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Abstract

In this work we investigate granular chains, which are one-dimensional systems of dis-

crete macroscopic particles interacting via the intrinsically nonlinear Hertz law. Such

systems support the propagation of solitary waves (SWs), which are non-dispersive,

mobile bundles of energy. A comprehensive analysis into the dynamical behaviour of

these systems and the properties of SW propagation is presented, and several inter-

esting new results are obtained.

First, we find that the transition to the quasi-equilibrium (QEQ) phase in gran-

ular chains can be manipulated by altering the material properties of the system.

We further use these results to develop a novel shock absorption device with a pre-

dictable and tunable frequency response, making it useful also for energy harvesting

applications.

Second, we show for the first time that granular chains with various nonlinearities

of the contact potential can achieve thermal equilibrium at sufficiently long times, and

thus QEQ is an intermediate phase of these systems. We characterize the equilibrium

phase by deriving approximate distribution functions for grain velocity and kinetic

energy and system kinetic energy in a microcanonical ensemble of interacting parti-

cles. As a by-product, we derive the equilibrium specific heat, and a size-dependent

correction term, for such systems. We also show how these ideas extend to heteroge-

neous systems such as diatomic, tapered, and random-mass chains. Furthermore, we

look closely at the transition to equilibrium by using statistical tests to show that the

long-term dynamics is ergodic, and by examining the behaviour of various correlation

functions close to the onset of the transition.

Third, we solve a highly nonlinear, fourth-order wave equation that models the

continuum theory of long-wavelength pulses in weakly compressed, homogeneous

granular chains with a general power-law contact interaction, to characterize all trav-
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elling wave solutions admitted by the equation. This involves deriving conservation

laws admitted by the wave equation, followed by a modified energy analysis. We find

that the wave equation admits various types of travelling wave solutions, including

SW solutions as well as nonlinear periodic wave solutions. Not only have the SW

solutions not appeared before in the literature on granular chains, but they are also

a new addition to the literature on SWs in general.

iv



Contents

Abstract iii

Contents v

List of tables ix

List of figures xii

Preface xiii

Acknowledgements xiv

Abbreviations xv

1 Introduction 1

1.1 Grain interactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Discrete equations of motion . . . . . . . . . . . . . . . . . . . 5

1.1.2 Numerical simulations . . . . . . . . . . . . . . . . . . . . . . 7

1.2 Dynamic behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2.1 Solitary waves . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2.2 Solitary wave breakdown and quasi-equilibrium . . . . . . . . 12

1.2.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1Published as: Michelle Przedborski, Thad Harroun, and Surajit Sen, Granular chains with
soft boundaries: Slowing the transition to quasiequilibrium, Physical Review E 91, 042207, 2015.
Copyright (2015) by the American Physical Society.

2Published as: Michelle Przedborski, Thad Harroun, and Surajit Sen, Localizing energy in granu-
lar materials, Applied Physics Letters 107, 244105, 2015. Copyright (2015) by the American Institute
of Physics.

v



2 Granular chains with soft boundaries: slowing the transition to

quasi-equilibrium1 17

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.1 Transition to quasi-equilibrium . . . . . . . . . . . . . . . . . 25

2.3.2 Long-term behaviour . . . . . . . . . . . . . . . . . . . . . . . 31

2.4 A toy model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Localizing energy in granular materials2 41

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4 Long-term behaviour of Hertz chains between fixed walls is really

equilibrium3,4 50

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3 Theoretical background . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3.1 Symmetrically-imposed reduced degrees of freedom . . . . . . 58

4.4 Simulation details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.5 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.5.1 Asymmetric perturbations . . . . . . . . . . . . . . . . . . . . 61

4.5.2 Symmetrically-perturbed systems . . . . . . . . . . . . . . . . 64

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5 The equilibrium phase in heterogeneous Hertz chains 67

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.2 Model and theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3Published as: Michelle Przedborski, Surajit Sen, and Thad Harroun, Fluctuations in Hertz
chains at equilibrium, Physical Review E 95, 032903, 2017. Copyright (2017) by the American
Physical Society.

4Published as: Michelle Przedborski, Surajit Sen, and Thad Harroun, Long-term behaviour of
Hertzian chains between fixed walls is really equilibrium, International Journal of Modern Physics
B 31, 1742011, 2017. Copyright (2017) by World Scientific.

vi



5.2.1 NV E distribution functions . . . . . . . . . . . . . . . . . . . 69

5.2.2 Specific heat . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.2.3 Correlation functions . . . . . . . . . . . . . . . . . . . . . . . 73

5.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6 Travelling waves and conservation laws for highly nonlinear wave

equations modelling Hertz chains 88

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.2.1 Variational formulation . . . . . . . . . . . . . . . . . . . . . . 91

6.2.2 Conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.2.3 Derivation of multiplier equation . . . . . . . . . . . . . . . . 100

6.3 Travelling wave solutions . . . . . . . . . . . . . . . . . . . . . . . . . 101

6.3.1 Highly nonlinear wave equation . . . . . . . . . . . . . . . . . 103

6.3.2 Periodic waves . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.3.3 Cusped periodic waves . . . . . . . . . . . . . . . . . . . . . . 116

6.3.4 Solitary waves . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.3.5 Cusped solitary waves . . . . . . . . . . . . . . . . . . . . . . 120

6.3.6 Limiting case of periodic waves . . . . . . . . . . . . . . . . . 121

6.3.7 Energy and momentum . . . . . . . . . . . . . . . . . . . . . . 122

6.4 Explicit solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

6.4.1 Classification of explicit solution integrals . . . . . . . . . . . 125

6.4.2 Properties of explicit solutions . . . . . . . . . . . . . . . . . . 135

6.5 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

7 Conclusions 142

Appendices 145

Appendix A Derivation of the Hertz law 146

Appendix B Derivation of the discrete equations of

motion 153

Appendix C Numerical simulations 159

vii



Appendix D Material properties 162

Appendix E Computing eigenfrequencies of the coupled harmonic os-

cillator model 163

Appendix F Deriving PDFs of 1/K and 1/K2 171

Appendix G Symmetrically-imposed reduced degrees of freedom 172

Appendix H Derivation of PDF (pc) 175

Appendix I Derivation of the long wavelength continuum wave equa-

tion for weakly-compressed Hertz chains 178

Bibliography 182

viii



List of Tables

5.1 Specific heat capacity calculated from MD simulation data for various

heterogeneous Hertz chains in comparison with expected equilibrium

values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.1 Types of travelling wave solutions admitted by the long-wavelength

continuum wave equation for weakly-compressed homogeneous Hertz

chains. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

D.1 Material properties used in simulations. . . . . . . . . . . . . . . . . . 162

ix



List of Figures

1.1 (a) Granular jamming in a hopper. (b) Granular jet formation. . . . . 2

1.2 (a) Newton’s cradle. (b) Granular chain between fixed walls. . . . . . 3

1.3 Hertz contact between two spherical particles. . . . . . . . . . . . . . 3

1.4 Generalized Hertz law. . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.5 Solitary wave formation in an unloaded Hertz chain. . . . . . . . . . . 10

2.1 Kinetic energy density plots for inhomogeneous granular chains. . . . 22

2.2 Kinetic energy density plots for homogeneous granular chains. . . . . 24

2.3 Speed of fastest moving grains in inhomogeneous granular chains. . . 26

2.4 Fits to |vmax| plots for inhomogeneous granular chains. . . . . . . . . 28

2.5 Kinetic energy fluctuations in inhomogeneous and homogeneous stain-

less steel granular chains . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.6 (a) Maxwell-Boltzman fits to velocity distributions in inhomogeneous

granular chains. (b) Average kinetic energy of inhomogeneous granular

chains. (c) and (d) are corresponding plots for homogeneous granular

chains. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.7 (a) Grain-grain and grain-wall contacts for inhomogeneous granular

chains. (b) Impulse in inhomogeneous granular chains. (c) and (d) are

corresponding plots for homogeneous granular chains. . . . . . . . . . 34

2.8 Average grain-wall overlap for homogeneous and inhomogeneous gran-

ular chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.9 A toy model for an energy focusing device . . . . . . . . . . . . . . . 37

2.10 Discrete cosine transforms of velocities of soft grains in the toy model 38

3.1 Kinetic energy density plots for the proposed shock absorption device. 43

3.2 Fraction of system energies in the shock absorption device. . . . . . . 44

3.3 Discrete cosine transforms of grain kinetic energy in the shock absorp-

tion device. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

x



3.4 (a) Force as a function of grain overlap in the shock absorption device.

(b) The second eigenfrequency predicted by the harmonic model as a

function of the inter-grain spring constant. . . . . . . . . . . . . . . . 46

3.5 Kinetic energy spectra for shock absorption devices comprised of dif-

ferent materials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.1 Progression of kinetic energy density plots as the granular chain jour-

neys to equilibrium. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2 Distribution functions for granular chains in the equilibrium phase. . 62

4.3 Specific heat capacities for granular chains in the equilibrium phase. . 63

4.4 Granular chains in the equilibrium phase given symmetric initial ve-

locity perturbations. (a) Distribution of system kinetic energy. (b)

Specific heat capacity. . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.1 (a) Distribution of p-values for the two-sample KS- and WT-tests used

to establish ergodicity in homogeneous Hertz chains. (b) Velocity au-

tocorrelation function computed over the entire equilibrium interval

for various heterogeneous Hertz chains. . . . . . . . . . . . . . . . . . 78

5.2 Grain correlation functions for various Hertz chains as a function of

time, computed from t = 0. . . . . . . . . . . . . . . . . . . . . . . . 81

5.3 Configurational temperature as a function of time for various Hertz

chains. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.4 Distribution of grain velocity, grain kinetic energy, and system kinetic

energy for heterogeneous Hertz chains in equilibrium. . . . . . . . . . 84

6.1 Potential energy function V (g) = g1+k − g(g + C1) for the Hertz po-

tential with k = 3/2. . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.2 Conditions for a periodic wave solution for the potential energy func-

tion V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2. . 109

6.3 Conditions for a solitary wave solution for the potential energy function

V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2. . . . . 109

6.4 Conditions for a cusped periodic wave solution for the potential energy

function V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2. 111

6.5 Conditions for a cusped solitary wave solution for the potential energy

function V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2. 111

xi



6.6 Conditions for the limiting case E = 0 (nodal, corner, cusp) periodic

wave solutions for the potential energy function V (g) = g1+k−g(g+C1)

for the Hertz potential with k = 3/2. . . . . . . . . . . . . . . . . . . 112

6.7 Exact solitary wave solutions. . . . . . . . . . . . . . . . . . . . . . . 128

6.8 Exact cusped solitary wave solutions. . . . . . . . . . . . . . . . . . . 129

6.9 Exact nonlinear periodic wave solutions. . . . . . . . . . . . . . . . . 132

6.10 Exact cusped periodic wave solutions. . . . . . . . . . . . . . . . . . . 133

6.11 Exact periodic nodal wave solutions. . . . . . . . . . . . . . . . . . . 136

6.12 (i), (ii): Energy and momentum for solitary waves. (iii), (iv): Energy

and momentum for periodic waves. . . . . . . . . . . . . . . . . . . . 140

A.1 (a) Non-conforming surfaces in contact. (b) Cross-section of two solid

particles after deformation. . . . . . . . . . . . . . . . . . . . . . . . . 147

B.1 Homogeneous granular chain with an initial precompression. . . . . . 156

E.1 (a) Discrete cosine transform of small granular chains comprised of soft

grains. (b) Harmonic model used to calculate frequencies in the shock

absorption device. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

H.1 Distribution of the neighbour momentum correlation within the equi-

librium phase for a homogeneous and a diatomic Hertz chain. . . . . 177

xii



Preface

List of publications:

1. Michelle Przedborski, Thad Harroun, and Surajit Sen, Granular chains with

soft boundaries: Slowing the transition to quasiequilibrium, Physical Review E 91,

042207, 2015.

2. Michelle Przedborski, Thad Harroun, and Surajit Sen, Localizing energy in

granular materials, Applied Physics Letters 107, 244105, 2015.

3. Michelle Przedborski, Surajit Sen, and Thad Harroun, Fluctuations in Hertz

chains at equilibrium, Physical Review E 95, 032903, 2017.

4. Michelle Przedborski, Surajit Sen, and Thad Harroun, Long-term behaviour

of Hertzian chains between fixed walls is really equilibrium, International Journal of

Modern Physics B 31, 1742011, 2017.

5. Michelle Przedborski and Stephen C. Anco, Travelling waves and conservation

laws for highly nonlinear wave equations modelling Hertz chains, arXiv:1507.04759

[math-ph]. To appear in Journal of Mathematical Physics, August 2017.

6. Michelle Przedborski and Stephen C. Anco, Long wavelength solitary waves in

Hertzian chains, arXiv:1705.06718 [math-ph]. Submitted to Physical Review E, May

2017.

xiii



Acknowledgements

First and foremost, I must express my gratitude to my supervisor, Dr. Thad Har-

roun, for his guidance over the last four years. Your willingness to take me on as a

PhD student and pursue research in a field that was new to both of us has been an

inspiration to me. You are an examplary mentor and researcher. I only hope that I

can take everything I have learned from you and become a fraction of the academic

that you are.

Next I must thank my co-supervisor, Dr. Surajit Sen (SUNY Buffalo), for his

direction with my research and for continually challenging me with interesting ques-

tions and ideas over the last four years. Your belief in my abilities has pushed me to

be the best researcher I can be.

To both supervisors, I cannot thank you enough for your understanding and com-

passion when I was going through a very difficult time in my life. You both allowed

me to have freedom with my work, and this has undoubtedly helped me to become

an independent researcher.

I also have to acknowledge my committee members, Dr. Božidar Mitrović and Dr.
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Chapter 1

Introduction

Granular systems are aggregates of discrete, solid, macroscopic particles (grains) that

can be as small as sub-micron scales. These systems are ubiquitous in our everyday

lives; simple examples include a pile of packing peanuts or rice. The study of granular

systems is relevant to an array of industries, such as in agriculture and pharmaceutical

manufacturing, and the behaviour of such systems is also connected with natural

geophysical phenomena, such as avalanches and sand pile slides. From a scientific

perspective, granular systems are interesting because they exhibit an array of complex

collective behaviours, owing to the nonlinear power-law contact interactions between

the grains. In some instances, these systems behave as solids, giving rise to phenomena

such as granular jamming and the formation of stress networks (Fig. 1.1(a)), and in

others, such as with the formation of granular jets in a bed of sand (Fig. 1.1(b)),

granular systems behave as liquids or even gases. Another interesting feature of these

systems is that, due to the macroscopic grain size, temperature does not produce

significant motion.

In contrast to disordered granular systems, such as a pile of packing peanuts, gran-

ular crystals are comprised of discrete macroscopic particles that repeat themselves in

a fixed pattern. These systems support the propagation of various nonlinear distur-

bances, often without dispersion. Granular chains are one dimensional examples of

such systems. Granular chains are particularly interesting due to their tunability [3],

which allows one to explore their dynamic behaviour over a range of nonlinear and

linear regimes. In the highly nonlinear regime, granular chains support the propa-

gation of solitary waves (SWs) which are unique to this system, and which can be

initiated with a simple point-type edge impulse.

1
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(a)  (b)

Figure 1.1: (a) Jamming of a granular system in a hopper is due to arch formation, as
indicated by the red particles. Image reproduced from [1]. (b) Granular jet produced
by the impact of a large sphere on a deep granular medium. Image reproduced
from [2].

Many people are familiar with a closely related system, a classic desk toy called

the Newtons cradle, see Fig. 1.2(a). In this system, when N0 balls are displaced from

equilibrium and subsequently released to collide with the remaining (N −N0) balls,

N0 balls always move away at the other side. The Newton’s Cradle exhibits the con-

servation of energy and momentum; however, the described physical behaviour is not

attributed solely to this property. It turns out that, additional to the conservation

of energy and momentum, such behaviour can only be achieved in the absence of

dispersion [4]. While the granular chain is a less familiar system, the setup is phys-

ically equivalent to the Newtons cradle, except instead of the balls being suspended

from strings, they are placed in a tube and typically held between fixed walls, see

Fig. 1.2(b). In the granular chain, two balls strike each other in a manner that is

analogous to a croquet shot. Similar to the Newtons cradle, the granular chain sup-

ports dispersion-free energy propagation, and this permits the formation of SWs and

solitary wave trains (SWTs).

