for both C6z and C2y elements.

The identity matrix σ̂0 transforms under the operation of C6z according to the

matrix form of the corepresentations:

D̂n(g)σ̂0D̂†
n′(g) = D̂Γ±

7
(C6z)σ̂0D̂†

Γ±
7

(C6z)

=


√
3
2
− i

2
0

0
√
3
2
+ i

2


1 0

0 1




√
3
2
+ i

2
0

0
√
3
2
− i

2

 =

1 0

0 1

 = σ̂0.

The identity matrix also transforms under the operation of C2y according to the

following relation:

D̂n(g)σ̂0D̂†
n′(g) = D̂Γ±

7
(C2y)σ̂0D̂†

Γ±
7

(C2y)

=

0 −1

1 0


1 0

0 1


 0 1

−1 0

 =

1 0

0 1

 = σ̂0.

Therefore, the identity matrix does not change under the operation of C6z and C2y.

The same way is used to determine the transformation of the Pauli matrices under

the operation of C6z and C2y. For σ̂1, the transformation is according to:

D̂n(g)σ̂1D̂†
n′(g) = D̂Γ±

7
(C6z)σ̂1D̂†

Γ±
7

(C6z)

=


√
3
2
− i

2
0

0
√
3
2
+ i

2


0 1

1 0




√
3
2
+ i

2
0

0
√
3
2
− i

2


=

 0 1
2
−

√
3
2
i

1
2
+

√
3
2
i 0

 =
1

2
σ̂1 +

√
3

2
σ̂2,
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and:

D̂Γ±
7
(C2y)σ̂1D̂†

Γ±
7

(C2y)

=

0 −1

1 0


0 1

1 0


 0 1

−1 0


=

 0 −1

−1 0

 = −σ̂1.

For the transformation of σ̂2 under the operation of C6z and C2y, we have:

D̂Γ±
7
(C6z)σ̂2D̂†

Γ±
7

(C6z) = −
√
3

2
σ̂1 +

1

2
σ̂2,

D̂Γ±
7
(C2y)σ̂2D̂†

Γ±
7

(C2y) = σ̂2.

Finally, for the transformation of σ̂3 under the operation of C6z and C2y, we obtain:

D̂Γ±
7
(C6z)σ̂3D̂†

Γ±
7

(C6z) = σ̂3,

D̂Γ±
7
(C2y)σ̂3D̂†

Γ±
7

(C2y) = −σ̂3.

Now we have the transformation of the identity matrix and Pauli matrices under the

operation of the D6h point group elements.

In the next step, we replace the basis functions, in Eq. (3.2), with their decom-

posed form presented in Eq. (3.9). For g = C6z, where χA1g(C6z) = 1, we obtain the
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following equation:

D̂Γ±
7
(C6z)

[
α̃(C−1

6z k)σ̂0 + iβ̃1(C
−1
6z k)σ̂1 + iβ̃2(C

−1
6z k)σ̂2 + iβ̃3(C

−1
6z k)σ̂3

]
D̂†

Γ±
7

(C6z)

= D̂Γ±
7
(C6z)σ̂0D̂†

Γ±
7

(C6z)α̃(C
−1
6z k) + D̂Γ±

7
(C6z)σ̂1D̂†

Γ±
7

(C6z)iβ̃1(C
−1
6z k)

+ D̂Γ±
7
(C6z)σ̂2D̂†

Γ±
7

(C6z)iβ̃2(C
−1
6z k) + D̂Γ±

7
(C6z)σ̂3D̂†

Γ±
7

(C6z)iβ̃3(C
−1
6z k)

= α̃(k)σ̂0 + iβ̃1(k)σ̂1 + iβ̃2(k)σ̂2 + iβ̃3(k)σ̂3. (3.10)

By considering the transformation of the identity matrix and the Pauli matrices, Eq.

(3.10) can be written as:

σ̂0α̃(C
−1
6z k) + (

1

2
σ̂1 +

√
3

2
σ̂2)iβ̃1(C

−1
6z k) + (−

√
3

2
σ̂1 +

1

2
σ̂2)iβ̃2(C

−1
6z k)

+ σ̂3iβ̃3(C
−1
6z k) = α̃(C−1

6z k)σ̂0 +
(1
2
β̃1(C

−1
6z k)−

√
3

2
β̃2(C

−1
6z k)

)
iσ̂1

+
(√3

2
β̃1(C

−1
6z k) +

1

2
β̃2(C

−1
6z k)

)
iσ̂2 + β̃3(C

−1
6z k)σ̂3

= α̃(k)σ̂0 + iβ̃1(k)σ̂1 + iβ̃2(k)σ̂2 + iβ̃3(k)σ̂3. (3.11)

Since the identity matrix and three Pauli matrices are linearly independent, the co-

efficients of these matrices, on two sides of Eq. (3.11), should be equal. Therefore:

α̃(C−1
6z k) = α̃(k), (3.12)

1

2
β̃1(C

−1
6z k)−

√
3

2
β̃2(C

−1
6z k) = β̃1(k), (3.13)

√
3

2
β̃1(C

−1
6z k) +

1

2
β̃2(C

−1
6z k) = β̃2(k), (3.14)

β̃3(C
−1
6z k) = β̃3(k). (3.15)
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For g = C2y, the same way can be used to obtain four equations below:

α̃(C−1
2y k) = α̃(k), (3.16)

−β̃1(C−1
2y k) = β̃1(k), (3.17)

β̃2(C
−1
2y k) = β̃2(k), (3.18)

−β̃3(C−1
2y k) = β̃3(k). (3.19)

Since the bands participating in the pairing have the same parity, Eqs. (3.6) and

(3.7) lead to the four following equations:

α̃(k) = α̃(−k), (3.20)

β̃1(k) = β̃1(−k), (3.21)

β̃2(k) = β̃2(−k), (3.22)

β̃3(k) = β̃3(−k). (3.23)

Therefore, we have three equations for each parameter α̃(k), β̃1(k), β̃2(k), and β̃3(k).

For α̃(k), we have three equations below:

α̃(C−1
6z k) = α̃(k),

α̃(C−1
2y k) = α̃(k), (3.24)

α̃(k) = α̃(−k).

For simplicity in calculations, we define k± = kx ± iky, where the effect of C6z and
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C2y on k± is:

C6z :


C−1

6z k+ = e−
iπ
3 k+,

C−1
6z k− = e

iπ
3 k−,

and C2y :


C−1

2y k+ = −k−,

C−1
2y k− = −k+.

(3.25)

It easily can be seen that by choosing α̃(k) = ak+k− (a is a real coefficient), all

the three conditions presented in (3.24) are satisfied. Therefore, the simplest and

lowest-order polynomial form for α̃(k) is:

α̃(k) = ak+k− = a(k2x + k2y). (3.26)

For β̃3(k), the three equations are:

β̃3(C
−1
6z k) = β̃3(k),

−β̃3(C−1
2y k) = β̃3(k), (3.27)

β̃3(k) = β̃3(−k).

Considering the effect of C6z and C2y on k±, three equations presented in (3.27) are

satisfied by choosing β̃3(k) in the following form:

β̃3(k) = b(k6+ − k6−) = b
[
(kx + iky)

6 − (kx − iky)
6
]
, (3.28)

where b is an imaginary coefficient that makes β̃3(k) a real function of momentum.
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To find β̃1(k) and β̃2(k), we have to solve two following equations:


1
2
β̃1(C

−1
6z k)−

√
3
2
β̃2(C

−1
6z k) = β̃1(k),

√
3
2
β̃1(C

−1
6z k) +

1
2
β̃2(C

−1
6z k) = β̃2(k),

(3.29)

where β̃1(k) and β̃2(k) are coupled in these two equations. We define β̃±(k) =

β̃1(k) ± iβ̃2(k) and solve the equations for β̃±(k). After multiplying the second

equation, presented in Eq. (3.29), by i and adding it to the first equation, we obtain:

β̃+(k) = e
iπ
3 β̃+(C

−1
6z k). (3.30)

Since C2z = C3
6z, the transformation of β̃+(k) under the operation of C2z is according

to the following form:

C2z : β̃+(k+, k−) = eiπβ̃+(e
−iπk+, e

iπk−)

= −β̃+(−k+,−k−). (3.31)

Also from parity conditions, presented in Eqs. (3.21) and (3.22), we obtain:

β̃+(k+, k−) = β̃+(−k+,−k−). (3.32)

By comparing Eqs. (3.31) and (3.32), we find β̃+(k) = 0, which leads to vanishing

β̃1(k) and β̃2(k):

β̃1(k) = 0,

β̃2(k) = 0.
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Now we have the momentum dependence of all the singlet and triplet components of

the basis function provided in the first row of the Table. 3.1.

By following the same procedure, we found the momentum dependence of the

basis functions of the irreducible representations A1g (s-wave) and A2g (i-wave) for

all the possible pairs of bands participating in the pairing (see Tables. 3.1 and 3.2).

3.3 Nodal structure of the interband gap

In Sec. 3.2, the momentum dependence of the basis functions, which gives the mo-

mentum dependence of the interband gap functions, was obtained. We use this mo-

mentum dependence to find the ĤBdG and nodal structure of the gap to determine

the effect of the non-pseudospin character of bands on the gap nodes. The ĤBdG,

presented in (1.85) and (1.86), for a system with two bands (n = 1, n′ = 2), has the

following form:

ĤBdG =



ξ1(k)σ̂0 ∆̂11(k) 0 ∆̂12(k)

∆̂†
11(k) −ξ1(k)σ̂0 ∆̂†

21(k) 0

0 ∆̂21(k) ξ2(k)σ̂0 ∆̂22(k)

∆̂†
12(k) 0 ∆̂†

22(k) −ξ2(k)σ̂0


, (3.33)

which is an 8× 8 matrix. As it was mentioned before, the gap vanishes (gap nodes)

where det ĤBdG = 0.
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For the matrix (3.33), det ĤBdG has the following form:

det ĤBdG = det
[
ξ21(k)ξ

2
2(k)σ̂0 + ξ21(k)σ̂0∆̂

†
22(k)∆̂22(k) + ξ22(k)σ̂0∆̂

†
11(k)∆̂11(k)

+ ξ1(k)ξ2(k)σ̂0

(
∆̂†

12(k)∆̂12(k) + ∆̂†
21(k)∆̂21(k)

)
+
(
∆̂†

11(k)∆̂
†
22(k)− ∆̂†

12(k)∆̂
†
21(k)

)(
∆̂11(k)∆̂22(k)− ∆̂12(k)∆̂21(k)

)]
, (3.34)

where we used the fact that all 2 × 2 conjugacy blocks in ĤBdG commute with each

other.

The intraband gap function ∆̂nn′(k) contains only the singlet component. There-

fore:

∆̂11(k) = ψ1σ̂0 = η1α1(k)σ̂0, (3.35)

∆̂22(k) = ψ2σ̂0 = η2α2(k)σ̂0. (3.36)

The term ∆̂12(k)∆̂21(k) has the form below:

∆̂12(k)∆̂21(k) = η̃2
[
α̃(k)σ̂0 + iβ̃(k)σ̂

][
α̃(k)σ̂0 − iβ̃(k)σ̂

]
= η̃2

(
α̃2(k) + β̃2(k)

)
σ̂0. (3.37)

We define ∆̃2(k) = η̃2
(
α̃2(k) + β̃2(k)

)
, where ∆̃(k) is the strength of the interband

pairing. Therefore, det ĤBdG has the following form:

det ĤBdG = det
[
ξ21(k)ξ

2
2(k)σ̂0 + ξ21(k)|ψ2(k)|2σ̂0 + ξ22(k)|ψ1(k)|2σ̂0

+ 2ξ1(k)ξ2(k)|∆̃(k)|2σ̂0 + |ψ1(k)ψ2(k)− ∆̃2(k)|2σ̂0
]
. (3.38)

Since all the terms in det ĤBdG contain the identity matrix σ̂0, then det ĤBdG is
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proportional to σ̂0:

det ĤBdG = det (R(k)σ̂0) = R2(k), (3.39)

where:

R(k) = ξ21(k)ξ
2
2(k) + ξ21(k)|ψ2(k)|2 + ξ22(k)|ψ1(k)|2

+ 2ξ1(k)ξ2(k)|∆̃(k)|2 + |ψ1(k)ψ2(k)− ∆̃2(k)|2. (3.40)

Generally, in time-reversal breaking states, the three order parameter components

η1, η2, and η̃ are complex numbers. For simplicity, by rotating the phases of these

three components simultaneously, we can set the phase of η̃ to zero. Therefore,

the interband order parameter will be a real and positive number. The intraband

order parameters still remain complex numbers. Putting ηn = |ηn|eiφn and αn(k) =

|αn(k)|eiλn , for R(k) we obtain the form below:

R(k) =
(
ξ1(k)ξ2(k)− |ψ1(k)ψ2(k)|+ |∆̃(k)|2

)2

+
(
ξ1(k)|ψ2(k)|+ ξ2(k)|ψ1(k)|

)2

+ 2|ψ1(k)ψ2(k)||∆̃(k)|2(1− cosΦ), (3.41)

where Φ = φ1 + φ2 + λ1 + λ2. Therefore, det ĤBdG has the following form:

det ĤBdG = R2(k) =
[(
ξ1(k)ξ2(k)− |ψ1(k)ψ2(k)|+ |∆̃(k)|2

)2
+
(
ξ1(k)|ψ2(k)|+ ξ2(k)|ψ1(k)|

)2
+ 2|ψ1(k)ψ2(k)||∆̃(k)|2(1− cosΦ)

]2
. (3.42)

Since each term in R(k) is real and positive, the only way to have det ĤBdG = R2(k) =
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0 is that each term in R(k) be equal to zero:

R1(k) = ξ1(k)ξ2(k)− |ψ1(k)ψ2(k)|+ |∆̃(k)|2 = 0, (3.43)

R2(k) = ξ1(k)|ψ2(k)|+ ξ2(k)|ψ1(k)| = 0, (3.44)

R3(k) = 2|ψ1(k)ψ2(k)||∆̃(k)|2(1− cosΦ) = 0. (3.45)

Therefore, solving these equations gives the locations of the gap nodes.