1.1 Grain interactions

When two adjacent grains in the granular chain are mutually compressed, a potential

develops between them which has the form V = aδn+1, where the coefficient a depends

on the material properties of the grains as well as their radii of curvature, the overlap δ

describes the further approach of the centres of mass after contact, and the exponent

n > 1 depends on the grain shape. For grains giving rise to elliptical or circular
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 (a)  (b)

Figure 1.2: (a) Newton’s cradle. Image reproduced from [5]. (b) Granular chain
between fixed walls.

contact areas, such as spherical grains depicted in Fig. 1.3, the exponent is n = 3/2.

This contact potential was first derived by Hertz in 1880, and an outline of this

derivation is presented in Appendix A.

Figure 1.3: Hertz contact between two spherical grains, giving rise to an elliptically-
shaped contact area.

A main result of the Hertz theory is that the magnitude of the normal repulsive

force F between two spherical grains in contact has a nonlinear dependence on the

elastic compression (overlap) δ between the grains, with the relation [6]

F =
4

3
R̃1/2Y ∗δ3/2, (1.1)

where

R̃ =

(
1

R1

+
1

R2

)−1

(1.2)
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is the reduced (or relative) radius, with Ri the radius of grain i, and

1

Y ∗
=

1− σ2
1

Y1

+
1− σ2

2

Y2

, (1.3)

with σi the Poisson’s ratio of grain i, and Yi its Young’s (elastic) modulus.

Since the magnitude of the force is related to the contact potential through F =

dV/dδ, the Hertz potential is

V =
8

15
R̃1/2Y ∗δ5/2. (1.4)

This contact potential has been shown experimentally to hold for an array of materi-

als, including tungsten carbide, steel, brass, glass and nylon [7,8]. However, there are

limitations of applicability of the Hertz contact theory, and these warrant discussion

below.

First, the Hertz force law, Eq. (1.1), was derived under the assumption of small

strains. Early experiments [9] showed agreement between experiment and theory

for strains up to roughly 10%. However, for low modulus materials, such as rub-

ber, caution must be used in applying the Hertz theory, since it is easy to produce

deformations which exceed this small strain restriction.

Second, interfacial friction is neglected in the Hertz theory, which implies a solely

normal contact force. In the presence of friction, both tangential surface displace-

ments and normal compression are produced by the mutual pressure between the

two particles in contact. The frictional traction is typically an order of magnitude

smaller than the normal force, hence its influence on the magnitude of contact stress

is small and in general can be neglected [10]. However, it should be noted that for

two particles comprised of different materials, the tangential surface displacements

of each particle are generally different so that slip takes place. Relative motion is

prevented by friction in the region of contact; however, slip is inevitable at the edge

of the contact region [11].

Lastly, the Hertz force law with exponent n = 3/2 was derived for particles giving

rise to an elliptical contact region, under the assumption that the particle surfaces

are smooth. In general, real surfaces contain imperfections and suface roughness,

which leads to other power law behaviours with n > 3/2 for such particles [12, 13].

On the other hand, particle shapes which give rise to non-elliptical contact regions,

and thus other exponents on the contact force, are also possible. Recently, the Hertz
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law was generalized to other contact geometries by Sun et al. [14], which led to the

development of more general force laws of the form F ∝ δn, with 1 < n < ∞. For

these reasons, it is important to study systems with arbitrary powers on the force

law. In Fig. 1.4, we show how this power varies with the contact geometry.

Figure 1.4: Illustration of how the exponent on the generalized contact force F ∝ δn,
where n = 1 + 1/α, changes with the contact geometry. The original Hertz law
is recovered for α = 2, and the force between two disks is recovered for α → ∞.
Reproduced from [14].

1.1.1 Discrete equations of motion

While the Hertz contact theory was derived under static conditions, it turns out that

it is also valid in dynamical situations. In particular, the force-displacement rela-

tion (1.1) holds during the impact of two elastic particles if the velocity of impact is

small compared with the elastic sound speed in the materials comprising the parti-

cles [6, 10, 15, 16]. This condition, along with the necessity of remaining within the

elastic limit, restricts the particle velocities to several meters per second for metallic

particles with radii between one and five millimeters [17].

In typical experiments and numerical simulations involving granular chains, the

chain is perturbed by giving an initial impulse at some time t > 0 to one or more edge

grains, then the system is left to evolve over time. The initial impulse will travel down

the chain, leading to a series of successive two-body collisions. The position of each

grain is therefore a dynamic quantity, depending on time, thus the overlap between

neighbouring grains and the corresponding contact forces also depend on time.

The discrete equations of motion for grains in the granular chain are obtained by

a straightforward application of Newton’s second law to each grain. Each grain can
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experience two forces acting on it: one force from the left neighbouring grain which is

directed to the right, and the other force from the right neighbouring grain which is

directed to the left. The magnitude of each force is given by the Hertz force law. For

grains at the edge of the chain, one of these forces will be the contact force between

the grain and the wall if fixed boundaries are imposed on the system.

A straightforward derivation of the equations of motion for a heterogeneous chain

of spherical grains is presented in Appendix B. In this case, the radii of each grain,

as well as their material properties, may be different. The result for grains inside the

chain (1 < i < N) is

mi
d2ui
dt2

=
4

3

[
R̃

1/2
i−1,iY

∗
i−1,i

(
δi−1,i(0)−

(
ui−ui−1

))3/2

−R̃1/2
i,i+1Y

∗
i,i+1

(
δi,i+1(0)−

(
ui+1−ui

))3/2]
,

(1.5)

where mi is the mass of grain i, which has radius Ri, Poisson’s ratio σi and Young’s

modulus Yi. In the above equation, ui = ui(t) is the relative displacement of grain i

from its equilibrium position at t = 0, and δi,i+1(0) denotes the initial overlap between

grains i and i+ 1 at t = 0 resulting from an initial compressive force imposed on the

chain (see Appendix B). Furthermore, R̃i,i+1 is the relative radius of grains i and i+1,

and Y ∗i,i+1 contains the material parameters of both grains, see Eqs. (1.2) and (1.3).

Similarly, the equation of motion for the first grain is

m1
d2u1

dt2
=

4

3

[
R

1/2
1 Y ∗w,1

(
δw,1(0)− u1

)3/2 − R̃1/2
1,2 Y

∗
1,2

(
δ1,2(0)−

(
u2 − u1

))3/2]
, (1.6)

and for the last grain

mN
d2uN
dt2

=
4

3

[
R̃

1/2
N−1,NY

∗
N−1,N

(
δN−1,N(0)−

(
uN−uN−1

))3/2

−R1/2
N Y ∗N,w

(
δN,w(0)+uN

)3/2
]
.

(1.7)

In both the above equations, subscript w denotes a quantity associated with the wall

(see Appendix B).

The equations of motion (1.5)–(1.7) hold for grains with shapes leading to ellip-

tical contact areas, such as spheres. As mentioned in Sec. 1.1, grains with different

shapes lead to other contact geometries, thus more general Hertz force laws of the

form F ∝ δn with n > 1 are possible. For chains comprised of grains with a more

general interaction force, the derivation of the equations of motion is identical to that

presented in Appendix B, and the resulting equations of motion are analogous to

Eqs. (1.5)–(1.7), but with the coefficients and exponents adjusted to coincide with
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the appropriate interaction force.

To investigate the dynamic behaviour of granular chains, the coupled equations

of motion must be solved so that the grain positions can be determined as a function

of time. For systems with N > 2 grains, numerical simulations are indispensable in

accomplishing this task, and in most of the works that follow, the discrete equations of

motion (1.5)–(1.7) are integrated using a standard velocity Verlet algorithm. Details

of the simulation methods are presented in the next subsection.

1.1.2 Numerical simulations

Solving the equation of motion for a single particle is typically a straightforward

task that can be accomplished analytically, by hand. However, computer simulations

are instrumental in solving the equations of motion for groups of particles, whose

motions are coupled with each other due to the particle interactions. Here we discuss

details of the procedure used throughout this thesis to perform computer simulations

of granular chains.

The first step in any numerical simulation is to specify the initial conditions. This

amounts to providing the starting positions and velocities at t = 0 for each grain, as

well as any additional external forces acting on the system. In most of the simulations

that follow, one or more edge grains is given an initial velocity directed into the chain,

while all other grains are stationary. If the chain is initially uncompressed, then the

initial positions of each grain are given by Eq. (B.1). If, on the other hand, there

is an initial loading force F0 on the chain, then grains have a corresponding nonzero

initial overlap given by Eq. (B.10), and their starting positions are thus specified by

Eq. (B.11). In both cases, the initial relative displacements are zero.

The positions and velocities of grains at times t > 0 are then calculated using a

standard velocity Verlet algorithm [18, 19]. The steps of the algorithm are presented

in Appendix C. The velocity Verlet algorithm is well known to be stable and accu-

rate [19,20], with a global error of order O(∆t2), with ∆t the integration timestep [21].

Hence this method is referred to as a second-order integrator. The velocity Verlet

method is numerically superior to the standard Verlet algorithm [18,19], and has the

additional benefit that it is self-starting, i.e. requires initial conditions at only one

time point.

One way to check the accuracy of the algorithm is by monitoring the energy con-

servation in the system. In practice, a time step should be chosen that preserves the
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system energy for the duration of the simulation. For the majority of the simulations

in this work, a timestep of the order of 10 picoseconds was chosen for initial veloci-

ties of the order of 10−4mm/µs (corresponding to typical energy scales of the order

of 10µJ), which led to energy conservation to 10 significant digits or, equivalently,

1 femtojoule. For significantly larger initial velocities, a smaller timestep must be

chosen to maintain the energy conservation to the same number of significant digits.

Introducing energy dissipation

Up to now, systems which are perfectly elastic and conserve energy have been dis-

cussed. However, real granular systems are comprised of grains which are not perfectly

elastic, hence energy is not preserved in these systems. Restitutive losses occur due

to internal friction since the grains are macroscopic objects with a molecular make

up; part of the energy transmitted through each grain is thus inevitably absorbed

by the molecules that make up the grains [22]. The quantity of energy that is lost

per grain is material dependent and there is no simple way to estimate the effects

of restitutive losses in a granular chain. These losses are typically estimated on the

basis of experimental observations [22].

In numerical simulations, we follow the work of Walton and Braun [23] and incor-

porate energy dissipation due to internal friction by introducing a restitution coeffi-

cient w defined by:
Funloading

Floading

= 1− w. (1.8)

In this model, the grain contacts are compressed with the force Floading, and decom-

press with less force at unloading. Hence, a part of the energy remains trapped in

the internal modes of the grain. When w = 0, the system is perfectly elastic.

The energy loss at a grain contact can then be determined by the difference

in the work done by the loading force during compression and the unloading force

during decompression. As mentioned previously, the granular chain supports the

propagation of non-dispersive SWs. The restitutive energy loss at single grain contacts

thus translates into an attentuation of the SW amplitude (and speed) as it travels

through the system. It has been observed that this attenuation has an exponential

form [22,24]: the kinetic energy contained in the solitary wave as it travels a distance

z (in grain diameters) from its initial point is E(z) = E0 exp(−ξ(w)z), where E0 is

the initial kinetic energy of the wave. For the original Hertz potential with n = 3/2,

see Eq. (1.4), it has been shown that ξ = 0.38w [22, 24].
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1.2 Dynamic behaviour

The nonlinear interactions between neighbouring grains in a granular chain lead to

an array of complex collective behaviours. Here we give an overview of the dynamic

behaviour of granular chains that is relevant to the remainder of the thesis. We

begin by discussing the state of the system a short time after an initial point-type

perturbation to the chain. While these systems can subsequently exhibit an array of

travelling disturbances depending on the initial conditions and pre-compression, the

following discussion focuses on unloaded (initially uncompressed) chains, where the

resulting travelling disturbances are predominantly nonlinear, nondispersive bundles

of energy called solitary waves (SWs). After discussing the properties of SWs, we

proceed to the longer-term behaviour of granular chains.

1.2.1 Solitary waves

In physical experiments of granular chains, perturbations are measured by a variety of

physical techniques. Grain embedded piezoelectric transducers measure the intergrain

contact forces [25, 26], while micro-accelerometers measure individual grain accelera-

tions [27]. Laser Doppler vibrometers non-intrusively measure grain speeds [28, 29],

and high-speed cameras monitor grain positions [30,31].

The result of these measurements is a data trace, showing an excursion from zero

initially (Fig. 1.5). The specific shape of the data trace depends on which parameter is

being measured. However, in all cases, measuring the time profile of the disturbance

at distant points in the chain shows that it is remarkably non-dispersive. The contact

exponent of n = 3/2, Eq. (1.1), can be verified for a given material by either (i)

comparison of the speed of the disturbance with simulation data, or (ii) experimental

determination of the scaling relation between the speed of the disturbance and the

maximum force at the end of the chain, and subsequent comparison with theory [32].

Primarily, a SW in the physical sense is represented by the velocity profile (or

equivalently the kinetic energy profile) of a single grain as the perturbation passes

through. In Chapters 2-5, we will monitor the SW using kinetic energy density plots.

More abstractly, SWs are localized travelling pulses that move through the system

at a constant speed without temporal evolution of the wave profile. The speed of the

SW is related to its amplitude, and in particular, larger amplitude waves move with

faster speeds. The wave profile of a SW is smooth and symmetric with a single
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Figure 1.5: Solitary wave formation in an unloaded Hertz chain given an edge impulse
at t = 0. Grain displacements in (b) are highly exaggerated.

hump, and decays asymptotically to a (constant) background value away from the

hump. The existence of SWs provides the possibility of enhanced energy transport,

making systems which support these disturbances useful for a variety of scientific and

engineering applications.

Solitons, which are more commonly seen in continuous systems, are thus a special

class of SWs, with the additional property that they emerge from collisions with

other solitons unchanged, except for possibly a phase shift. These nonlinear waves

have been investigated in some form for well over four centuries, and they arise in a

variety of contexts, including the intensity of light in optical fibers and the elevation

of the surface of a body of water.

In Chapter 6, we argue that in the granular chain, the SW physically manifests

itself in the strain. The exact analytical form of the strain SW in the discrete granular

chain is unknown, and remains an open problem in the literature. To make progress,

a long-wavelength approximation is often used, which allows the discrete chain to be

modeled by a highly nonlinear, fourth order continuum partial differential equation

(PDE) or wave equation [17,33–35]. This highly nonlinear, fourth order wave equation

models long-wavelength pulses in discrete chains that are initially unloaded, as well as

discrete chains that are initially “weakly” compressed [17]. In the continuum model,

the strain is −ux, where u is the grain displacement and the subscript x denotes a

spatial derivative.

The solutions of the continuum PDE give insights into the general features of

compression waves in the underlying discrete chain. However, because of the highly
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nonlinear form of the continuum PDE, previous work has been confined to finding

approximate or qualitative or numerical solutions in both the continuum and discrete

cases [17, 32, 35–42]. In Chapter 6, we present an analytically-exact derivation of all

of the strain waves, including all SW solutions, admitted by this continuum PDE, for

arbitary powers on the contact potential.

While the grain displacement does not exhibit a SW, it is a function of the trav-

elling wave variable ξ, i.e. u = f(ξ), where ξ = x− νt with x the spatial position, ν

the (constant) wave speed, and t the time. The grain velocity v = ut is thus given

by v = −νf ′(ξ), and it is directly related to the strain −ux via v = −νux since

−ux = −f ′(ξ) (this notation is slightly modified in Chapter 6). Hence the grain ve-

locity also exhibits a propagating SW, and this is an excellent way to probe the SW

in the discrete system. Thus, in numerical simulations, the SW is often monitored

by plotting a single grain velocity as a function of time (or equivalently, plotting the

grain velocity as a function of position at a fixed time). The grain kinetic energy also

exhibits a SW profile since it is the square of the grain velocity (the wave profile is

stretched compared to the grain velocity, but the general features remain the same).