In general, the equations R1(k) = R2(k) = R3(k) = 0 are satisfied just at isolated

points, but we solve them to find the effect of non-pseudospin bands on the nodal

structure of the gap. As examples, we bring here the analysis of the gap nodes for

(n, n′) = (Γ±
7 ,Γ

±
7 ) and (n, n′) = (Γ±

9 ,Γ
∓
9 ) in the A1g pairing channel, and (n, n′) =

(Γ±
7 ,Γ

±
7 ) in the A2g pairing channel.

In the s-wave pairing channel, we neglect the accidental nodes of the intraband

pairing. It means ψ1(k) and ψ2(k) are non-zero. Since the intraband singlet basis

functions are real, λ1 = λ2 = 0 for all the points in the momentum space. In time-

reversal invariant states, all the interband and intraband order parameters are real

numbers and the phases of the intraband order parameters are, φ1 = φ2 = 0 or π.

Therefore, cosΦ = cos (φ1 + φ2 + λ1 + λ2) = 1, which leads to vanishing R3(k).

From R1(k) = R2(k) = 0, by assuming ξ1(k) > ξ2(k), we obtain:

ξ1(k) = |ψ1(k)|

√
|∆̃(k)|

|ψ1(k)ψ2(k)|
− 1 , (3.46)

ξ2(k) = −|ψ2(k)|

√
|∆̃(k)|

|ψ1(k)ψ2(k)|
− 1 . (3.47)
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A 2D band dispersion has the following form:

ξn(k) =
k2x + k2y − k2F,n

2m
, (3.48)

where kF,1 and kF,2 denote two circular Fermi lines in 2D momentum space, and we

assume kF,1 < kF,2. According to Table. 3.1, the singlet basis function α̃(k), for

(n, n′) = (Γ±
7 ,Γ

±
7 ), has the form below:

α̃(k) = a(k2x + k2y) = 1, (3.49)

where, for simplicity, we chose the coefficient equal to one. According to Ref. [26], in

all stable states of the three-band superconductors φ1 = −φ2. Therefore, the singlet

gap functions have the following forms:

ψ1(k) = η1α1(k) = η1 = |η1|eiφ1 = ηeiφ1 , (3.50)

ψ2(k) = η2α2(k) = η2 = |η1|eiφ2 = ηe−iφ1 , (3.51)

For the sake of simplicity, we took α1(k) = α2(k) = 1 with the same magnitude of

the order parameters. According to Table. 3.1, the triplet basis function has the

following components:

β̃1(k) = 0,

β̃2(k) = 0,

β̃3(k) = b
[
(kx + iky)

6 − (kx − iky)
6
]
. (3.52)

We write kx and ky in terms of the magnitude of the wave vector (k) and the angle

the wave vector makes with the x-axis in momentum space (θ). Therefore, β̃3(k) can
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be written in the form below:

β̃3(k) = 2ib︸︷︷︸
a′

k6 sin (6θ) = a′k6 sin (6θ), (3.53)

where a′ is a real coefficient. Using the expression found for α̃(k) and β̃(k), for ∆̃(k),

we obtain:

∆̃(k) = η̃
√
1 + a′2k12 sin2 (6θ). (3.54)

In Eqs. (3.46) and (3.47), by replacing the terms with their momentum-dependent

form, two equations below are obtained:

4m2η̃2a′2 sin2 (6θ)k12 − k4 + 2k2F,1k
2 + 4m2η̃2 − 4m2η2 − k4F,1 = 0, (3.55)

4m2η̃2a′2 sin2 (6θ)k12 − k4 + 2k2F,2k
2 + 4m2η̃2 − 4m2η2 − k4F,2 = 0. (3.56)

These two equations are solved numerically (codes are provided in appendix E)). The

solution of each equation gives a line between two Fermi lines (See Fig. 3.1). The

intersections of these two lines represent the gap nodes. These intersections (gap

nodes) vanish for a weak interband pairing, where |∆̃(k)|2 < |ψ1(k)ψ2(k)| (See Fig.

3.2). The gap nodes appear only at a sufficiently strong interband pairing, where

|∆̃(k)|2 > |ψ1(k)ψ2(k)|.

With the same procedure, for (n, n′) = (Γ±
9 ,Γ

∓
9 ) in the A1g pairing channel, by

solving R1 = R2 = R3 = 0 equations numerically, two six-fold symmetric lines

between two circular Fermi lines are found. These two lines, which are the solutions

of Eqs. (3.46) and (3.47), do not intersect for a weak interband pairing |∆̃(k)|2 <

|ψ1(k)ψ2(k)| (see Fig. 3.3). As shown in Fig. 3.4, the gap nodes appear for a
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Figure 3.1: Intersections of two curly circular lines show the nodal structure of the gap of a
2D superconductor with a hexagonal structure. Two blue and orange circular
lines indicate two Fermi lines. In this case, there is a strong interband s-wave
pairing between two electrons from (n, n′) = (Γ±

7 ,Γ
±
7 ).

Figure 3.2: Nodal structure of the gap for a 2D superconductor with a hexagonal structure
in a weak s-wave interband pairing between the bands (n, n′) = (Γ±

7 ,Γ
±
7 ).

The gap nodes disappear since two curly lines do not intersect. Two blue and
orange circular lines indicate two Fermi lines.
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sufficiently strong interband pairing |∆̃(k)|2 > |ψ1(k)ψ2(k)|.

Figure 3.3: Nodal structure of the gap for a 2D superconductor with a hexagonal structure
in a weak s-wave interband pairing between the bands (n, n′) = (Γ±

9 ,Γ
∓
9 ). The

gap nodes disappear since the green and red lines do not intersect. Two blue
and orange circular lines indicate two Fermi lines.

As an example for the A2g (i-wave) pairing channel, the nodal structure of the

gap in (n, n′) = (Γ±
7 ,Γ

±
7 ) is found and analyzed here. First, we consider the limit of

zero interband pairings, where ∆̂12(k) = ∆̂21(k) = ∆̃(k) = 0. In this case:

R3(k) = 0, (3.57)

and from R1(k) = 0, we obtain:

ξ1(k)ξ2(k) = |ψ1(k)ψ2(k)|. (3.58)

On the two Fermi lines, k = kF,1 or kF,2. Therefore, ξ1(k) or ξ2(k) is equal to zero,
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Figure 3.4: Intersections of the green and red lines show the nodal structure of the gap of a
2D superconductor with a hexagonal structure. Two blue and orange circular
lines indicate two Fermi lines. In this case, there is a strong interband s-wave
pairing between two electrons from (n, n′) = (Γ±

9 ,Γ
∓
9 ).

which zeroes the left side of Eq. (3.58). Since ψn(k) ∝ k6+ − k6− ∝ sin (6θ), the

solutions of Eq. (3.58) are found as twenty-four gap nodes sitting on Fermi lines

along six-fold axes (see Fig. 3.5).