Hence the location of the SW can be tracked in space and time from a kinetic energy

density plot: typically the x-axis corresponds to the time, the y-axis to the grain

number, and the intensity of the kinetic energy is plotted as a two dimensional map.

In this way, the SW shows up as a straight line since it is moving with a constant

speed. Taking into account the grain size, the speed of the SW can be measured

directly from the kinetic energy density plot by determining the slope of this straight

line.

As mentioned above, in physical experiments, the SW is often probed by placing

sensors inside the granular chain and measuring the forces at grain-grain or grain-

wall interfaces as a function of time. To understand physically why this is possible,

consider what happens to a single pair of neighbouring grains as the SW approaches

from the left. The grain on the left will move to the right, compressing into its

neighbour. This will cause the force at this grain-grain interface to rise to a non-zero

value, up to a maximum value corresponding to the maximum overlap between the two

grains. The repulsive force that develops at the interface will cause the neighbouring

grain to move to the right, and as this happens, the force at this grain-grain interface

will begin to fall back to its equilibrium value (which is zero if the chain is initally

uncompressed). Hence the interface force profile as a function of time will also have a

single hump. Mathematically, this is straightforward to see: the overlap between two
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grains is given by δi,i+1 = ui − ui+1 ≈ −2Rux, where R is the grain radius. Since the

interface force is related to the grain overlap via F ∼ δn, it immediately follows that

F ∼ (−ux)n. Furthermore, since n > 1 the force profile will have the same general

features as the strain.

SWs in the granular chain were first discovered by Nesterenko in 1983 [36,43,44],

and have since been the focus of a tremendous amount of experimental, analytical

and numerical studies [17, 22, 32, 37, 39, 45–56]. It is now well known that, in gen-

eral, any velocity perturbation to an end grain in a granular chain without initial

pre-compression will propagate through the system as a SW [22], see Fig. 1.5. In nu-

merical simulations, a SW is produced in an unloaded chain by giving an end grain a

delta velocity perturbation directed into the chain. Similarly, trains of solitary waves

(SWTs) can be initiated by striking the chain with a massive striker, or in numerical

simulations, by giving multiple grains an initial velocity directed into the chain.

The SW that exists in the granular chain is a manifestation of the nonlinear

contact force between grains, see Sec. 1.1. This is an intrinsically non-linear force,

thus one cannot have harmonic motion in the unloaded granular chain. This results in

the absence of acoustic propagation in the system [57], and for this reason Nesterenko

and others have coined the term “sonic vacuum” [36] to describe the unloaded granular

chain. Adding pre-compression into the chain effectively introduces a harmonic term

to the potential, which permits the formation of travelling nonlinear periodic waves

as well as fully linear sound waves.

The effects of pre-compression on the existence and stability of SWs has been

studied [17, 58]. In the case of strong pre-compression, the predominant travelling

disturbances are acoustic waves. However, there exists an intermediate range of pre-

compression in which SWs coexist with acoustic waves. The coexistence regime begins

where the potential energy due to precompression becomes comparable with that due

to the Hertzian interaction [58] and leads to an extremely stable SW that travels

unaffected through the system for multiple decades in time.

1.2.2 Solitary wave breakdown and quasi-equilibrium

The SW that exists in the granular chain is unique, and unlike solitons found in other

(i.e. continuum) physical systems. Specifically, the discrete nature of an unloaded

chain means the possibility of broken grain-grain contacts, and this means that in

general, SWs are not perfectly preserved. While in continuous media, solitons experi-
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ence essentially no interaction upon colliding with each other, the collision of SWs in

a discrete granular chain leads to the formation of new SWs [22, 59–61]. SWs in the

granular chain are also not preserved in collisions with boundaries [55,62–64]. Rather,

the SW breaks up and reforms in the collision process [60], resulting in the partial

destruction of the original SW and the birth of secondary solitary waves (SSWs)

which are much smaller in magnitude, but possess the same spatial extent as the

parent SW [65]. Although the new waves are related to the original SW that existed

prior to the collision, there is currently no theoretical formulation of the SW collision

problem, which makes predicting the outcome of these events a nontrivial task [22].

SSWs were first reported in numerical studies in Refs. [65,66] and later confirmed

experimentally by Job et al. [55]. It is now known that the presence of boundaries in

these systems generally leads to the formation of SSWs with various energies which

end up moving at a distribution of velocities related to the energy carried in the SSW.

In the absence of dissipation and sufficiently long after an initial energy perturbation

to the system, the rates of breakdown and creation processes of SSWs balance and the

chain reaches a steady state which has been referred to in the literature as the quasi-

equilibrium (QEQ) phase [61–64]. While numerical experiments have shown this

phase to be ergodic, QEQ is not a true equilibrium since there may be dependence on

initial conditions, and equipartitioning of energy among all grains is a notably absent

feature of this phase.

It was previously believed that QEQ was the ultimate fate of these systems which

do not support sound propagation. However, in Refs. [67] and [68], we show that

QEQ is merely an intermediate phase in unbiased systems (systems with no energy

gradients or asymmetry) given gentle point perturbations. In particular, we find

that sufficiently long after the initial perturbation (orders of magnitude longer than

previous studies had considered), these systems reach a true equilibrium phase where

the energy is indeed equipartitioned among the grains. The details of this work are

presented in Chapters 4 and 5. This result is significant because it means that the

machinery of equilibrium statistical mechanics can be used to predict the properties

of this phase.

The notion of thermalization, in particular in the Fermi-Pasta-Ulam (FPU) lat-

tice [69], has occupied theorists since the 1950’s. The FPU lattice is a one-dimensional

model of atoms in a crystal. Specifically, the FPU lattice is a string of masses con-

nected by springs whose restoring forces have both linear and nonlinear terms. Sim-

ilar to the granular chain, the FPU lattice is a discrete, nonlinear, nonintegrable
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system which supports the propagation of SWs. However, the presence of restoring

forces in the FPU lattice gives rise to decompression pulses called anti-solitary waves

(ASWs) [64,70]. ASWs do not appear in the granular chain, which is one reason that

the dynamics of this system is less complicated than the FPU lattice.

It was recently shown that the FPU lattice can achieve thermal equilibrium after

very long times [71]; however, experimental observation of this result may not be

possible. Furthermore, while the granular chain is easily realized in the laboratory,

real granular systems are inherently dissipative, so that the equilibrium phase in this

system may not be experimentally observable. Fortunately, dissipation-free granular

systems may be realized as integrated circuits, hence the results of Chapters 4 and 5

may be seen in the laboratory after all.

1.2.3 Applications

The existence of SWs makes granular chains attractive for scientific and engineering

applications, and research into these applications has spanned two main directions.

On one hand, these systems make excellent shock absorbers, thus ways that energy can

be dissipated in granular systems, via, for example, tapered granular chains [72–76]

and Hong’s granular protector concept [77], have been addressed. This research is

important for a multitude of shock absorption purposes, such as for the creation of

better bullet-proof vests and other protective clothing for soldiers or law enforcement

officers, to name a few.

Another direction of research into granular chains is concerned with fabricating

excitable systems, and ways that one can harness the energy coming into them. In

particular, researchers are interested in methods for localizing energy in granular

systems so that it may be harvested when needed, which may lead to new energy-

harvesting/conversion devices and acoustic filters [78]. Research in this direction

has shown that inertial mismatches may be useful for energy trapping in granular

containers [79] and composite granular systems [80,81]. More recently, it was demon-

strated [82] that slowing the propagation of SWs using soft grains may be one method

to trap or localize impulse energy.
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1.3 Outline of the thesis

In this thesis, a comprehensive analysis into various aspects of the nonlinear dynamics

of granular chains is presented. The notation from chapter to chapter is consistent

where possible; however, if a change in notation is necessary, it will be introduced

at the beginning of the chapter. The effects of dissipation are neglected in most

of the work that follows, hence the terms granular chain and Hertz chain are used

interchangeably.

Chapters 2 and 3 are dedicated to an investigation of how the material properties

of granular chains affect their dynamical behaviour. In Chapter 2, we begin with a

detailed numerical study of the dynamical behaviour of ‘soft’ uncompressed grains in

a granular chain where the grains interact via the intrinsically nonlinear Hertz force.

Here, the system response to the material properties of the grains and boundaries is

extensively explored. In particular, the details of the transition of the system from the

SW phase to the QEQ phase is examined, and for this reason the effects of dissipation

are ignored. As we show, the soft walls slow the reflection of SWs at the boundaries of

the system, which in turn slows the journey to QEQ. Moreover, the increased grain-

wall compression as the boundaries are softened results in fewer average grain-grain

contacts at any given time in the QEQ phase. These effects lead to increased kinetic

energy fluctuations in the short term in softer systems. We conclude by introducing

a toy model which exploits the results of soft-wall systems. This model supports

the formation of localized modes and may therefore be useful for trapping energy in

desired places in the granular chain.

Next, in Chapter 3 we further analyze the shock absorption and energy localization

capabilities of the model device presented in Chapter 2. This device consists of short

regions of sufficiently soft grains which are embedded in a harder granular chain. It is

shown that the soft grains exhibit long-lived standing waves of predictable frequencies

regardless of the timing of the arrival of SWs from the larger matrix. The origins,

symmetry, and energy content of the soft region and its intrinsic modes are explored

in detail.

In Chapter 4, we examine the extreme long-term behaviour of energy-conserved,

1D chains of grains interacting via the generalized Hertz potential V ∼ δn+1, n > 1

and held between stationary walls. We show that such systems eventually do reach

thermal equilibrium at sufficiently long times, hence QEQ is merely an intermediate

phase. The equilibrium specific heat of these systems is derived using Tolman’s
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generalized equipartition theorem, and it is shown that the predicted values agree

with those calculated from numerical simulation data. We also show how fluctuations

of system quantities, and thus the distribution functions, are influenced by the Hertz

potential. In particular, the variance of the system’s kinetic energy probability density

function is reduced by a factor related to the contact potential. This is the first

demonstration of how the interaction potential affects the system kinetic energy in

a microcanonical ensemble. Moreover, since this long-term phase is described by

equilibrium statistical mechanics, it opens up the possibility that the machinery of

non-equilibrium statistical mechanics may be used to understand the behaviour of

these systems away from equilibrium.

In Chapter 5, we extend these ideas to heterogeneous chains, including diatomic,

tapered, and random mass chains. We also look more closely at the transition to

equilibrium by using statistical tests to show that the long-term dynamics is ergodic,

and by examining the behaviour of various correlation functions close to the onset of

the transition.

Next, we perform an analytical study of the different types of travelling waves

that are admitted by the highly nonlinear, fourth-order wave equation that models

the continuum theory of long wavelength pulses in weakly compressed, discrete, ho-

mogeneous chains with a general power-law contact interaction. This study, presented

in Chapter 6, is motivated by the determination of the exact SW solutions that exist

in the underlying discrete system. All SW and all nonlinear periodic wave solutions

admitted by the continuum wave equation, and in the process, all conservation laws,

are derived. All cases in which the solution expressions can be stated in an explicit

analytic form using elementary functions are worked out. In these cases, explicit ex-

pressions for the total energy and total momentum for all solutions are obtained as

well. The derivation of the solutions uses the conservation laws combined with an en-

ergy analysis argument to reduce the wave equation directly to a separable first-order

differential equation which determines the wave amplitude in terms of the travelling

wave variable. This method can be applied more generally to other highly nonlinear

wave equations. Most interestingly, the SW solutions that are obtained have never

before appeared in the literature on granular chains, and they are also a new addition

to the literature on SWs in general.

Finally, in Chapter 7, we give some concluding remarks and suggest future research

directions.



Chapter 2

Granular chains with soft

boundaries: slowing the transition

to quasi-equilibrium

2.1 Introduction

Following the pioneering works of Nesterenko [32, 36, 37, 39, 43–50, 83], a tremen-

dous amount of experimental, analytical, and numerical studies into the dynamics

of granular chains have emerged in recent years (see e.g. Refs. [17, 22, 51–56]). It

is well established that, in general, any velocity perturbation to an end grain in a

1D granular chain without any initial pre-compression, i.e. an unloaded chain, will

propagate through the system as a nondispersive bundle of energy, or solitary wave

(SW) [22]. This SW develops within approximately ten grain diameters [84], and it

travels through the chain with a constant speed which scales with SW amplitude, as

is characteristic for nonlinear waves [22]. This SW also has a well-defined and fixed

width that is sensitive to the grain shape [85], and equal to approximately five grain

diameters for grains with ellipsoidal contact geometries such as spheres [36, 39].

The SW arises from the contact potential between grains described by the Hertz

law [6], V ∼ δn, where δ > 0 is the grain-grain overlap and n = 5/2 for spherical

grains. The intrinsically nonlinear Hertz potential possesses no quadratic term, and

thus one cannot have harmonic motion in the unloaded granular chain. This manifests

itself in the absence of acoustic propagation in the system [57], a fact referred to by

Nesterenko and others as the “sonic vacuum” [36]. Adding compression into the chain

17
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effectively introduces a harmonic term to the potential, and the effects of this term

on the existence and stability of SWs has been extensively studied elsewhere, see e.g.

Refs. [17] and [58].

The SW supported by the granular chain is unlike solitons found in other (i.e.

continuum) physical systems: it is a unique SW specific to discrete lattices with

purely nonlinear interactions. The unloaded chain’s discrete nature has the possibility

of broken grain-grain contacts, and this crucial feature means that, in general, SWs

are not perfectly preserved. Collisions of SWs with other SWs has been extensively

probed in the literature, see e.g. Refs. [86], [60] and [61]. SWs in the granular chain

are also not preserved in collisions with boundaries [55,62–64]. Rather, the SW breaks

up and reforms in the collision process [60], resulting in the partial destruction of the

original SW and the birth of secondary solitary waves (SSWs) which are much smaller

in magnitude, but possess the same spatial extent as the parent SW [65].

SSWs were first reported in numerical studies in Refs. [65] and [66] and later

confirmed experimentally by Job et al. [55]. It is now known that the presence of

boundaries in these systems generally leads to the formation of SSWs with various

energies which end up moving at a distribution of velocities related to the energy

carried in the SSW. In the absence of dissipation and at sufficiently long time after

an initial energy perturbation to the system, the rates of breakdown and creation

processes of SSWs balance and the chain reaches a steady state which has been

referred to in the literature as the quasi-equilibrium (QEQ) phase [61–64]. Here we

investigate how the system’s journey to QEQ can be tuned by varying the material

parameters of the granular chain system, and the effects of introducing an inertial

mismatch at the boundary on the onset and rate of relaxation to the QEQ phase. We

will ignore the effects of dissipation that are invariably present in a system made up

of macroscopic elastic objects. A dissipation free system should be regarded as a first

and necessary step in reaching driven-dissipative systems with QEQ-like behavior.

Here we extend the work of Ref. [87] by considering the effects of either softening

the boundary walls or the whole system on the dynamics of the unloaded granular

chain held between fixed symmetric boundaries. We are particularly concerned with

the effects of soft boundaries on the rate of relaxation as the system slips into QEQ.

As we show below, the time delay introduced by the soft walls in the rebounding

of SWs at the boundaries increases with the wall softness. This time delay has two

main effects on the system dynamics: in the short term, soft-wall systems exhibit

larger kinetic energy fluctuations than corresponding systems with homogeneous or
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hard walls; in the long term, the transition to the QEQ phase is slowed down by

incorporating soft boundaries into the system. We suggest that, in soft-wall systems,

the journey from the initial SW state to the QEQ phase can be understood in terms

of a transition from a SW state to an ergodic phase where the ensemble average of

grain energy is equal to the time average.

One key interest in the QEQ phase is with possible energy harvesting and local-

ization applications. Recent interest in these systems has probed metastable special

regions such as so-called discrete breathers [78, 88, 89] and hot and cold spots that

are sustained for extended times [61], where the kinetic energy can be localized along

well-defined locations. Here we use insights from results of soft-wall systems to discuss

a toy model which may be useful for locally trapping energy.

2.2 Methods

We consider N monodisperse spherical grains in 1D, held between two fixed symmetric

walls, under zero pre-compression. Initially the grains are barely touching, but as any

two grains in the chain make contact they interact via a contact potential given by

the Hertz law [6], V (δi,i+1) = ai,i+1δ
5/2
i,i+1, where δi,i+1 = (Ri+1 − Ri) − (xi+1 − xi) is

the grain-grain overlap with xi denoting the absolute position of grain i with respect

to the origin, and Ri its radius. The proportionality constant is given by

ai,i+1 =
2

5Di,i+1

√
RiRi+1

Ri +Ri+1

, (2.1)

where the prefactor Di,i+1 is related to the Young’s modulus Y and Poisson’s ratio σ

of the grains by

Di,i+1 =
3

4

[
1− σ2

i

Yi
+

1− σ2
i+1

Yi+1

]
. (2.2)

We consider here chains in which all the grains are comprised of the same material,

and thus σi = σi+1 and Yi = Yi+1 ∀ i. It is then possible to express the equations of

motion for any grain (except the end grains) in the chain as follows:

mẍi =
5

2

[
ai−1,iδ

3/2
i−1,i − ai,i+1δ

3/2
i,i+1

]
, (2.3)

where m is the grain mass, ẍi denotes the second derivative of the absolute position

with respect to time, and i = 2 . . . N−1. To implement the fixed walls, one takesRj →
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∞ as the radius of the wall, ensuring that the boundary is much larger than any grain

in the chain and will therefore not move during the simulation, while simultaneously

relaxing the condition that the wall must be flat. In this way, the potential that

develops at the interface between either the first or the last grain in the chain and

the wall is given by: V = (2/5Di,j)
√
Rδ

5/2
i,j , where R is the grain radius for the end

grains.

In this work we refer to a chain in which the grains and walls are comprised of

the same material as a homogeneous chain. One requires only a single force prefactor

to fully characterize the system in this case, since Di,i+1 = Di,j ≡ D. The potential

that develops between an end grain and wall is then a factor of
√

2 larger than the

grain-grain potential in the homogeneous systems. The chains in which the grain

material differs from the wall material are referred to in this work as inhomogeneous

systems. In this case, one requires two force prefactors to characterize the system: one

for the grain-grain interactions, Di,i+1 ≡ Dg, and one for the grain-wall interactions

Di,j ≡ Dw. Clearly, Dg = Dw in homogeneous granular systems.

We use the velocity-verlet algorithm [90] with a time step of dt = 10−5 µs to

integrate the equations of motion. Initially all of the grains are at rest, and the

left end grain is given a velocity perturbation directed into the chain at t = 0 µs of

magnitude v0 = 9.899 × 10−5 mm/µs in all cases. The system is then left to evolve

in time according to the equations of motion. Typically, chains were comprised of

N = 38 spherical grains, and all grains were taken to be R = 6 mm in radius.

The choice of system size was linked to probing chains which may be experimentally

accessible, and we show in Sec. 2.3.1 that this is a suitable choice. We considered

a variety of materials for the homogeneous systems whose material parameters can

be found in Table D.1 (Appendix D), sorted according to the product of the mass

density ρ and prefactor D (vide infra). These materials range from as hard as diamond

(ρD = 0.00415 (mm/µs)−2) to as soft as silicone rubber (ρD = 52.4 (mm/µs)−2).

For inhomogeneous systems, all chains were taken to be comprised of grains

with Y = 193 GPa, σ = 0.305, and ρ = 7.82 mg/mm3, consistent with material

properties of stainless steel. This corresponds to a grain-grain force prefactor of

Dg = 0.0071 mmµs2/mg. Keeping the grain material fixed, we then symmetrically

vary the wall material parameters to elucidate the effects of softening the boundaries

on the system dynamics.

For the inhomogeneous systems, the Dw values were chosen to vary over a suitable

range, thus some are contrived and do not correspond to any particular material. We
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considered Dw = 0.0041 (diamond walls), 0.0071 (stainless steel walls), 0.05, 0.5, 5,

10, 19 (≈ rubber walls), 30, 50, and 75 (mmµs2/mg). A peculiar feature of these

systems is that the notion of “hard” and “soft” walls is not absolute, but is relative

to the material comprising the grains in the chain, and the walls can be considered

soft only if Dw > Dg. For example, the stainless steel systems considered here begin

to exhibit soft-wall behaviour only once Dw > 0.0071 mmµs2/mg.

2.3 Numerical results

After initiating a delta-function velocity perturbation to the left end grain at t = 0 µs,

it takes several grains for the SW to develop in the system, as illustrated by kinetic

energy density plots in Figs. 2.1 and 2.2. A small amount of kinetic energy remains

at the left wall due to the left end grain rebounding off its neighbour to transfer the

kinetic energy of the initial solitary wave (ISW), down the chain. Likewise, after the

ISW reaches and emerges from the right wall, secondary solitary waves (SSWs) are

formed at the right wall from a similar rebounding of the right end grains. These

energy processes occur in both the inhomogeneous and homogeneous systems and are

visible for a variety of cases in the early time dynamics of Figs. 2.1 and 2.2.

The most striking feature of Fig. 2.1 is the emergence of a time delay in the

ISW rebounding at the boundary in the inhomogeneous systems as one progressively

softens the walls. This appears as a horizontal line segment near grains 1 and 38, and

is absent in the hard-wall and homogeneous systems. In contrast to homogeneous

systems, soft wall systems take a notable amount of time (≈ 1600 µs for Dw =

19 mmµs2/mg) to rebound from the compression of the end grain as the ISW collides

with the far wall. This slow time scale associated with interactions at the walls and

a much faster time scale associated with SW interactions within the chain (i.e. away

from the wall) leads to an inertial mismatch between the grains and the walls, or

the appearance of “sticky” walls in the inhomogeneous systems. One finds that the

softer the wall is made to be, the longer the time it takes to re-emit the SW from the

boundary.

According to the virial theorem, a system with potential energy V ∼ δn will

partition the total system energy as n/(n+ 2) kinetic energy and 2/(n+ 2) potential

energy. For n = 5/2, this leads to 5/9 of the total energy as kinetic energy, and the

remaining 4/9 as potential energy. Most of the system’s energy is held as potential

energy while the end grains are compressed against the soft walls for extended periods
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(d) Dw = 19 (rubber walls)
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(b) Dw = 0.007 (homogeneous)
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Figure 2.1: Kinetic energy density plots for the N = 38 inhomogeneous stainless steel
granular chains with varying wall softness Dw (in units of mmµs2/mg). For each
panel (a) - (d), Dg = 0.0071 mmµs2/mg. The kinetic energy values are normalized
by the total system energy and presented using a logarithmic scale. The SW speed
is set by the grain material, see Fig. 2.2, and is the same for all systems presented
here. Notice the progressive delay that develops in the rebounding of SWs at the
boundaries as they are made increasingly softer.
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of time. Thus the soft-wall systems make larger SSWs to compensate, in an attempt to

partition the system’s total energy as appropriate. This process is particularly visible

by comparing kinetic energy density plots in Fig. 2.1 for Dw = 0.007 mmµs2/mg

(homogeneous) and Dw = 19 mmµs2/mg: the SSW emitted at the right wall near

0.0025 s in the inhomogeneous soft-wall system has a much larger energy content,

thus appearing “warmer” than that emitted in the homogeneous case.

Another interesting feature of Fig. 2.1 are the “bending waves” which appear as

curved line segments (e.g. beginning at about 0.004 s for Dw = 19 mmµs2/mg) and

occur more prominently in the soft-wall systems than homogeneous systems. Any

time grains break contact, a gap is formed in the system causing the SW to lose its

coherence and partially break. Thus some fraction of the SW kinetic energy located

in broken-contact grains becomes decoupled from the main part of the wave, forming

new small SSWs. Propagation of a SSW is slowed by gaps between grains; until the

grain with peak kinetic energy catches up with the rest of the chain, the progress

of the SSW cannot continue. As inter-grain gaps are closed, the SSW picks up

speed until reaching its natural velocity, which is determined by the Hertz potential

exponent, wave amplitude, and grain material properties [22]. Thus many SSWs

appear to ‘curve’ in the kinetic energy density plot. We speculate that soft-wall

systems facilitate the opening of larger gaps in the system, leading to more prominent

bending of the SSWs.

An increased tendency to open larger and more frequent gaps in the system intu-

itively results from the soft walls being more easily compressed by the harder grains.

In fact, the first and last grains always remain in contact with the soft walls dur-

ing the rebounding of SWs and the emission of SSWs at the boundaries. Once the

last grain initially makes contact with the right wall in a soft-wall system, it never

breaks contact for the duration of the simulation. This is also true for the left end

grain, after rebounding off the second grain. The sustained grain-wall compression

facilitates the opening of gaps near the ends of the chain, which are evident from

an analysis of individual grain kinetic energies over time. For the steel grain/rubber

wall (Dw = 19 mmµs2/mg) case for example, it takes a significant amount of time for

grain 38 to pass its kinetic energy to grain 37, and also for 37 to pass to 36, etc. as the

ISW is rebounding from the right wall. This is because the end grains have become

disconnected from each other due to the opening of a noticeably large gap at the right

end of the system as grain 38 remains compressed into the right wall. Consequently,

end grains travel with a constant velocity before striking their neighbours: grain 38
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(a) D = 0.001 (diamond)
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Figure 2.2: Kinetic energy density plots for the homogeneous N = 38 granular chains
comprised of varying material parameters. Kinetic energy values were normalized by
the total system energy and presented on a logarithmic scale. The time scale has
been adjusted to capture the first four rebounds of the ISW at the right wall. Recall
for homogeneous systems Dw = Dg = D. The SW possesses a speed which is set by
the softness of the grains, and progressively softer systems (ρD � 1) correspond to
smaller wave speeds.
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travels ≈ 4 µm before hitting grain 37, and grain 37 travels ≈ 10 times this distance

before colliding with grain 36 in this system.

It should be noted that, apart from the timescale, all the kinetic energy density

plots in Fig. 2.2 are identical. This universality might be expected due to the Buck-

ingham Pi theorem [91, 92], and it indicates that there is some sort of scaling law in

the homogeneous systems which depends on the material properties. Therefore, with

an appropriate scaling, it would be possible to recast the equations of motion into

unitless forms per the Buckingham Pi theorem.

2.3.1 Transition to quasi-equilibrium

The build up of SSWs from inter-grain gaps and extended wall-grain contacts even-

tually destroys the phase dominated by the ISW, and the system transitions into a

new phase with many small SSWs breaking and reforming very quickly. This can be

seen in the emergence of noisy energy fluctuations in Fig. 2.1 at longer times.

This quasi -equilibrium (QEQ) phase for the initial conditions used here is marked

by a Maxwell-Boltzmann distribution of grain velocities, but where the equiparti-

tioning of energy among all grains is absent. Since the ISW is partially destroyed in

collisions with system boundaries- which, as a byproduct slowly produce SSWs in the

vicinity of the collision region- the energy content of the ISW decreases over time, and

energy is partially distributed among other grains in these unbiased systems. The

motion of individual grains in one-dimensional systems is highly correlated, hence

groups of grains often oscillate together. The fastest grain in the chain at any instant

will either be part of the ISW, in which case it will have a large share of the system’s

kinetic energy, or it will have only a small share of the kinetic energy of several SSWs

in the QEQ phase. Therefore to visualize the transition from the unstable phase made

of various SWs and SW-like structures to the QEQ phase, one can consider simply

the speed of the fastest grain in the chain.

We present a series of plots in Fig. 2.3 which depict the absolute value of the

velocity of the fastest moving grain in the chain, |vmax|, as a function of time for

several systems. Initially, |vmax| oscillates about a maximal value as the ISW travels

through the granular chain. Periodically, when the ISW reaches a boundary most of

the system’s energy converts to stored potential energy in the walls, and |vmax| drops

to a small value. This happens only briefly in the homogeneous systems since the

time it takes for grains to transfer kinetic energy to each other is approximately equal
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to the duration of rebounding of the ISW off the wall. However, there is an additional

time delay in the rebounding of SWs at the soft wall in the inhomogeneous systems,

and the interplay between these time scales leads to the emergence of a beating

pattern in the soft-wall systems, apparent in Figs. 2.3(a) and 2.3(b). In this case, the

inherent time scale set by the material properties of the walls is not equivalent to the

grain-grain energy transfer time, as it is in the homogeneous systems. It is possible

that one might be able to exploit this frequency mismatch and beating response by

constructing piezoelectric systems with a targeted frequency response.
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Figure 2.3: Speed of the fastest moving grain in the N = 38 granular chain
as a function of time. (a) and (b) correspond to inhomogeneous stainless steel
(Dg = 0.007 mmµs2/mg) granular chains with varying wall softness Dw (in units
of mmµs2/mg). (c) and (d) correspond to homogeneous (Dw = Dg = D) granular
chain systems.

Some time after the initial velocity perturbation, |vmax| relaxes to noisy oscillations

about a much smaller value, denoting the onset of the QEQ phase. One noticeable

feature of Figs. 2.3(a) and 2.3(b) is the delay of the relaxation process introduced by
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softening the walls. We model this transition with a sigmoidal error function of the

form:

|vmax| = vA

(
erfc

[
t− τ∗
σ

])
+ vB. (2.4)

In this way one can extract the relaxation time σ[µs], as well as the midpoint of

relaxation to QEQ τ∗[µs]. A comparison of σ and τ∗ are presented in Figs. 2.4(a)

and 2.4(b), respectively, for inhomogeneous systems, and Figs. 2.4(c) and 2.4(d),

respectively, for homogeneous systems. This two-state transition model makes sense

for the homogeneous cases, where |vmax| exhibits a clear changeover from SW state

to the QEQ state, e.g. Figs. 2.3(c) and 2.3(d).

However, it is more difficult to implement for the soft-wall systems, where en-

ergy is locked-up in the walls as potential energy for extended periods of time, e.g.

Figs. 2.3(a) and 2.3(b). These gaps in the trend of |vmax| prohibit robust fitting of

Eq. (2.4), and lead to poor goodness of fits (R2 ∼ 0.5−0.6). Unless a better statistical

measure of the transition can be found, the exact values of σ and τ∗ for the inhomo-

geneous case must be considered imprecise, although the overall trend is qualitatively

correct.

Results for the inhomogeneous stainless steel systems, Figs. 2.4(a) and 2.4(b),

illustrate that one can not only slow the rate of relaxation of the system to QEQ

beyond its corresponding homogeneous value, but one can also physically delay the

onset of the journey from the SW state to the QEQ state by softening the walls of

the system. We reiterate here that “soft” is a relative term in these systems, and

one can define the walls to be soft only if Dw > Dg. The important point is that the

walls can be made arbitrarily soft, and thus it should be possible to somewhat tune

or delay the transition to QEQ as needed in a real physical system.

For the homogeneous systems, Figs. 2.4(c) and 2.4(d), we find a strict power-law

dependence of both σ and τ∗ upon the parameter ρD, where ρ is the grain/wall density

and D = Dg = Dw is the force prefactor, introduced in Eq. (2.2). In particular, one

finds that as the grains and walls are simultaneously softened in homogeneous systems,

both the relaxation time and onset of relaxation are shifted to higher values.