Now we consider the case when the interband pairing is non-zero. In (n, n′) =

(Γ±
7 ,Γ

±
7 ) for the A2g pairing channel, ψn(k) ∝ sin (6θ). Therefore, along six-fold axes,

|ψ1(k)| = |ψ2(k)| = 0, which makes R2(k) and R3(k) equal to zero. From R1(k) = 0,

we obtain:

ξ1(k)ξ2(k) = −|∆̃(k)|2. (3.59)

Putting the momentum-dependent form of the band dispersion and ∆̃(k) into Eq.
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Figure 3.5: Nodal structure of the gap of a 2D i-wave superconductor with a hexagonal
structure in the absence of the interband pairing between the bands (n, n′) =
(Γ±

7 ,Γ
±
7 ). The gap nodes appear on two Fermi surfaces along six-fold axes.

Two blue and orange circular lines indicate two Fermi lines.

(3.59), and solving this equation for k, leads to:

k =
1√
2

[
(k2F,1 + k2F,2)±

√
(k2F,1 − k2F,2)

2 − 4ϵ̃2k4F,1

] 1
2
, (3.60)

where ϵ̃ = 2amη̃/k2F,1 is a parameter that measures the strength of the interband

pairing. The gap nodes, given by Eq. (3.60), are plotted in Fig. 3.6. By increasing

the strength of the interband pairing (ϵ̃), the gap nodes start moving toward each

other. For a critical interband pairing corresponding to ϵ̃c = (k2F,1 − k2F,2)
2/4k4F,1, the

gap nodes collapse and touch each other at the center of the area between two Fermi

lines (see Fig. 3.7). The gap nodes then disappear for interband pairing with ϵ̃ greater

than ϵ̃c.

The exotic structure of the gap was shown in different pseudospin and non-

pseudospin pairs of bands for A1g (s-wave) and A2g (i-wave) pairing channels. The



Chapter 3. Interband pairing 76

Figure 3.6: Nodal structure of the gap for a 2D superconductor with a hexagonal structure
in the presence of an i-wave interband pairing between the bands (n, n′) =
(Γ±

7 ,Γ
±
7 ). By increasing the interband pairing, the gap nodes move toward

each other along six-fold axes. Two blue and orange circular lines indicate
two Fermi lines.

provided examples indicate the unusual nodal structure of the gap where in a conven-

tional superconductor, gap nodes are created at a strong enough interband pairing.

On the other hand, in an unconventional superconductor, gap nodes disappear for a

strong enough interband pairing.
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Figure 3.7: Nodal structure of the gap for a 2D superconductor with a hexagonal struc-
ture in the presence of the critical i-wave interband pairing between the bands
(n, n′) = (Γ±

7 ,Γ
±
7 ). At the critical interband pairing (ϵ̃c), the gap nodes col-

lapse into each other in the middle of the area between two Fermi lines. Two
blue and orange circular lines indicate two Fermi lines. For interband pairing
greater than critical interband pairing, the gap nodes disappear.
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Chapter 4

Conclusions

Using a symmetry-based approach, we studied the gap structure of a hexagonal multi-

band superconductor. In the presence of the spin-orbit coupling, the Bloch states in

a centrosymmetric and non-magnetic crystal are two-fold degenerate because of the

conjugation operator C = KI. In this case, the Bloch states are not eigenstates of

the spin operator anymore.

Based on the Ueda-Rice prescription, the Bloch states transform under the op-

eration of a point group element, according to the pure spin-1/2 rotation matrices,

even in the presence of the spin-orbit coupling (see Eq. (1.44)). In contrast with the

general assumption in the symmetry approach presented in textbooks, in the presence

of the spin-orbit coupling, the transformation of the Bloch states is not necessarily

the same as the pure spin-1/2 Bloch states. As we showed, the transformation of the

Bloch bands in the presence of spin-orbit coupling depends on the symmetry of the

bands participating in the pairing (See Eq. (1.43)). The symmetry of the bands in

the presence of spin-orbit coupling is described by corepresentations at the Γ point.

The bands in which the transformation of the Bloch states is not the same as the

spin-1/2 Bloch states are called non-pseudospin bands.

The non-pseudospin character of the band can have some impacts on the gap

structure and, specifically, the nodal structure of the gap. We studied these impacts

on the gap structure of an intraband (where paired electrons are from a single band)

and interband (where two paired electrons are from two different bands) pairing.
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In our project, we specifically studied the gap function of a hexagonal multiband

superconductor in the presence of spin-orbit coupling. The hexagonal superconduc-

tors with a D6h point group have three double-valued corepresentation in Γ point

describing the symmetry of the bands. This point group contains 12 irreducible

representations describing the pairing channels. Among these double-valued corepre-

sentations, Γ7 is a pseudospin band, while Γ8 and Γ9 are non-pseudospin bands.

In an intraband pairing, we saw that in the Γ9 band, the gap function in an odd

pairing channel has only the triplet component and does not transform according to

the Ueda-Rice prescription. We found the momentum dependence of this gap function

and noticed that some symmetry-imposed gap nodes are absent in the Γ9 band. On

the other hand, there are gap nodes in the kz = 0 plane along six-fold axes, which

were not predicted by the pseudospin approach.

We considered all possible pairs of bands to find the momentum dependence of

the gap function of all the interband pairings. We found the momentum dependence

in the A1g and A2g pairing channels. In the A1g pairing channel, by increasing the

interband pairing, some new points of nodes are found between two Fermi surfaces,

while in the A2g pairing channel, by increasing the interband pairing, the points of

nodes start to move. These unusual behaviors of the gap nodal structure, which are

not predicted in the pseudospin approach, are found because of the non-pseudospin

character of bands.
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Appendix A

Mean-field theory and BdG

Hamiltonian

The systems consisting of many individual particles interacting with each other are

studied in many-body problems. It is hard or almost impossible to exactly solve the

Hamiltonian for these systems to find their average energy and state. The Hamilto-

nian of such a complicated and high-dimensional system can be approximated to a

simpler Hamiltonian using mean-field theory (MFT). The main idea behind this the-

ory is to reduce a many-body problem to an effective one-body problem by considering

the effect of all the other particles on any given particle as an average effect. The

BCS Hamiltonian is an excellent example of a many-body problem that a mean-field

approach is used to treat this problem.