To further characterize the granular chains, we considered the fluctuations in

kinetic energy from the value predicted by the virial theorem. In particular, the

fluctuation in the system’s total kinetic energy σK was computed as the relative root
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Figure 2.4: Results of complementary error function fits to |vmax|(t) from Fig. 2.3,
with logarithmic scales on both axes. Plots (a) and (b) display, respectively, the
dependence of the relaxation time σ, and the midpoint of relaxation to QEQ τ∗, on
the wall material parameter ρDw. (c) and (d) illustrate how the relaxation time and
midpoint of relaxation, respectively, depend on the grain material parameter ρD in
homogeneous systems. Solid lines in (c) and (d) illustrate fits to the homogeneous
results.
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mean squared deviation over intervals m which run from time tm → tm + τ :

σK(tm) =

(
1

〈K〉v

)(
1

nτ

tm+τ∑
t=tm

(K(t)− 〈K〉v)2

)1/2

. (2.5)

In the above equation, τ is the considered time interval (100 µs here), nτ corresponds

to the number of data points in this interval, and the mean of the system’s kinetic

energy 〈K〉v is a constant equal to the value predicted by the virial theorem, and

not the actual average 〈K〉 of the interval. Since all systems were given the same

initial velocity perturbation, the total energy of homogeneous systems depends upon

the material properties of the granular chain itself, and 〈K〉v is therefore different for

each of the homogeneous cases.

We compute the average fluctuation in the system’s kinetic energy as the average

of the intervals m′ from the start of the simulation,

κ(tM) =
1

M

M∑
m′=1

σK(tm′). (2.6)

These results are shown in Fig. 2.5(a) for stainless steel chains with varying wall

softness, as well as for an array of homogeneous systems in Fig. 2.5(c). For the inho-

mogeneous systems, we see that κ(t) exhibits a series of peaks which are modulated

by an overall exponential decay at early times, and at much longer times, κ(t) re-

laxes to a long tail with algebraic dependence (we find, e.g., κ(t→∞) ∼ 1/t for the

N = 38 stainless steel chain with Dw = 5 mmµs2/mg). Deep into QEQ, the average

fluctuation in the system’s total kinetic energy levels off at a constant value which

is insensitive to the wall softness parameter Dw, and for chains of length N = 38 is

≈ 15% of the kinetic energy value predicted by the virial theorem.

We performed additional simulations of chains of varying length N for homoge-

neous stainless steel systems, as well as inhomogeneous chains with stainless steel

grains and rubber walls (Dw = 19 mmµs2/mg). The long-term average fluctuation is

sensitive to the system size, κ(t → ∞) ∼ N−0.5 (approximately) for N � 1 in both

cases, as shown in Figs. 2.5(b) and 2.5(d). Thus kinetic energy partitions more evenly

for large systems.
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Figure 2.5: (a) Average fluctuation in total kinetic energy for N = 38 stainless steel
granular chains with varying wall softness parameter Dw (in units of mmµs2/mg).
(b) Average long-term fluctuation κ(t → ∞) as a function of chain length N in the
stainless steel granular chain with rubber walls (Dw = 19 mmµs2/mg). (c) Average
long-term kinetic energy fluctuation for the N = 38 homogeneous chains of varying
material parameters. Note the scaling universality that exists among the shapes
of the curves for systems comprised of different materials. This universality, also
seen in Fig. 2.2, is expected due to the Buckingham Pi theorem. (d) Average long-
term fluctuation as a function of system size for homogeneous stainless steel systems.
Lines in (b) and (d) have slope of −1/2, indicating the approximate dependence
κ(t→∞) ∼ N−0.5.
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2.3.2 Long-term behaviour

Deep in the QEQ phase, for this study taken to be the last 10% of the simulation,

an analysis of the grain velocities for both homogeneous and inhomogeneous systems

confirms a Maxwell-Boltzmann distribution, as shown in Fig. 2.6, substantiating our

choice of system size N was not too small. Analysis of the temperature T obtained via

Maxwell-Boltzmann fits of the velocity distributions for each system reveals that T is

approximately constant with respect to the wall softness parameter Dw, as implied by

Fig. 2.6(b). Moreover, using the temperature from all the stainless steel and soft-wall

systems, the total kinetic energy as determined by NkBT/2, is in agreement with

the calculated average total kinetic energy determined by the average of the grain

velocities, e.g. 〈
∑
mv2

i /2〉.
Further into the QEQ phase, the kinetic energy is fairly evenly distributed among

the grains in our systems, thus any evidence of “cold” or “hot” spots (such as e.g.

in the vicinity of soft walls) have been erased at this point. It turns out that while

equipartitioning of energy is expected to be absent in QEQ, it is more difficult to

quantify the violation of the equipartition theorem than one might imagine [22]. The

presence of hot and cold spots from figures similar to Figs. 2.1 and 2.2 have been

observed in numerical simulations of granular systems in the QEQ phase [61] and

is one of the characteristics which makes this state different from a conventional

equilibrium state. We additionally note that the ergodicity of the system deep into

QEQ was checked as in Ref. [87], and both inhomogeneous and homogeneous systems

were found to be ergodic. Soft walls have the global effect of reducing the average

total number of grain-grain contacts in the long-term dynamics of the system. This

is illustrated in Fig. 2.7(a), which displays the average number of grain-grain and

grain-wall contacts deep into QEQ for N = 38 stainless steel granular chains with

varying wall softness parameter Dw. Note that the overall magnitude of the error

bars remains relatively constant in Fig. 2.7(a), thus the relative fluctuation in the

number of contacts increases as a function of Dw.

A similar plot is shown in Fig. 2.7(c) for homogeneous chains, and it is evident

that the average total number of contacts is independent of the material comprising

the granular chain. Thus a softening of the boundaries in comparison to grains is

required to reduce the average number of contacts. The fact that the end grains

spend the whole simulation in close contact with the softer walls opens a lot of space

between the walls, which is then distributed between the grains. Paradoxically, the
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Figure 2.6: (a) Maxwell-Boltzman fits to the normalized velocity distributions in the
inhomogeneous stainless steel systems with varying wall softness parameter Dw (in
units of mmµs2/mg). (b) Comparison of average kinetic energy deep into quasi-
equilibrium for stainless steel chains of varying wall softness. Circles are the total
kinetic energy K = NkBT obtained from the Maxwell-Boltzmann temperature, and
squares are K = 〈

∑
mv2

i /2〉 from the equations of motion. (c) and (d) illustrate
the corresponding plots for homogeneous systems. Note that a logarithmic scale has
been used in (d). The average kinetic energy is necessarily different for each system
since all systems were given the same initial velocity (not energy) perturbation. Thus,
we expect to see an agreement between the two curves in (d), which overlap almost
perfectly.
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much reduced number of average grain-grain contacts with soft walls does not speed

the transition to QEQ, c.f. Figs. 2.4(a) and 2.4(b). This leads one to speculate

that while the number of gaps increases, they are more transitory but occur more

frequently.

The unbroken contact between the end grains and walls gives rise to a steady force

between them, even as they continue to transfer kinetic energy to neighbouring grains

during the reflection of SWs and emission of SSWs at the boundaries. Despite this

sustained force between the end grains and walls, the magnitudes of the forces are

increasingly smaller in softer systems. Thus the interplay between increased duration

of applied force and decreased magnitude of force leads to an overall smaller time-

integrated force (or impulse) in the long term. Over a long time, one sees a linear

dependence of the cumulative impulse, I(t) =
∫ t

0
F (t′)dt′, between the wall and end

grain interfaces with time, as seen in the insets to Figs. 2.7(b) and 2.7(d).

It is evident from Fig. 2.7(b) that for a given granular chain, the slope of the

impulse curve decreases exponentially as the walls are made softer. Similarly, the

slope of the impulse curve is seen to decrease in homogeneous systems as the entire

system is softened (i.e. as D increases), see Fig. 2.7(d). (Note the − log scale of

Fig. 2.7(d).) Inspection of this plot reveals there are anomalies to this rule, suggesting

that the density of the grains also plays a role in fully characterizing the “softness”

of homogeneous systems. Nevertheless, comparisons of Figs. 2.7(b) and 2.7(d) reveal

that homogeneous systems (Dw = Dg = D) have a much smaller impulse slope at the

end grain/wall interface than an inhomogeneous soft-wall system with the same Dw

value.

A linear dependence of the cumulative impulse on time implies that F (t) is a

constant of motion in the QEQ phase. Thus the impulse slope is the average force,

and the slopes of linear fits to the impulse agree well with the average forces calculated

from simulation data deep into QEQ (i.e. from averaging late-time data obtained

from directly integrating the equations of motion). Since the force of compression

between any two grains is related to the grain-grain overlap via the Hertz potential

as F = (5/2)aδ3/2, we can calculate the average overlap between the end grain and

adjacent wall through the slope of the impulse curve. Using the expressions from

Sec. 2.2, and taking Rj → ∞ as the radius of the wall, it follows that the average

overlap parameter at the end grain/wall interface 〈δ3/2〉 = DwFavg/
√

6 where the

grain radius is taken to be R = 6 mm.

We show the average end grain/wall overlap parameter for homogeneous and inho-
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Figure 2.7: (a) Average number of grain-grain and grain-wall contacts deep into
QEQ for the N = 38 stainless steel granular chain with varying wall softness, Dw

(in units of mmµs2/mg). The grains are no longer in contact when δ ≤ 0. (b) The
slope of the cumulative impulse with respect to simulation time, as a function of wall
softness. The impulse is perfectly linear in time, shown in the inset for large and
small examples of Dw. (c) Average number of grain-grain and grain-wall contacts
deep into QEQ for the homogeneous N = 38 granular chains of varying hardness D
(in units of mmµs2/mg). (d) The slope of the cumulative impulse with respect to D.
Note the slope is reported as − log scale, since the very rapid drop to small values as
D > 1. The impulse is again perfectly linear in time, shown in the inset for large and
small examples of D.
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Figure 2.8: The average overlap parameter 〈δ3/2〉 as a function of material softness
ρDw, where ρ is the grain density and Dw the force prefactor for the end-grain/wall
interface. The average end-grain/wall overlap parameter was calculated from linear
fits to the cumulative impulse. The intersection point marks the homogeneous stain-
less steel system. Note that the data is presented on a logarithmic scale for both axes,
and the y-axis denotes the negative logarithm of 〈δ3/2〉. Thus a smaller value on the
y-axis corresponds to a larger overlap. The single square to the left of the intersection
point corresponds to the stainless steel system with harder diamond walls.

mogeneous systems as a function of ρDw in Fig. 2.8. Here we include the grain density

for all cases to facilitate full characterization of the softness of the homogeneous sys-

tems. The data presented in Fig. 2.8 were calculated from the slopes of linear fits to

the impulse curves shown in Figs. 2.7(b) and 2.7(d). On the log-log plot, see Fig. 2.8,

the homogeneous systems exhibit a linear relationship with the parameters shown;

however, the inhomogeneous systems are well described by a quadratic curve in the

figure. We find that deep into the QEQ phase, the system attempts to distribute

forces roughly equally among all interfaces in the system. Hence the overlap at the

grain/wall interface is larger if one introduces soft walls, which allows this interface

to achieve the same force of compression that exists between grain-grain interfaces.

2.4 A toy model

Finally, we discuss a toy model granular system designed for locally trapping energy,

and the results of some simulations of this system. In particular, we draw on the

results of the previous section, exploiting the “sticky” energy propagation associated

with the large time scales set by soft materials. We consider in this section a granular



CHAPTER 2. GRANULAR CHAINS WITH SOFT BOUNDARIES: SLOWING
THE TRANSITION TO QUASI-EQUILIBRIUM1 36

chain with soft boundaries and also central soft-grain impurities. The soft boundaries

may not be necessary for facilitating the localization of energy at the center of the

chain, but are implemented to ensure the system is made as soft as possible. Here we

present the results of simulations on soft-wall systems comprised of three or four soft

grains located centrally within a chain of hard grains which have double the radius

of the impurities, as shown schematically in Figs. 2.9(a) and 2.9(c). Changing the

radius of the impurity does not seem to have a significant effect on the results, though

further analysis is required to fully characterize the role of the size of the impurity on

the energy localization process. The main result is that there is a remarkable slow-

ing down in the system in the vicinity of the soft impurities. The resulting energy

objects are not necessarily so-called discrete breathers, which are generally described

as time-periodic, localized, and stable excitations in spatially extended discrete sys-

tems. However, the localization of the energy on the impurity behaves effectively like

a short-lived breather, exhibiting an interesting natural frequency response resulting

from the mutual repulsion between the grains.

We initiated two delta-function velocity perturbations at t = 0 µs, one at each

edge of the chain, both of magnitude v0 = 9.899 × 10−5 mm/µs, and directed into

the chain. The resulting kinetic energy density plots are displayed in Figs. 2.9(b) and

2.9(d). The initial perturbations develop into SWs which travel toward the center of

the chain, meeting precisely at the center due to the symmetry of the system. From

Fig. 2.9(b), it is evident that the central grain in the odd-numbered N = 39 chain

remains stationary during these collision processes, since the ISWs meet on the central

grain itself. Nevertheless, the large time scale associated with the rubber grains causes

energy to remain in the vicinity of the soft grains for a noticeably long time. For the

even-numbered N = 40 grain system, the two ISWs meet at the interface between

the central grains, thus there is no central cold-spot as there is in the three-soft grain

system. This is clear from the kinetic energy density plot for the N = 40 system (with

four soft grains), Fig. 2.9(d). This figure also illustrates that energy is localized near

the four soft grains in this system for extended periods of time. The temporary energy

localization can be attributed to the large time scale associated with the slow energy

propagation in the soft impurities, and is also facilitated by the mutual repulsion

between grains near the center of the chain. Also seen in Fig. 2.9(b) is the steering

of SSWs away from the central soft grains. Around 0.006 s, SSWs approaching the

central grains are seen to turn away before settling on grain 15 for a time. Likewise, at

0.009 s, two prominent SSWs stop on adjacent grains. This kinetic energy localization
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Figure 2.9: A toy model for an energy focusing device. Here we have central soft grains
composed of a soft material, such as rubber, embedded within a chain of stainless
steel grains which are double the radius. To make the system as “soft” as possible,
we include rubber walls at the edges of the stainless steel chain. (a) Three soft grains
in an N = 39 system, (c) four soft grains in an N = 40 system. In each system,
we initiate two delta-function velocity perturbations at t = 0 µs (one at each edge
of the chain), directed toward the center of the chain, and then leave the systems to
evolve in time. The corresponding kinetic energy density plots (with energy given
on a logarithmic scale and normalized by the energy of the initial perturbation) are
displayed, respectively, in (b) and (d).
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is distinct from potential energy localization on the central grains, since being hard by

comparison, these grains will transmit their energy very rapidly if they are in contact

with another grain. However, the arrival of a SW and a concomitant opening of a gap

in the same direction of the SW prevents the immediate transmission of the energy

and allows a temporary localization of kinetic energy at that grain location.

To determine how breather-like these objects are, we analyze the frequency pro-

files via discrete cosine transforms (DCTs) of the square of the grain speed for one of

the soft grains. These results are depicted in Fig. 2.10 for grain 19 in the three-soft

grain system and for grain 21 in the four-soft grain system. Here we have used the

first 100, 000 µs of the simulation. It is evident that in the three-soft grain system, a

single frequency band develops centered between 4000 and 5000 Hz, whereas in the

four-soft grain system, we see the development of multiple frequency bands: one wide

band centered near 4000 Hz, and a more narrow band around 1000 Hz. The presence

of more than one frequency band is a common characteristic of a breather [93], sug-

gesting that the four-soft grain system may be more breather-like of the two systems

considered here, and may therefore be particularly useful for locally trapping vibra-

tional energy. Thus, our results show that this toy model may be one way to form

breathers in granular chains. An extensive discussion on this aspect of the problem

is under preparation.
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Figure 2.10: Discrete cosine transforms of velocities of soft grains in the toy model
energy focusing devices. DCTs are performed over the first 100, 000 µs, illustrating
the presence of a frequency band in the three-soft grain system with N = 39 grains,
and multiple characteristic frequency bands in the four-soft grain system with N = 40
grains. Note that the low frequency components (f < 200 Hz) have been removed
from the DCT.
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2.5 Conclusions

We have performed here a detailed numerical analysis of material properties of gran-

ular chains, and the effects of these properties on the dynamics of, and journey to,

the QEQ phase. A crucial finding of our study is that soft materials are characterized

by an intrinsically large time scale associated with the propagation of energy, which

causes a slow down of system dynamics in their vicinity. This slowing down can be

exploited for multiple applications. We see in our work the development of “sticky”

walls in granular chains with soft boundaries, which are particularly useful for energy

localization applications. We also presented a toy model that built on the results

of the soft-wall systems, and seem to be promising for localizing energy at desired

locations in a granular chain, with the resulting energy objects possessing properties

similar to those of breathers. Beyond this, there is a natural beating response in the

inhomogeneous soft-wall systems due to the interplay between large time scales of

the soft boundaries and small time scales of the harder grains. It is possible that this

frequency response might be exploited by properly designed piezoelectric systems.

One major finding of our work is that, since it takes longer for softer materials

to rebound the grain-grain compression [87], incorporating softer materials at the

boundaries of the granular chain causes a time delay in the rebounding of SWs,

temporarily localizing energy near the wall. This makes the soft walls appear “sticky”

in dynamical simulations, and one noticeable consequence of this stickiness is the

formation of larger SSWs. This was previously experimentally observed by Job et al.,

who established that it is possible to increase the energy content of SSWs by softening

the walls, at least for ρD ≈ 0.4 → 0.008 (mm/µs)−2 [55]. Moreover, since SSWs are

produced slowly in the vicinity of the collision region, the soft-wall systems tend to

have slightly hotter temperatures near a boundary for measurably long times, at least

in dynamical simulations [61]. This was observed recently [87] via the formation of

an energy gradient in the early time dynamics of an unloaded granular chain between

asymmetric boundaries.

We conclude by remarking on the equipartitioning of energy in the granular chain

systems. In general, equipartitioning of energy over time is facilitated by the nature

of energy exchange in systems, which typically occurs between individual particles.

If, on the other hand, interactions in a system do not permit the exchange of energy

between individual particles, i.e. if the energy exchange must happen between small

groups of particles [63] then each particle will not end up having more or less the
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same energy over time. The concept of temperature in such a system is not as

well-defined, yet conceivably, the particles may still have a Gaussian distribution of

velocities (via Central Limit Theorem) and reach a state that is independent of initial

conditions [63]. While this system would exhibit an equilibrium-like state, the absence

of equipartitioning of energy - which manifests itself as large temperature fluctuations

[64] - makes it distinct from the equilibrium state that is typically encountered in

conventional solids, liquids, and gases. This is precisely the nature of the QEQ

state in the granular chain when subjected to a single delta function or short time

perturbation at initiation. The QEQ state develops a sufficiently long time after an

initial perturbation to the system.



Chapter 3

Localizing energy in granular

materials

3.1 Introduction

Methods for trapping energy in granular materials has been a topic of interest to

the scientific community in recent years. Controlling energy localization processes in

such materials affords the opportunity to develop new energy-harvesting or filtering

devices. One direction of this research is into the formation of intrinsic localized

modes (or discrete breathers) [94, 95], and there have been several experiments and

simulated demonstrations of these excitations in one-dimensional granular chains [3,

96,97]. Other work has focused on energy trapping in granular containers [77,79] and

composite granular systems [81,98].

Recently, we showed that softer grains in a monoatomic Hertzian chain results in

slowing solitary wave (SW) propagation, and that soft boundaries causes a significant

delay in the reflection of SWs due to the introduction of an inertial mismatch at the

boundaries of the system [99]. This leads to the straightforward idea of localizing

both kinetic and potential energy on a defect of soft and small grains, in a manner

distinct from previous studies.

Our goal is to engineer a simple system that can trap a significant fraction of the

system energy. We propose that a small core of central grains, much softer than the

main lattice, can do this, such as illustrated in Fig. 3.1(a). In such a system, the

soft central grains remain compressed for long times because it is energetically more

favorable for the system to keep the soft grains compressed than to have a nonzero

41
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overlap between the harder grains. This introduces a restoring term to the force

among the soft grains, and we can well-model the embedded system with a linearized

force, possibly allowing us to tune the device’s frequency response [70].

To excite this setup, we perturb the system as follows. We apply a single, discrete,

symmetric perturbation from both ends, and this causes the two SWs to meet at the

center of the chain, where they stay trapped for extended periods of time. Standing

waves are then excited in the soft regions.

3.2 Methods

We refer the reader to Chapter 2.2 for an outline of the methods and relevant equations

describing the grain interactions. We model our chains with soft grains centrally

embedded in a longer chain of stainless steel grains of twice the radius (6 mm).

Choosing the central soft grains to be smaller than the hard grains creates an effective

potential well at the center of the chain, since a sharp decrease in radius ensures

complete transmission of momentum and energy, and partial reflection in the reverse

case [26, 33,44,84,100].

To avoid SW formation in the center of the chain, the number of soft central grains

should remain small (typically 3 ≤ N0 ≤ 6). For brevity, we report on the results

only for N0=3,4. The total number of grains is chosen to be N=39 or 40, to have an

even number (N −N0) of stainless steel grains and preserve the symmetry. We then

perturb the endmost grains at t = 0 with a small initial velocity directed toward the

center.

3.3 Numerical results

We find that standing waves with distinct frequencies first form for systems whose

central region corresponds to a D-value, see Eq. (2.2), which is at least two orders

of magnitude larger than the host chain, i.e Ds/Dh ∼ 102, where Ds(h) corresponds

to the soft-soft(host-host) grain interaction. Further softening of the center slows

energy propagation and leads to larger fractions of the system energy residing in

central grains. This leads to beautiful harmonic behavior with clean, fast oscillations

in the central region. For this reason, we present results for systems with central

region Ds ' 38 mmµs2/mg, consistent with material properties of rubber (stainless
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steel host chain corresponds to Dh ' 0.007 mmµs2/mg). While these systems may

be inevitably lossy, we focus on the short term dynamics and thus neglect dissipation

in our studies.
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Figure 3.1: Kinetic energy density plots for the N = 40 granular chain with four cen-
tral soft grains. The kinetic energy values are normalized by the total system energy
and presented using a linear scale. (a) shows how the kinetic energy is maintained
in the central region long after the initial perturbation to the system (b) shows a
zoomed-in view of (a) for only the six central grains and over a smaller time interval.
Note that grains 18 and 23 act as effective walls for the four central soft grains, and
the motion of these “walls” is evident in the kinetic energy density plot.

Fig. 3.1 shows the evolution of the N = 40 system with N0 = 4 soft grains by

mapping the kinetic energy at each grain. Principal SWs approach the center region

from the edges and are stopped at the edge of the soft grains for several ms before re-

emerging. Energy transmission at hard/soft grain boundaries, as well as reflections at

the hard system boundaries, create many secondary solitary waves (SSWs), however

the transition to the well known quasi-equilibrium phase is greatly delayed [99]. In

Fig. 3.1(a), we see that the emission of SWs from the soft region is slow compared to

reflections at the walls, as SWs pick up speed until entirely free of the center grains.

SSWs do not have constant speeds, traveling with erratic paths through the steel

grains, indicating significant gaps have opened.

As the principal SW comes in the vicinity of the soft region, it slows down and

remains nearly localized for a period of time before entering the soft region. This

shows up as the dark horizontal lines seen bordering the soft region for long time

spans in Fig. 3.1(a). Once the SW enters the soft region, one can see several back

and forth reflections before any energy is transmitted back into the hard grains. A

closer look at the central region in Fig. 3.1(b) show these patterns to be similar to

standing waves beating with quite distinct frequencies. Each grain oscillates with

a similar high frequency while a lower frequency wave unites the movement of the

central and edge soft grains.
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Figure 3.2: Fraction of system energy (kinetic, potential and total energy) contained
in the central soft grains in the N = 40 system with four soft central grains for the
first 0.05s. From the virial theorem, the total system energy is split into 5/9 kinetic
energy and 4/9 potential energy.

The density of energy in the soft region remains high from the moment of initial

compression by the first SW. Fig. 3.2 shows the fraction of the total system energy

found in just the central region for the same configuration as Fig. 3.1, over time. The

amount of stored compression (potential) energy in the soft grains fluctuates with the

absorption and emission of SWs from the hard grains, however, on average more than

∼ 80% of the system’s entire potential energy is found here. The soft grains remain

compressed for & 1 sec, the duration of the simulation, explaining the significant gaps

among the hard grains that lead to the erratic paths of the SWs.

The discrete frequencies of the soft grain motion are clear in the oscillations of

the kinetic energy fraction in Fig. 3.2. In Fig. 3.3 we show the cosine spectrum of

the total kinetic energy of soft grains. The spectra exhibit several low (< 700 Hz)

characteristic frequencies that correspond to the periodic arrivals and departures of

the SWs from the hard grains. From the kinetic energy density plots, the frequency

of the initial SWs approaching the wall is ∼ 170 Hz for the four soft grain system.

Note that there are also SSWs that frequently approach the soft grains, and these

will contribute additional peaks to the DCT as well.

More interestingly, the spectra also show a broad band at higher frequencies (>

3000 Hz) that corresponds to the standing wave pattern of Fig. 3.1(b). This band

decreases in frequency with increasing number of soft grains, and a second band with

frequencies > 5000 Hz appears with four or more soft grains. We show that these

frequencies are harmonic modes induced in the soft grains as a result of their large

degree of compression, and that they contribute to the stored energy as well.

To understand the origin of these frequencies, we also simulated a subset system
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Figure 3.3: Discrete cosine transforms of soft grain kinetic energy. In each DCT, we
present both results of simulations between fixed walls and embedded in a steel grain
matrix. (a) Three soft grains in an N = 39 system and corresponding N = 3 pre-
compressed system for comparison. (b) Four central soft grains in an N = 40 chain,
and corresponding N = 4 pre-compressed system. Arrows indicate the frequencies
predicted by the harmonic model (dashed arrows indicate asymmetric modes which
are not accessible when the system is perturbed symmetrically). The full width at half
maximum (given by the dotted line) is predicted from the width of the distribution
in spring constants.

comprised only of soft grains between fixed walls. We pre-compress the subset systems

with an initial loading approximately equal to the average force experienced by soft

grains in the embedded systems. In particular, we simulated N = N0 = 3, 4 grain

systems with F0 = 3.5 × 10−4 kN. As reference, the average forces at soft-grain

interfaces in embedded systems were calculated to be 〈F3〉 = 3.7895× 10−4 kN, and

〈F4〉 = 3.1773× 10−4 kN.

The spectra of the small system kinetic energy is also shown in Fig. 3.3 atop the

spectra of the embedded systems. These show one or two very narrow bands whose

frequencies correspond very well to the bands of the larger system. Pre-compression,

and the resulting restoring force, is required to obtain these spectra; without pre-

compression, frequency bands may not appear [70].

We can predict the frequency response of the embedded soft grains with a coupled

harmonic oscillator model, see Appendix E. For a four coupled mass-spring system

between fixed walls, we obtain the following eigenfrequencies [101]:

ωS± =

[
1

2m

(
kw + 4kg ±

√
k2
w − 4kwkg + 8k2

g

)]1/2

,

ωA± =

[
1

2m

(
kw + 2kg ±

√
k2
w + 4k2

g

)]1/2

, (3.1)

where subscript S corresponds to symmetric modes in which motion of the central
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grains is mirror reflected about the center of the chain, and subscript A to anti-

symmetric modes in which there is no mirror reflection symmetry. In this last expres-

sion, kw is the grain-wall spring constant, and kg is the grain-grain spring constant,

noting that the grain-wall connection corresponds to the soft-hard grain interface for

the embedded system. The angular frequencies, ω, are related to the frequencies

measured in kinetic energy spectra via ω/π = f , since the positions and velocities of

the grains oscillate as cos(πft) while kinetic energy oscillates as the velocity squared,

or cos(2πft).
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Figure 3.4: (a) Force as a function of grain overlap in the N = 40, chain with n = 4
soft central grains. Shown is the force between two soft grains, as well as the force
between the first soft grain and last hard grain “wall”. Horizontal lines indicate the
average force, and its standard deviation. The arrow indicates the pre-compression
imparted on the small soft systems. (b) The second harmonic model eigenfrequency
as a function of the inter-grain spring constant for the maximum and minimum values
of kw. Max/min kw were determined from the slope to the force plot in (a) at the
dashed lines. We also show the average intergrain spring constant based on results
from (a), the spread in intergrain spring constant based on the standard deviation in
(a), and also the spread in the frequency distribution.

The average force between the soft grains and the soft grains and walls is the

same. We find the effective spring constants for the grain-grain and grain-wall forces

at the pre-determined average force magnitude using the force vs. overlap plots from

the full embedded soft center simulation, Fig. 3.4(a), from which the non-linearity of

the Hertz law is clear. In particular, the slopes of these plots at the average force

magnitude give kg and kw, respectively. The grains experience a range of forces from

0 to 8.0×10−4kN, however, the horizontal lines indicate the time-averaged force at all

soft interfaces, and its standard deviation. The fluctuations about the mean are wide

since the “walls” of the soft region are steel grains themselves in constant motion. If

we take the value of the slope of the grain-wall force at these limits of one standard
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deviation from the average, we obtain extrema of kw, and we can then plot ωS− from

Eq. (3.1) as a function of kg, as shown in Fig. 3.4(b).

If we then take the value of the slope of the grain-grain force at the limits of

one standard deviation from the average, we can we obtain extrema of kg, which we

indicate by the vertical lines in Fig. 3.4(b). Using Eq. (3.1), the average values of kw

and kg predict the center frequency and the two extrema predict the bandwidth of

the kinetic energy spectrum. These results are indicated by the arrows in Fig. 3.3(b),

where the solid arrows indicate the predicted frequencies of the symmetric modes ωS±,

and the dashed arrows indicate the asymmetric modes ωA±. The frequencies of both

the embedded and small test systems are precisely predicted by the harmonic model.

Furthermore, the bandwidth of ωS− is indicated by the vertical dashed lines, and does

encompass a majority of the principle frequency band. Thus the broad bandwidth of

the harmonic motion of the soft central region is due to changing compression forces

caused by its variable boundaries.

These values of kw and kg also agree with the N = N0 = 4 soft system. The

inter-grain force is Fij = 5
2
aδ

3/2
ij , which in the limit that the initial pre-compression in

the model Hertzian system is large, i.e. δ0 � ui−1−ui, can be Taylor expanded to be

Fij = 15
4
aδ

1/2
0 (ui−1 − ui). The effective spring constant is then given by keff = 15

4
aδ

1/2
0 .

Using the values for a and δ0 for rubber with steel walls, we find kw = 0.02141 kN/mm

and kg = 0.010707 kN/mm for the N = N0 = 4 soft system, which is in agreement

with linear fits to the force vs. displacement curve described above for the N0 =

4, N = 40 system.

Due to how the system is perturbed, the resulting motion of the soft grains is a

combination of only the symmetric modes with corresponding eigenvectors

~ωS± =
1

2
√
m

(1,∓1,±1,−1)T , (3.2)

where we have used the fact that kw ≈ 2kg in the last expressions. The asymmetric

modes can be populated only with asymmetric perturbations, e.g. single edge pertur-

bations or unequal perturbations from both ends (data not shown). It can be shown

that the total (kinetic plus potential) energy of each harmonic mode is exactly the

same and equal to 1
2
mv2

0, where v0 is the initial velocity of the first mass.

For the embedded system, v0 is ill-defined but is dependent on the instantaneous

boundary conditions of the steel grains containing the soft grains. The arrival or

departure of every SW transmits an additional acceleration perturbation to the soft
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grains, which may be positive or negative depending on whether the boundaries of

the soft grains are contracting or expanding at that moment. Thus the amount of

energy in the harmonic modes can vary, however, this is just a small fraction of the

total system energy. Since the soft grains are much softer and have less mass than the

steel grains, most of the system’s energy is contained in the form of stored potential

energy due to the initial compression of the soft grains.