As we discussed in Sec. 1.1, in the presence of an attractive interaction, the Fermi

sea is unstable, and the electrons pair up to create the Cooper pairs. The wave-

function of such a system is a many-particle state. A coherent BCS state is used to

describe the wave-function of this system. For introducing the coherent state, the

pair creation operator is defined:

P̂ †
k = c†k↑c

†
−k↓, (A.1)

which creates a pair containing electrons with the total momentum of zero and op-
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posite spins. By applying the pair creation operator on the vacuum state |0⟩, the

coherent BCS state is defined as:

|ΨBCS⟩ = C. exp (
∑
k

αkP̂
†
k)|0⟩, (A.2)

where, αk are complex numbers and C is the normalizing constant. The complex

numbers αk should be found in a manner that minimizes the energy of the system.

One can easily show that the pair creation operators commute with each other:

[P̂ †
k, P̂

†
k′ ] = 0. (A.3)

Using this property, we can write the coherent state as a product of the exponential

functions:

|ΨBCS⟩ = C.
∏
k

exp (αkP̂
†
k)|0⟩. (A.4)

Since (P̂ †
k)

2 = 0, if we expand each exponential function, all the terms containing

P̂ †
k to the power of two or higher will be equal to zero. Therefore, we can write the

coherent state in the following form:

|ΨBCS⟩ = C.
∏
k

(1 + αkP̂
†
k)|0⟩. (A.5)

For finding the minimizing constant, we have:

⟨ΨBCS|ΨBCS⟩ = C2.⟨0|(1 + α∗
kP̂k)(1 + αkP̂

†
k)|0⟩ = 1 ⇒ C =

1√
1 + |αk|2

. (A.6)
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Thus, the normalized coherent BCS state has the following form:

|ΨBCS⟩ =
∏
k

(u∗k + v∗kP̂
†
k)|0⟩, (A.7)

where:

u∗k =
1√

1 + |αk|2
, (A.8)

v∗k =
αk√

1 + |αk|2
. (A.9)

Note that u∗k and v∗k satisfy the condition |u∗k|2 + |v∗k|2 = 1.

Consider the general form of the effective BCS Hamiltonian in a single-band su-

perconductor:

Ĥ =
∑
k,s

ϵ(k)c†kscks +
1

2

∑
k,k′,s1,s2,s3,s4

Vs1s2s3s4(k,k
′)c†−ks1

c†ks2ck′s3c−k′s4 . (A.10)

We assume that the most important interactions to create the Cooper pairs are

between the particles with opposite spins. Using this assumption s1 = −s2 and

s3 = −s4. By neglecting all the other interactions, the effective Hamiltonian trans-

forms to the following form:

Ĥ =
∑
k,s

ϵ(k)c†kscks +
1

2

∑
k,k′

V (k,k′)c†−k↑c
†
k↓ck′↓c−k′↑, (A.11)

where, we assigned s1 and s3 to the spin-down state, and s2 and s4 to the spin-down

state.
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The total energy of the system is obtained using:

E = ⟨ΨBCS|Ĥ|ΨBCS⟩. (A.12)

The parameters u∗k and v∗k should be adjusted to minimize the total energy of the

system. The adjustment of u∗k and v∗k has to satisfy the condition |u∗k|2 + |v∗k|2 = 1.

To find the contribution of the kinetic energy to the total energy of the system, one

can show:

⟨ΨBCS|c†k↑ck↑|ΨBCS⟩ = ⟨ΨBCS|c†k↓ck↓|ΨBCS⟩ = |v∗k|2. (A.13)

Therefore:

⟨
∑
k,s

ϵ(k)c†kscks⟩ = 2
∑
k

ϵ(k)|v∗k|2. (A.14)

Also, the contribution of the interaction component of the Hamiltonian in the total

energy is:

⟨c†−k↑c
†
k↓ck′↓c−k′↑⟩ = vkv

∗
k′uk′u∗k. (A.15)

Therefore, the total energy can be written in the form below:

E = 2
∑
k

ϵ(k)|v∗k|2 +
1

2

∑
kk′

V (k,k′)vkv
∗
k′uk′u∗k. (A.16)

The total energy can also be rewritten in the following form:

E =
∑
k

ϵ(k)(|v∗k|2 − |u∗k|2 + 1) +
1

2

∑
kk′

V (k,k′)vkv
∗
k′uk′u∗k, (A.17)
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where, we used the condition |u∗k|2 + |v∗k|2 = 1.

To minimize the total energy, the differentiation of E with respect to u∗k and v∗k

should be equated to zero, which leads to the equations below:

ϵ(k)uk +∆(k)vk = uk, (A.18)

∆∗(−k)uk − ϵ(k)vk = vk, (A.19)

where:

∆(k) = −
∑
k′

V (k,k′)⟨ck′↓c−k′↑⟩. (A.20)

The parameter ∆(k) is called the mean-field or the gap function. This mean-field

simplifies the many-particle BCS Hamiltonian.

In many-body theory, Wick’s theorem explains that the product of four particle

operators is approximated by the average of the pairs of the operators. According

to Wick’s theorem, the product of four creation and annihilation operators in the

Hamiltonian, presented in Eq. (A.11), is approximated by:

c†−k↑c
†
k↓ck′↓c−k′↑ ≈ ⟨c†−k↑c

†
k↓⟩ck′↓c−k′↑ + c†−k↑c

†
k↓⟨ck′↓c−k′↑⟩. (A.21)

Based on this approximation, the Hamiltonian transforms to:

Ĥ =
∑
k,s

ϵ(k)c†kscks +
1

2

∑
k,k′

V (k,k′)(⟨c†−k↑c
†
k↓⟩ck′↓c−k′↑ + c†−k↑c

†
k↓⟨ck′↓c−k′↑⟩). (A.22)
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Using the definition of the mean-field ∆(k), the Hamiltonian has the following form:

Ĥ =
∑
k,s

ϵ(k)c†kscks +
1

2

∑
k,k′

(∆(k)c†−k↑c
†
k↓ −∆∗(−k)ck′↓c−k′↑), (A.23)

which is the mean-field Hamiltonian presented in Eq. (1.4).

In the next step, we derive the BdG Hamiltonian to find the excitation energy

spectrum. For simplicity, we drop the spin indexes and assume a single-band su-

perconductor. Thus, the mean-field Hamiltonian can be written in the simple form

below:

Ĥ = ϵ(k)c†1c1 + ϵ(k)c†2c2 +∆(k)c†1c
†
2 −∆∗(−k)c2c1. (A.24)

Since we have two fermions, the Hilbert space is constructed using four states: |0⟩1|0⟩2,

|1⟩1|0⟩2, |0⟩1|1⟩2, and |1⟩1|1⟩2. In this Hilbert space, the Hamiltonian is a 4×4 matrix.

Since the creation and annihilation operators obey the fermionic anti-communication

rules:

{ci, cj} = δij. (A.25)

Therefore:

c†1c1 + c1c
†
1 = 1 ⇒ c†1c1 = 1− c1c

†
1, (A.26)

c†2c2 + c2c
†
2 = 1 ⇒ c†2c2 = 1− c2c

†
2. (A.27)
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One can write the Hamiltonian, presented in Eq. (A.24), in the form below:

Ĥ =
ϵ(k)

2
c†1c1 +

ϵ(k)

2
(1− c1c

†
1) +

ϵ(k)

2
c†2c2 +

ϵ(k)

2
(1− c2c

†
2)

+
∆(k)

2
c†1c

†
2 −

∆(k)

2
c†2c

†
1 +

∆∗(k)

2
c2c1 −

∆∗(k)

2
c1c2

=
1

2

[
c†1 c†2 c1 c2

]


ϵ(k) 0 0 ∆(k)

0 ϵ(k) −∆(k) 0

0 −∆∗(k) −ϵ(k) 0

∆∗(k) 0 0− ϵ(k)





c1

c2

c∗1

c∗2


+ ϵ(k). (A.28)

The 4 × 4 matrix in Eq. (A.28) is the BdG Hamiltonian. The constant energy ϵ(k)

is the ground state energy, and the BdG Hamiltonian gives the excitation energy.

It was a simple example of a spinless and single-band system. The BdG Hamilto-

nian is a 4N × 4N matrix for a system with N bands. Using the same approach, the

general form of the BdG Hamiltonian is derived as shown in Eqs. (1.85) and (1.86).



Appendix B. Double-valued corepresentations 87

Appendix B

Double-valued corepresentations

In group theory, the single and double-valued irreducible representations describe

the properties of symmetry groups, containing linear operators like point symmetry

groups. First, we discuss the difference between single and double-valued irreducible

representations. Section 1.4 showed that spherical harmonics could be considered the

basis functions of the spatial rotations symmetry group. In this case, the spherical

harmonics Ylm(θ, ϕ) transform under a rotation matrix R(α, β, δ) according to:

R(α, β, δ)Ylm(θ, ϕ) =
l∑

n=−1

Yln(θ, ϕ) Dl

(
R(α, β, δ)

)
nm
, (B.1)

where α, β, and δ are the Euler angles, and Dl

(
R(α, β, δ)

)
nm

are the elements of the

irreducible representation matrix [11].

In the cases that l is an integer, for a given l, there is exactly one representation

matrix Dl

(
R(α, β, δ)

)
corresponding to each rotation R(α, β, δ). Therefore, for a

given integer l, there are (2l + 1) representation matrices, forming a single-valued

irreducible representation with vector basis functions.

Now for introducing the double-valued irreducible representation, we consider the

spherical harmonics with a half-integer angular momentum l. The spherical harmon-

ics are eigenfunctions of the angular momentum operators. Considering the spin of

the electrons in band structure calculations or considering the spin-orbit coupling

in a crystal, l can be half of the odd integer numbers. In this case, two represen-
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tation matrices correspond to each rotation for a point group containing rotations

R(α, β, δ). Therefore, for a given l, there are 2(2l + 1) matrices, forming a double-

valued irreducible representation of the point group with the spinor basis functions.

One important question is, what physical property causes this double-valuedness?

Since the spinors describe the wave-function of electrons, we have to consider an-

other symmetry in the case the electrons are studied. A 2π rotation changes the

sign of the spinors. The spinors return to their initial state only after a 4π rotation.

Considering this property, we have to consider another symmetry element Ē, corre-

sponding to a 2π rotation in a point group. The symmetry element Ē commutes with

all the elements in the point group and satisfies the conditions below:

C2
2n = σ2

n = Ē,

Ē2 = E. (B.2)

Considering the element Ē in a point group G, there is another symmetry group G′,

which has twice as elements of G. The symmetry group G′ is called the double-group

of G. The single-valued irreducible representation of G′ is a double-valued irreducible

representation of G.

So far, we have considered the symmetry groups that contain only spatial symme-

try operations, such as rotations which are unitary operations. In quantum physics,

the symmetry operations are either unitary operations, denoted by U , or antiunitary

operations such as the conjugation operation C. An operator U is unitary if it satis-

fies the condition UiU−1 = i. Similarly, U is an antiunitary operator if it satisfies the

condition UiU−1 = −i. The antiunitarity of the operations in quantum mechanics is

because of the presence of anti-linear symmetry operations, such as the time-reversal

symmetry [27]. The symmetry groups, containing both unitary and antiunitary op-
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erations, are called magnetic groups. A magnetic group is a symmetry group that

contains spatial symmetries and has a two-valued property like the electron-spin.

Single or double-valued representations describe the groups containing only unitary

operations, while corepresentations describe the magnetic groups.

The full symmetry group of the system we study in the presence of spin-orbit

coupling is magnetic. This full symmetry group contains a unitary component (G,

a double-group of k) and an anti-unitary component (C, the conjugation operator).

The corepresentations are used to describe the properties of this magnetic group.

Consider the general form of a magnetic group G = G + AG, where G is the

unitary component, and A is an anti-unitary component. The corepresentation can

be found using the irreducible representation of the unitary component G. Consider a

d-dimensional irreducible representation γ of the unitary component G. In this case,

γ has d basis functions ϕ1, ..., ϕd, which transform under the operation of an element

of the unitary component according to:

gϕi =
d∑

j=1

ϕjDji(g) g ∈ G, (B.3)

where Dji(g) are the elements of the irreducible representation matrices. For the

transformation of the basis functions ϕi, under the operation of the anti-unitary

component A, we obtain:

Aϕi = ϕ̄i. (B.4)

There are d basis functions ϕ̄1, ..., ϕ̄d, which are the basis functions transformed under

the effect of the A operator. The 2D basis functions (ϕ, ϕ̄) transform under the
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operation of g ∈ G and a ∈ AG according to 2d× 2d matrices D̂(g) and D̂(a):

g(ϕ, ϕ̄) = (ϕ, ϕ̄)D̂(g), (B.5)

a(ϕ, ϕ̄) = (ϕ, ϕ̄)D̂(a), (B.6)

where:

D̂(g) =

D̂(g) 0

0 D̂∗(g)

 , D̂(a) =

 0 D̂(aA)

D̂∗(A−1a) 0

 . (B.7)

These D̂(g) and D̂(a) matrices form the corepresentation of the magnetic group G.

The corepresentations are classified into three types based on whether the presence

of the anti-unitary component results in a new degeneracy or not. According to the

Dimmock-Wheeler prescription, there are the condition below for the three types:

∑
g∈G

χγ(g
2) =


− |G| Type A,

|G| Type B,

0 Type C,

(B.8)

where χγ(g
2) is the character of g2 in γ, and the summation goes on all the elements

of G. Also, |G| is the order of the point group G.