For the system potential energy to be located almost exclusively in the central

region, the central grains must be sufficiently softer than the matrix. We tested a

range of materials with Ds ≈ 0.007 → 38.0 mmµs2/mg (larger is softer). Fig. 3.5

illustrates that pseudo-harmonic frequencies appear only when the fraction of system

potential energy in the central region exceeds ∼ 40%, which happens when Ds/Dh ∼
102. These frequencies shift lower with increasing softness, reflecting a softening

harmonic spring constant keff with increasing D. Observe that keff ∝ aδ
1/2
0 , where

a ∝ D−1 faster than δ0 increases with D.
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Figure 3.5: Comparison of kinetic energy spectra for N0 = 4, N = 40 chains with
varying central grain softness; (a) stainless steel control experiment, (b) Pyrex, (c)
PVC, (d) PTFE, (e) rubber. The average fraction of the total system potential energy
(PE) that is contained in the central region is also shown. See Table D.1 (Appendix D)
for material values.

3.4 Conclusions

We have demonstrated a simple way of localizing energy to a small region in an

initially uncompressed Hertz chain. What is unique about this system is that one may

engineer a means of tapping into the predictable frequencies and energy of the long-

lived harmonic modes that develop in the central grains, even if the perturbations of

the surrounding harder matrix are unpredictable in time or amplitude. Our system
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converts symmetric SWs to oscillations. We also tested asymmetric perturbations

(not shown), and the central results remain unchanged.

Since we are considering relatively short times, dissipation is not important in our

study. Furthermore, a dissipation-free version of this setup may be of interest in the

up-conversion of low to high frequencies. Since our system is capable of converting

delta perturbations to oscillations with frequencies in the kHz regime, it is reasonable

to think that one may achieve up to a three decade increase in frequency in systems

with no dissipation. In addition, this device can be generalized into three dimensions

by the assembly of one dimensional columns into a lattice. Such a system would

exceed the energy absorption of the device recently described by Breindel et al. [81]



Chapter 4

Long-term behaviour of Hertz

chains between fixed walls is really

equilibrium

4.1 Introduction

Recently, there has been broad interest in 1D systems of macroscopic grains held

between stationary walls and interacting via a power-law contact potential [3, 17, 22,

26, 32, 36, 37, 39, 43–66, 72–78, 80–84, 86, 87, 93, 96, 97, 99, 102]. A long-standing open

problem is whether thermalization (equipartition) can occur in these chains of grains.

Only very recently has it been shown that the related Fermi-Pasta-Ulam (FPU) chain

of coupled oscillators does reach equilibrium after very long times [71]. In this paper,

we show this is also true for so-called Hertz chains. In the process, we obtain wholly

new approximate distribution functions for interacting particles in the microcanonical

(NV E) ensemble.

Many power-law interacting systems are notable for supporting solitary wave (SW)

propagation [64,99,103]. However, unlike solitons found in continuum systems (which

experience only a slight phase shift upon collision with another soliton), SWs in these

discrete systems suffer from weak interactions with each other and with system bound-

aries. In particular, SWs are not perfectly preserved in these discrete systems since

grains are capable of breaking contact, disrupting the SW’s flow. Boundary colli-

sions [55, 62–64] result in the partial decimation of the original SW and the creation

of much smaller magnitude secondary solitary waves [55,65,66] (SSWs). In contrast,

50
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collisions of SW species with each other [60, 61] leads to energy being exchanged be-

tween waves, and thus a potential for the increase in energy amplitude of one of the

waves. Many collisions between SW species in a system with zero energy dissipation

therefore leads to both breakdown and buildup processes of SSWs.

For singular perturbations, these breakdown and buildup processes lead the system

after a long time to an equilibrium-like, ergodic phase [22, 60–64,87]. This spatially-

symmetric phase is attained when the rates of SSW formation and breakdown balance,

and is marked by a large number of SSWs that are equally likely to be moving in either

direction. Unusually large [22, 60–64, 87] and occasionally persistent (rogue) [104]

fluctuations in the system’s kinetic energy are seen at late times for sufficiently strong

and unique perturbations. This impedes an equal sharing of energy among all grains in

the system, hence the long-term dynamics of 1D systems of interacting grains has been

described as quasi-equilibrium (QEQ) [22, 60–64, 87]. The question of whether QEQ

is the final state for such systems excited by gentle point perturbations is addressed

in this manuscript.

To the time scales previously studied, quasi-equilibrium has been seen to be a

general feature of the dynamics of systems with no sound propagation [61, 62, 64].

However, it has recently [71] been found that thermalization is indeed possible after

very long times, and that the time scale to equilibrium increases with the degree

of nonlinearity. While the relaxation to equilibrium was inaccessible when the first

numerical experiments were performed [69], it can now be probed thanks to current

technology. This solves a long outstanding problem regarding the long-time evolution

of these strongly nonlinear, discrete, non-integrable systems.

We show here for the first time that at sufficiently late times in Hertz chains,

kinetic energy fluctuations relax, allowing for energy to be shared equally among

all grains. Of course, energy equipartitioning happens only in an average sense in

finite systems, and at any given instant each grain will not have exactly the same

kinetic energy. Rather, each grain’s kinetic energy fluctuates according to the same

probability density function (PDF), the long tail of which determines the chance of

large fluctuations.

The fluctuations are quantified by treating the chain as a 1D system of interact-

ing spheres [105]. This requires new velocity and kinetic energy distribution functions

different from hard spheres, which incorporate the interaction potential. These distri-

butions are also influenced by the finite heat capacity of the system, which governs the

fluctuations in the system kinetic energy in a microcanonical ensemble [106]. An equi-
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librium value for the specific heat obtained using Tolman’s generalized equipartition

theorem [107], provides a direct way to probe the extent to which energy equiparti-

tioning occurs in large but finite systems. We show that at sufficiently long times,

calculated specific heat capacities of chains of interacting grains agree with the values

predicted by the generalized equipartition theorem, indicating that energy equipar-

titioning holds, and consequently that the ultimate fate of these systems is a true

equilibrium phase that can be described by statistical mechanics.

The manuscript is organized as follows. In Sec. 4.2 we introduce the model for

the Hertz chains, then we use the machinery of equilibrium statistical mechanics

to derive the expected equilibrium value of the heat capacity and the approximate

distribution functions in Sec. 4.3. Next we give the details of the numerical simulations

in Sec. 4.4, and in Sec. 4.5 we compare molecular dynamics (MD) data with the

predicted equilibrium values to establish that our systems do equilibrate at long times.

Finally, we give some concluding remarks and discuss future research directions in

Sec. 4.6.

4.2 Model

The specific systems under consideration are 1D chains of N grains, each with mass m

and radius R, interacting via a Hertz-like contact-only potential [6]. The Hamiltonian

describing the system is the sum of a kinetic energy term K and potential energy term

U associated with grain interactions, given by

H = K + U =
1

2

N∑
i=1

mv2
i +

N−1∑
i=1

a∆n
i,i+1, (4.1)

where vi is the velocity of grain i and ∆i,i+1 ≡ 2R − (xi+1 − xi) ≥ 0 is the overlap

between neighbouring grains, located at position xi. If ∆i,i+1 < 0, there is no potential

interaction. In the above expression, the exponent n is shape-dependant (n = 2.5

for grains with ellipsoidal contact geometries, such as spheres), and a contains the

material properties and radius of curvature of the grains [14]. The grain interactions

with the fixed walls adds two terms to the Hamiltonian [99]. For homogeneous systems

in which the grains and walls are comprised of the same material, such as the ones

considered here, the coefficient describing the grain-wall interaction aw is related to

the grain-grain interaction coefficient ag via aw =
√

2ag [99]. Further details on how
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the material properties affect the transition from the non-ergodic SW phase to the

QEQ phase can be found in Refs. [82] and [99].

If at time t = 0 such a system is given an edge impulse, a SW will propagate

through the chain and eventually break down into a sea of secondary solitary waves

(SSWs), as illustrated in Fig. 4.1. This process happens sufficiently long after the

initial perturbation to the system and can be modelled as a transition from a non-

ergodic (SW) phase to an ergodic (equilibrium) phase. Energy is, on average, shared

equally among all the grains in this late-time phase since there will be a large number

of SSWs traversing the system in either direction, each spanning several grains. For

systems with energy dissipation turned off, a NV E ensemble is hence established.

This means that the long-term dynamics of Hertz chains is best described by the

statistics of a 1D gas of interacting particles in thermodynamic equilibrium.

The QEQ phase bridges the slow transition from the SW phase to the equilib-

rium phase, in analogy to a coexistence region in a first-order phase transition. QEQ

is distinct from equilibrium primarily because equipartitioning of energy among the

degrees of freedom does not hold in the latter, as indicated by the unusually large fluc-

tuations in the system kinetic energy, depicted in Fig. 4.1. As the system approaches

equilibrium, the kinetic energy fluctuations relax to much smaller, but finite values

in finite systems. In particular, the kinetic energy of each grain fluctuates according

to the same PDF, and an equal sharing of energy in finite systems happens only on

average.

Equal energy sharing is thus reflected in the value of the kinetic energy fluctua-

tions. Moreover, since the system kinetic energy fluctuations are directly connected

to the heat capacity in a NV E ensemble [106], the latter provides an excellent way to

probe the extent to which energy equipartitioning holds. To show that Hertz systems

ultimately move to an equilibrium phase where energy is being equipartitioned, we

thus demonstrate agreement between calculated heat capacities from MD simulations

and values predicted by Tolman’s generalized equipartition theorem [107]. Further-

more, we show that the distribution functions obtained from MD simulations agree

with the corresponding expected PDFs, which are derived in the following section.

4.3 Theoretical background

Our primary aim is to establish that the systems under consideration are described

by a microcanonical ensemble of interacting particles long after an initial energy
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Figure 4.1: Kinetic energy density plots observed in systems described by Hamilto-
nian (4.1), and given a single initial edge impulse at t = 0. This system corresponds
to N=100, n=2.5. All data is normalized to the input energy and presented on a
logarithmic scale. (a) The non-ergodic (SW) phase showing the breakdown of the
initial SW and creation of SSWs; (b) The QEQ phase, illustrating large regions of
hot and cold spots, hence large kinetic energy fluctuations; (c) The equilibrium phase.
Comparing the inserts in (b) and (c), it is clear that the fluctuations have relaxed to
smaller values in equilibrium.

perturbation. Thus the total system energy, see Eq. (4.1), is taken to be fixed:

H = const. = E.

The PDF of particle velocity of a d-dimensional, finite sized microcanonical en-

semble is not a Maxwell-Boltzmann distribution [105, 108]. The actual distribution

can be found from the total volume of a 2dN -dimensional phase space circumscribed

by the total energy E,

Ω ∝
∫

Θ (E −H) dqdNdpdN , (4.2)

where Θ is the Heaviside step function. The integral in Eq. (4.2) is taken over all grain

momenta p and all grain positions q. Integration over the grain momenta evaluates

to the volume of a dN -dimensional hypersphere of radius [2m(E−U)]1/2, leaving the

remaining integral over the grain positions:

Ω ∝
∫

(E − U)dN/2 Θ (E − U) dqdN . (4.3)

This integral has been evaluated analytically for hard spheres, where the system

potential energy U = 0 [105, 108, 109], but to the best of our knowledge, not for any

case of an interaction potential.

Indeed there may not be an exact analytic solution for the Hamiltonian in Eq. (4.1).

Instead we seek an approximate solution, and making the simple observation that

the virial theorem holds for these systems, replace (E − U) with (E − 〈U〉v) = 〈K〉v,
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where 〈. . . 〉v denotes the expected value from the virial theorem. Mathematically, the

virial theorem states that 〈K〉 = −1
2

∑N
i=1〈Fi ·ri〉, where K is the total system kinetic

energy, Fi is the net force on particle i and ri its position, and the angular brackets

denote a time average. For power-law interaction potentials of the form V = arn, with

a and n constants and r the inter-particle distance (which is analogous to the form of

the Hertz interaction potential), the corresponding force is F = −dV/dr = −narn−1,

and the virial theorem takes the simple form 2〈K〉 = n〈U〉, with U the total system

potential energy. Thus for Eq. (4.1), we have 2〈K〉v = n〈U〉v, and hence

〈U〉v
E

=
2

n+ 2
;
〈K〉v
E

=
n

n+ 2
. (4.4)

Then 〈K〉v can come out of the integral in Eq. (4.3), and the integral proceeds as

previously described [105,108,109].

This substitution cannot be exact: the grain momentum’s limit is now set by 〈K〉v,
an average value, and there are certainly grains with kinetic energy that, at times,

are slightly greater than this value. However, we can rely on decreasing fluctuations

with increasing N , and show that for N > 10, the number of states beyond this limit

is small, and this is a very good approximation.

The resulting PDF of per-grain velocities vi in 1D is then [105]:

PDF(vi) = B (α, β, ṽi) / (2〈v〉v) ,

=
1

2〈v〉v

(
Γ(α + β)

Γ(α)Γ(β)
(ṽi)

α−1 (1− ṽi)β−1

)
, (4.5)

where

ṽi =
1

2

(
1 +

vi
〈v〉v

)
, (4.6)

with 〈v〉2v = 2〈K〉v/m, and α = β = (N − 1)/2. Also, B(α, β, ṽi) is the beta distri-

bution, and Γ is the gamma function. In the limit N � 1, Eq. (4.5) becomes the

familiar Maxwell-Boltzmann 1D normal distribution with mean µ = 0 and variance

σ2 = 〈v〉2v/N .

The distribution of kinetic energy per-grain Ki is also given by a beta distribu-

tion [105]:

PDF (Ki) = B
(
α, β; K̃

)
/〈K〉v, (4.7)

where K̃ = Ki/〈K〉v, α = 1/2, and β = (N − 1)/2. For N � 1, this becomes the

familiar Maxwell-Boltzmann distribution for kinetic energy, a gamma distribution
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G(α, β,Ki):

PDF (Ki) = G(α, β,Ki) =
βα

Γ(α)
Kα−1
i e−βKi , (4.8)

where α = 1/2 and β = N/(2〈K〉v). Interestingly, the possibility of large kinetic

energy fluctuations increases with the variance of Eq. (4.7) (and (4.8)), 〈δK2
i 〉 ≡

〈K2
i 〉 − 〈Ki〉2;

〈δK2
i 〉 =

2(N − 1)

N2(N + 1)

[(
n

n+ 2

)
E

]2

,

≈ 2

N2

[(
n

n+ 2

)
E

]2

, (4.9)

which increases to the hard-sphere limit with larger n, but rapidly decreases with

increasing system size.

Finally, the distribution of system kinetic energy is given by the Dirichlet distri-

bution [105], which is a multivariate generalization of the beta distribution and not

amenable to visualization or calculation. Alternatively, if we let Ki be independent

and identically distributed (i.i.d.) variates drawn from the distributions of either

Eq. (4.7) or (4.8), then the PDF of K =
∑N

i Ki can be determined from statistical

theory. No such distribution for beta-distributed variates exists for N > 2 [110];

however, for the gamma distribution, this is PDF (K) = G(N/2, N/(2〈K〉v);K).

Although this has the correct mean, comparison with simulation data shows it has

the incorrect variance, and after trial-and-error, a better approximation was found to

be

PDF (K) = G

(
n+ 2

2

N

2
,
n+ 2

2

N

2〈K〉v
;K

)
. (4.10)

We justify this distribution not only by the excellent empirical match to the distri-

bution calculated from MD simulations, but also from the connection between the

variance of system kinetic energy and the specific heat capacity in the microcanonical

ensemble.

In ergodic systems in the thermodynamic limit, Tolman’s generalized equipartition

theorem [107] applied to Eq. (4.1) yields an average total energy per grain 〈ε〉 =

kBT/2+kBT/n, where kB is Boltzmann’s constant and T is the canonical temperature.

The corresponding specific heat per grain is then

CV =

(
n+ 2

2n

)
kB, (4.11)
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which evidently depends only upon the exponent in the potential, i.e. there is no grain

material, grain size, or temperature dependence. The equivalence of different statis-

tical ensembles when N → ∞ implies Eq. (4.11) is also valid for the microcanonical

ensemble in this limit, and when energy is equipartitioned.