In type A and B corepresentations, D̂ and D̂∗ are equivalent. In type A, the

anti-unitary component does not make an additional degeneracy, and the set of ϕi

and ϕ̄i basis functions are the same. In this case, the corepresentation is reducible

and has the form:

D̂(g) = D̂(g), D̂(a) = V̂ , (B.9)
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where V̂ is a unitary matrix that satisfies, D̂(g) = V̂ D̂∗(g)V̂ −1. In type B corep-

resentations that are irreducible, the presence of an anti-unitary operator generates

an additional degeneracy. The type B corepresentation matrices have the following

form:

D̂(g) =

D̂(g) 0

0 D̂(g)

 , D̂(a) =

 0 −V̂

V̂ 0

 . (B.10)

In type C, the presence of an anti-unitary operator generates an additional degeneracy,

and the 2d× 2d corepresentation matrices have the form below:

D̂(g) =

D̂(g) 0

0 D̂∗(g)

 , D̂(a) =

0 −I

I 0

 , (B.11)

where I is a d× d identical matrix.
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Appendix C

Matrix form of corepresentations

In this appendix, we find the matrix form of the corepresentations at Γ point for the

D6h point group. The D6h point group has three corepresentations that their matrices

have relations, presented in Table. C.1, with the pure spin-1/2 rotation matrices.

Table C.1: The corepresentation matrices at Γ point in a D6h point group with even and
odd spinor basis functions (ϕ, ϕ̄) are presented in the fourth and fifth columns,
where ϕ̄ = Cϕ. The parameter ρ± is defined as ρ± = x ± iy, and fΓ−

1
(r) is a

basis function of single-valued irreducible representation Γ−
1 of D6h. The total

angular momentum |jz| of the basis functions is presented in the sixth column
(Ref. [2]).

Coreps D̂Γ(C6z) D̂Γ(C2y)
even basis
functions

odd basis
functions

|jz|

Γ7
D̂(C6z) =
D̂1/2(C6z)

D̂(C2y) =

D̂1/2(C2y)
(|↑⟩, |↓⟩) ifΓ−

1
(r)(|↑⟩, |↓⟩) 1/2

Γ8
D̂(C6z) =
−D̂1/2(C6z)

D̂(C2y) =

D̂1/2(C2y)
(ρ2+|↑⟩, ρ2−|↓⟩) (ρ3−|↑⟩,−ρ3+|↓⟩) 5/2

Γ9
D̂(C6z) =
−D̂1/2(C2z)

D̂(C2y) =

D̂1/2(C2y)
(ρ2−|↑⟩, ρ2+|↓⟩) (ρ+|↑⟩,−ρ−|↓⟩) 3/2

The corepresentation Γ7 describes the symmetry of a pseudospin band, while Γ8

and Γ9 describe the non-pseudospin bands. The pure spin-1/2 rotation matrix, for a

θ angle counterclockwise rotation around the n axis, has the following form:

D̂1/2(g) = e−iθ(nσ̂)/2 = cos
θ

2
σ̂0 − i sin

θ

2
(nσ̂), (C.1)

where σ̂0 is the identity matrix, and σ̂ are the Pauli matrices. We can find the
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corepresentation matrices using Table. C.1 and Eq. (C.1). We start with Γ7:

g = C6z ⇒

{
θ = π/3

n = ẑ

⇒ D̂(C6z) =

cos π
6
− i sin π

6
0

0 cos π
6
+ i sin π

6

 , (C.2)

g = C2y ⇒

{
θ = π

n = ŷ

⇒ D̂(C2y) =

0 −1

1 0

 . (C.3)

For Γ8:

g = C6z ⇒

{
θ = π/3

n = ẑ

⇒ D̂(C6z) =

− cos π
6
+ i sin π

6
0

0 − cos π
6
− i sin π

6

 ,
(C.4)

g = C2y ⇒

{
θ = π

n = ŷ

⇒ D̂(C2y) =

0 −1

1 0

 . (C.5)

And finally for Γ9:

g = C6z ⇒

{
θ = π/3

n = ẑ

⇒ D̂(C6z) =

i 0

0 −i

 , (C.6)

g = C2y ⇒

{
θ = π

n = ŷ

⇒ D̂(C2y) =

0 −1

1 0

 . (C.7)
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Appendix D

Product of the irreducible

representations

Consider two irreducible representations α and β of a symmetry group with the basis

functions ψα
1 , ψ

α
2 , ..., ψ

α
dα

and ψβ
1 , ψ

β
2 , ..., ψ

β
dβ
. We can find dα × dβ new basis functions

from ψα
i × ψβ

k products. These dα × dβ new basis functions form the basis functions

of a new irreducible representation. In the product of two irreducible representations

Γi ×Γj when Γi and Γj are 1D then Γi ×Γj is 1D too, and is just a number (product

of the characters of Γi and Γj):

χΓi×Γj
(g) = χΓi

(g)× χΓj
(g). (D.1)
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Therefore, for the cases where one of Γi or Γj is 1D, using the characters table, we

can find:

Γ−
1 × Γ+

5 = Γ5,

Γ−
2 × Γ+

5 = Γ5,

Γ−
3 × Γ+

5 = Γ6,

Γ−
4 × Γ+

5 = Γ6,

Γ−
1 × Γ+

2 = Γ2,

Γ−
2 × Γ+

2 = Γ1,

Γ−
3 × Γ+

2 = Γ4,

Γ−
4 × Γ+

2 = Γ3,

Γ−
5 × Γ+

2 = Γ5,

Γ−
6 × Γ+

2 = Γ6.

(D.2)

However, in the cases that two irreducible representations multiplied each other are

not 1D, the approach above can not be used. In D6h point group, Γ5 and Γ6 are

two-dimensional. In Ref. [11] it is shown that the multiplication of Γ+
5 × Γ−

5 and

Γ+
5 × Γ−

6 can be written as:

Γ+
5 × Γ−

5 = Γ1 + [Γ2] + Γ6,

Γ+
5 × Γ−

6 = Γ3 + Γ4 + Γ5, (D.3)

where [Γ2] is an antisymmetric component of the product. These symmetric and

antisymmetric components of the product can be found in Ref. [11].
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Appendix E

Source codes

Code E.1: The python source code for solving the equations (3.55) and (3.56) for finding

the interband gap nodes of the A1g pairing channel (s-wave) corresponding to

(Γ±
7 ,Γ

±
7 ) pair of bands participating in the pairing

1

2 %matplotlib inline

3

4 import numpy

5 import matplotlib.pyplot as plot

6 import matplotlib.colors as colors

7 import matplotlib.ticker as ticker

8 from mpl_toolkits import mplot3d

9

10

11 m=8**( -2)

12 eta=2

13 eta_tilda =7

14 B=5

15 kf1 =1.064

16 kf2 =1.596

17 theta = 0

18 fig = plot.figure ()

19 kx1=[]

20 ky1=[]
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21 kx2=[]

22 ky2=[]

23

24 alpha=numpy.linspace(0, 2*numpy.pi, 100)

25 plot.plot(kf1*numpy.cos(alpha),kf1*numpy.sin(alpha))

26 plot.plot(kf2*numpy.cos(alpha),kf2*numpy.sin(alpha))

27

28 while theta <=2*( numpy.pi):

29 a1=2* kf1 **2

30 a2=4*m**2* eta_tilda **2*B*( numpy.sin (6* theta))**2+4*m**2*

eta_tilda **2-4*m**2* eta**2-kf1**4

31 p=[-1,0,a1 ,0,a2]

32 k=numpy.roots(p)

33 Good_k =[]

34 i=0

35 while i <= len(k) -1:

36 if k[i]>=0:

37 if numpy.iscomplex(k[i])== False:

38 if k[i]>kf1:

39 if k[i]<kf2:

40 Good_k.append(k[i])

41 kx1.append(k[i]* numpy.cos(theta))

42 ky1.append(k[i]* numpy.sin(theta))

43 i=i+1

44 #print(k)

45 #print(Good_k)

46 #print("---------------------")

47 theta=theta +(( numpy.pi)/1000)

48

49 #plot.plot(kx1 ,ky1 ,".")

50 #plot.show()
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51

52 theta = 0

53 while theta <=2*( numpy.pi):

54 a1=2* kf2 **2

55 a2=4*m**2* eta_tilda **2*B*( numpy.sin (6* theta))**2+4*m**2*

eta_tilda **2-4*m**2* eta**2-kf2**4

56 p=[-1,0,a1 ,0,a2]

57 k=numpy.roots(p)

58 Good_k =[]

59 i=0

60 while i <= len(k) -1:

61 if k[i]>=0:

62 if numpy.iscomplex(k[i])== False:

63 if k[i]>kf1:

64 if k[i]<kf2:

65 Good_k.append(k[i])

66 kx2.append(k[i]* numpy.cos(theta))

67 ky2.append(k[i]* numpy.sin(theta))

68 i=i+1

69 #print(k)

70 #print(Good_k)

71 #print("---------------------")

72 theta=theta +(( numpy.pi)/1000)

73

74 plot.plot(kx1 ,ky1 ,’.’,kx2 ,ky2 ,’.’, markersize =1)

75 plot.show()

Code E.2: The python source code for solving the equations (3.43) and (3.44) for finding

the interband gap nodes of the A1g pairing channel (s-wave) corresponding to

(Γ±
9 ,Γ

∓
9 ) pair of bands participating in the pairing

1
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2 %matplotlib inline

3

4 import numpy

5 import matplotlib.pyplot as plot

6 import matplotlib.colors as colors

7 import matplotlib.ticker as ticker

8 from mpl_toolkits import mplot3d

9

10

11 m=8**( -2)

12 eta=1

13 eta_tilda =5

14 B=3

15 kf1=1

16 kf2 =1.5

17 theta = 0

18 fig = plot.figure ()

19 kx1=[]

20 ky1=[]

21 kx2=[]

22 ky2=[]

23

24

25 alpha=numpy.linspace(0, 2*numpy.pi, 100)

26 plot.plot(kf1*numpy.cos(alpha),kf1*numpy.sin(alpha))

27 plot.plot(kf2*numpy.cos(alpha),kf2*numpy.sin(alpha))

28

29 while theta <=2*( numpy.pi):

30 a1=2* kf1 **2

31 a2=-16*m**2* eta_tilda **2*B**2* numpy.cos (6* theta)+kf1 **4

32 p=[1,0,-a1 ,0,a2]
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33 k=numpy.roots(p)

34 Good_k =[]

35 i=0

36 while i <= len(k) -1:

37 if k[i]>=0:

38 if numpy.iscomplex(k[i])== False:

39 if k[i]>kf1:

40 if k[i]<kf2:

41 Good_k.append(k[i])

42 kx1.append(k[i]* numpy.cos(theta))

43 ky1.append(k[i]* numpy.sin(theta))

44 i=i+1

45 #print(k)

46 #print(Good_k)

47 #print("---------------------")

48 theta=theta +(( numpy.pi)/10000)

49

50

51 theta = 0

52 while theta <=2*( numpy.pi):

53 a1=2* kf2 **2

54 a2=-16*m**2* eta_tilda **2*B**2* numpy.cos (6* theta)+kf2 **4

55 p=[1,0,-a1 ,0,a2]

56 k=numpy.roots(p)

57 Good_k =[]

58 i=0

59 while i <= len(k) -1:

60 if k[i]>=0:

61 if numpy.iscomplex(k[i])== False:

62 if k[i]>kf1:

63 if k[i]<kf2:
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64 Good_k.append(k[i])

65 kx2.append(k[i]* numpy.cos(theta))

66 ky2.append(k[i]* numpy.sin(theta))

67 i=i+1

68 #print(k)

69 #print(Good_k)

70 #print("---------------------")

71 theta=theta +(( numpy.pi)/10000)

72

73 plot.plot(kx1 ,ky1 ,’.’,kx2 ,ky2 ,’.’, markersize =1)

74 plot.show()

Code E.3: The python source code for plotting the equation (3.60) for finding the inter-

band gap nodes of the A2g pairing channel (i-wave) corresponding to (Γ±
7 ,Γ

±
7 )

pair of bands participating in the pairing

1

2 %matplotlib inline

3

4 import numpy

5 import matplotlib.pyplot as plot

6 import matplotlib.colors as colors

7 import matplotlib.ticker as ticker

8 from mpl_toolkits import mplot3d

9

10

11

12 kf1=1

13 kf2 =1.5

14 b=0.3906 #eta_tilda ^2 * b^2 * 4m^2 strength of the

interband pairing

15
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16

17 k1=(( kf1 **2+ kf2 **2)+numpy.sqrt((kf1 **2+ kf2 **2) **2 -4*( kf1 **2* kf2 **2+

b)))/2

18 k2=(( kf1 **2+ kf2 **2)-numpy.sqrt((kf1 **2+ kf2 **2) **2 -4*( kf1 **2* kf2 **2+

b)))/2

19 k1=numpy.sqrt(k1)

20 k2=numpy.sqrt(k2)

21

22 alpha=numpy.linspace(0, 2*numpy.pi, 100)

23 plot.plot(kf1*numpy.cos(alpha),kf1*numpy.sin(alpha))

24 plot.plot(kf2*numpy.cos(alpha),kf2*numpy.sin(alpha))

25

26

27 theta =[0,numpy.pi/6,2* numpy.pi/6,3* numpy.pi/6,4* numpy.pi/6,5* numpy.

pi/6,6* numpy.pi/6]

28

29

30 plot.plot(k1*numpy.cos(theta),k1*numpy.sin(theta),’r.’, markersize

=10)

31 plot.plot(k2*numpy.cos(theta),k2*numpy.sin(theta),’r.’, markersize

=10)

32

33

34 plot.plot(-k1*numpy.cos(theta),-k1*numpy.sin(theta),’r.’,

markersize =10)

35 plot.plot(-k2*numpy.cos(theta),-k2*numpy.sin(theta),’r.’,

markersize =10)

36

37 plot.show()
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