It is possible to express the fluctuations in total system kinetic energy in terms of

CV using the approximation found in Refs. [106,111] which, for 1D systems is

〈δK2〉
〈K〉2

=
2

N

(
1− 1

2CV

)
, (4.12)

where CV is in units of kB. Then using Eq. (4.11), we have:

〈δK2〉 =
2

N

(
2

n+ 2

)
〈K〉2, (4.13)

from which the factor of (n + 2)/2 appears as part of the distribution variance of

Eq. (4.10). Interestingly, Eq. (4.13) implies that, in the equilibrium phase, 〈δK2〉/〈K〉2

is absent of material dependence. This has been observed previously in MD simu-

lations, see e.g. Fig. 5 of Ref. [99], where kinetic energy fluctuations were seen to

ultimately approach the same value for chains of fixed length but comprised of differ-

ent materials.

Eq. (4.12) also provides one method to calculate the specific heat per grain from

an MD simulation. In particular, CV is obtained simply by inverting this expression

and plugging in the measured average system kinetic energy and its variance from

MD data. However, taking an energy derivative of the so-called microcanonical tem-

perature gives the exact formula for the microcanonical specific heat, which in 1D

is [111]:

CV =
kB
N

(
1− (N − 4)〈1/K2〉

(N − 2)〈1/K〉2

)−1

. (4.14)

With this equation and Eq. (4.10), we can compute an approximate CV for finite

microcanonical systems via analytic approximations of 〈1/K〉 and 〈1/K2〉, see Ap-

pendix F. The result is:

CV = kB

[
n+ 2

2n
− 1

N

(
n+ 2

n
+

4(N − 2)

nN

)]
, (4.15)

which has the form of Eq. (4.11) plus an N -dependent correction term that vanishes

in the thermodynamic limit. Hence Eq. (4.15) provides an estimate for CV in a large
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but finite system in which the energy is equipartitioned among the interacting grains.

We point out that all of the distribution functions presented above (per-grain

velocity, per-grain kinetic energy, and total system kinetic energy) depend only on

the number of grains N , the total system energy E, and most interestingly, the

exponent of the potential energy n.

4.3.1 Symmetrically-imposed reduced degrees of freedom

The number of independent degrees of freedom in Hertz chains can be reduced by

imposing periodic boundary conditions [109], or by symmetrically perturbing the

system (velocity perturbations at both chain ends of equal magnitude, directed into

the chain). Perturbing the system in this way results in a mirror-reflection symmetry

to be induced in the system, thus halving the degrees of freedom, and in turn affecting

the probability distribution functions and specific heat capacity.

Because every grain can still individually visit the same total phase space volume

with the same probability as computed earlier, the distributions of grain velocity and

grain kinetic energy are independent of the degrees of freedom and are still given by

Eqs. (4.5) and (4.7) (and (4.8)). Since N grains were used to compute the normalized

histogram, N is used for the distribution function parameters.

However, the distribution of system kinetic energy, Eq. (4.10), must be modified

to account for the loss in the number of degrees of freedom due to the resulting spatial

symmetry. This is because Eq. (4.10) was derived from statistical theory under the

assumption of drawing N identical and independent random variates (grain kinetic

energies) from a gamma distribution; however, by perturbing the system symmetri-

cally, this is no longer the case.

In particular, due to the mirror reflection symmetry about the centre of the chain,

a system with even N loses N/2 degrees of freedom from the momentum (and N/2

from the grain positions). Hence there are only N/2 independent grain kinetic energies

in such systems. Similarly, in a system with odd N , (N − 1)/2 degrees of freedom

are lost from the momentum (and (N − 1)/2 from position), as well as an additional

two degrees of freedom (one from momentum, one from position) since the central

grain never moves when the system is perturbed symmetrically. Thus only (N −1)/2

of the grain kinetic energies are independent in odd-N systems. The approximate

distribution function for the system kinetic energy in such systems is then given by

Eq. (4.10), after replacing N with the number of independent grain kinetic energies,
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i.e. N → N/2 for even N and N → (N − 1)/2 for odd N , and with E the total

energy of the system.

Finally, since the specific heat is connected to the fluctuations in the system

kinetic energy, it is expected that the microcanonical specific heat should also be

modified. The previous Eq. (4.14) is based on the assumption of N total degrees of

freedom of momentum, thus the loss in degrees of freedom must be accounted for in

the correct expression for the microcanonical specific heat. In Appendix G we present

the derivation of the correct expression for the specific heat. For even-N the result is

CV,even =
2kB
N

(
1− (N − 8)

(N − 4)

〈1/K2〉
〈1/K〉2

)−1

(4.16)

and for odd-N it is:

CV,odd =
2kB

(N − 1)

(
1− (N − 9)

(N − 5)

〈1/K2〉
〈1/K〉2

)−1

. (4.17)

Proceeding in an identical fashion to that of Ref. [111], one can obtain approxi-

mate expressions relating the above two formula for CV to the system kinetic energy

fluctuations. Setting K = 〈K〉+ δK and expanding 1/K in a Taylor series, retaining

only terms to order N−1, the resulting expressions are analogous to Eq. (4.12), except

appropriately modified to account for the spatial symmetry of the system. The result

is:
〈δK2〉
〈K〉2

=
4

N

(
1− 1

2CV,even

)
(4.18)

for even-N systems, and

〈δK2〉
〈K〉2

=
4

N

(
1− N

2(N − 1)CV,odd

)
(4.19)

for odd-N systems. Note that in both Eqs. (4.18) and (4.19), CV is in units of kB.

While these equations seem little changed compared to the original equations with

full degrees of freedom, Eqs. (4.12) and (4.14), we show in Sec. 4.5 that only these

give the correct result.
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4.4 Simulation details

To examine the very long-time dynamics of Hertz chains and test the distribution

functions in Sec. 4.2, we ran MD simulations of a 1D monatomic chain of N grains

held between fixed walls and described by the Hamiltonian in Eq. (4.1). To implement

the fixed walls, we add two terms to the Hamiltonian [99], where the walls are taken

to be grains of radius R→∞ to ensure that they do not move, while simultaneously

relaxing the condition that they must be flat. Our grains and walls are made of

steel, and the grains are 6 mm in radius. We do not apply any pre-compression, or

squeezing of the chain in the set up, but rather each grain is initially just touching

its neighbour between walls N(2R) apart.

We consider values of the potential exponent n from 2 (harmonic) to 5, and system

sizes from N = 10 to 100. A standard velocity Verlet algorithm is used to integrate

the equations of motion with a 10 ps timestep, and no dissipation is included. The

grains are set into motion with either asymmetric edge perturbations (initial velocity

given to the first grain only, directed into the chain, causing a single initial SW to

propagate through the system); or with symmetric edge perturbations (initial velocity

given to the first and last grain, both directed into the chain, and causing two initial

SWs of equal magnitude to propagate toward the chain centre). In both cases, the

initial SW(s) breaks down in collisions with boundaries (and with each other) and in

the formation of gaps, creating numerous SSWs. After a period of time, the number of

SSWs increases to a point where the system enters into quasi-equilibrium [61–64,87].

We allow the system to evolve for a substantial amount of time past this phase change,

and at least an order of magnitude longer than previous work has considered. The

system energy is constant to 10 significant digits for the entire simulation.

The length of time to reach equilibrium is primarily determined by the potential

exponent n [22], so we adjust the velocity perturbation such that the system arrives

at equilibrium in a reasonable computational time frame. To get an estimate for

the optimal velocity perturbation, we utilized an n = 2.5, initial velocity of 9.899 ×
10−5mm/µs simulation for reference. Equilibrium is reached in this system by the

time t = 1s. The relation between solitary wave speed vs(n) and impulse speed vi is

given by [22] vs(n) ∼ v
(n−2)/n
i . We use this with vi = 9.899×10−5mm/µs to get a very

rough estimate of how solitary wave speed varies with n in these systems. The order

of magnitude of the ratio vs(n)/vs(n = 5/2) gives an idea of the maximum factor by

which the initial perturbation should be scaled for a higher value of n, if the system
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is to equilibrate in roughly the same amount of time.

Of course, the velocity perturbation cannot be too large if the Hertz law is to

remain valid [6], so it was necessary in some cases to choose velocities that were

quite a bit smaller than the maximum predicted by this estimate, and we therefore

collected at least one second of real time data for n = 2, 2.5, 2.75, and even longer (up

to 6 s) for larger values of n. Such simulations are significantly longer (at least an

order of magnitude) than previously reported, and corresponded to several weeks of

computing time. Data of grain position and velocity are recorded to file every 1 µs,

though we re-sample the data at time intervals beyond the dampening of velocity

autocorrelation; typical sampling intervals were of the order of a few hundred µs. We

call the last 20% of each simulation the equilibrium interval, and all further analysis is

carried out with data from this interval. Here the deviation from the expected virial

〈K〉v = n/(n+ 2)E was < 1% for all systems.

4.5 Results and discussion

Here we show that the Hertz chain indeed reaches an equilibrium phase at sufficiently

long times by addressing the equipartitioning of energy among all grains within the

equilibrium interval. Since it is thought that the QEQ phase in Hertz systems is

ergodic (implying the equivalence of ensemble and time averages of physical observ-

ables), we make the assumption that the equilibrium phase is also ergodic, and estab-

lish this by more rigorous statistical test in Chapter 5. Agreement between theoretical

predictions for the specific heat and numerical calculations also gives indication that

ergodicity holds.

First we give results of simulations of systems with asymmetric perturbations, then

we discuss the symmetrically-perturbed systems with reduced degrees of freedom.

4.5.1 Asymmetric perturbations

We begin by discussing the results for the distributions of grain velocity and ki-

netic energy, as well as the system kinetic energy. In Fig. 4.2 we show the distribu-

tion functions obtained from MD simulations and the corresponding expected PDFs

(Eqs. (4.5), (4.7), (4.8), and (4.10)) for three representative systems. In each sys-

tem, the per-grain velocity data agrees with the beta distribution, Eq. (4.5), which

is nearly identical to the normal distribution for large N (see Figs. 4.2(i-a), (ii-a)).
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The difference between the normal and beta distributions becomes apparent for small

systems (N . 30), where the per-grain velocity data fits the beta distribution better.

The grain kinetic energy distributions are presented in Figs. 4.2(i-b)-(iii-b), il-

lustrating agreement between MD results and Eq. (4.7) for large N . The difference

between Eqs. (4.7) and (4.8) seems pronounced in the log scale with smaller N , where

the beta distribution has a cutoff before the tail of the MD data. However, for N = 10,

P (Ki > 〈K〉v) = 0.03%, while for larger N it’s even less. This shows that the limita-

tion of our original virial approximation is quite small. Finally, the sensitivity to n

and N are also shown in Fig. 4.2, with curves of n + 1 or 1.1N . They do not agree

as well with the data.
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Figure 4.2: Distribution of grain velocity, grain kinetic energy, and system kinetic
energy for three representative systems. Results of MD simulations are shown
as filled circles. In columns (a) and (b), solid lines are predicted distributions
(Eqs. (4.5), (4.7), (4.8)), and dashed/dotted lines are the corresponding distributions
with parameters slightly changed to illustrate the sensitivity of Eqs. (4.5) and (4.7).
In column (c), solid curve is the theoretical prediction Eq. (4.10), and dashed line is
the corresponding hard-sphere distribution.

Figs. 4.2(i-c)-(iii-c) contain the distributions of system kinetic energy from MD

simulations, along with corresponding Eq. (4.10), for the three systems. The agree-

ment between MD data and the expected result is very good for N = 100, see

Fig. 4.2(i-c); less so with decreasing N . This is because Eq. (4.10) develops an
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increasing skew with decreasing N , cf. Figs. 4.2(i-c) and (iii-c). For comparison, we

also present the distribution without the variance correction, i.e. n = 0, which we

call the hard sphere limit, and clearly does not agree with any MD data of interacting

grains.
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Figure 4.3: Specific heat capacities (in units of kB) computed for all MD simulated
systems as a function of the exponent on the potential. In (a) we present values
obtained from inverting Eq. (4.12), and in (b) values obtained from Eq. (4.14). The
solid line in both plots is the specific heat predicted by the generalized equipartition
theorem, Eq. (4.11). The dashed lines in (b) are specific heats predicted by Eq. (4.15).

Lastly, we computed the specific heats of MD simulation data using both Eqs. (4.12)

and (4.14). These results are directly compared with CV predicted by Eq. (4.11)

shown as the solid line in both Figs. 4.3(a) and (b), from which it is evident that

as N increases, the values calculated by Eq. (4.12) agree very well with the theory.

Moreover, even for small (N . 20) systems, the deviation from theory is no more

than ∼ 10% for Eq. (4.12), and improve with additional statistics. We also present

the n,N -dependant CV predicted by Eq. (4.15) as dashed lines in Fig. 4.3(b), which

agrees with the MD data within the error bars for N = 100.

The fact that the calculated specific heat agrees with the value predicted by the

generalized equipartition theorem for N � 1 provides evidence that energy is indeed

equipartitioned in the Hertz chain at late enough times. Since the dynamics of these

systems was previously shown to be ergodic [61], this finally establishes that the very

late-time dynamics of 1D granular chains perturbed at one end with zero dissipation

is a true equilibrium phase. The appearance of large fluctuations at late times is thus

entirely predictable [104]. While real granular alignments are inherently dissipative,

dissipation-free versions of our systems may be possibly realized as integrated circuits

and hence our results may be observable in the laboratory. Finally, quantitative

analysis of the QEQ phase may now be possible with this equilibrium theory as the

starting point.

The caveat to this is that we have considered only asymmetric perturbations.
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Consider instead a 1D chain of an odd number, N , of grains that is perturbed by

symmetric velocity pulses from both ends. The middle grain would never move, thus

kinetic energy could not be equipartitioned among all the grains. However, due to the

symmetry of the system, in a sense the left (N − 1)/2 and the right (N − 1)/2 grains

are nothing other than separate subsystems that have been perturbed asymmetrically.

Hence energy will be equipartitioned in each of these two subsystems as t → ∞,

and their late-time dynamics will be described by equilibrium statistical mechanics.

This implies that energy is equipartitioned among the available degrees of freedom in

Hertz systems at long times. This ultimately has an impact on the microcanonical

distribution functions and the specific heat, see Sec. 4.3.1. In the next subsection,

we test whether our hypothesis of equilibrium extends to systems with these reduced

degrees of freedom.

4.5.2 Symmetrically-perturbed systems

Proceeding in the same order as the previous subsection, we begin by discussing the

results for the distribution of system kinetic energy. We illustrate the agreement be-

tween the predicted distribution function, Eq. (4.10) with reduced degrees of freedom,

and MD data for both an even-N and an odd-N representative system in Fig. 4.4(a).

In Fig. 4.4(b), we show the resulting heat capacities calculated using both Eqs. (4.16)

and (4.18) for a representative even-N system, and Eqs. (4.17) and (4.19) for a rep-

resentative odd-N system, which have been perturbed symmetrically at both ends.

We note that the previous Eq. (4.14) gives nonsensical and negative values of CV for

the symmetrically-perturbed cases.

It is clear from Fig. 4.4(b) that the calculated specific heats agree well with the

values predicted by the equipartition theorem, Eq. (4.11), indicating that energy is

also shared equally in symmetrically-perturbed systems. Since this is the case even for

odd-N systems, where the central grain never moves, the definition of “equipartition-

ing of energy” must be clearly defined in such systems. While energy equipartitioning

is sometimes erroneously discussed in terms of energy being shared equally among all

particles in a system, the equipartition theorem makes no reference to particles, but

rather to the independent degrees of freedom in a system [112]. Hence the fact that

the specific heat per particle, Eqs. (4.16) and (4.17), agrees with the value predicted

by the equipartition theorem implies that the energy is being spread out equally over

all the independent degrees of freedom at long times in Hertz chains.
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Figure 4.4: Results of chains with even and odd N , perturbed by symmetric velocity
perturbations. (a) Distribution of system kinetic energies for an n = 2, N = 40
system and an n = 3.5, N = 101 system. Data for the second system was scaled
by 10−3 in the x-domain and 103 in the y-domain to fit in the viewport. Results of
MD simulations are shown as solid symbols. Dashed/dotted lines are the predicted
distributions (Eq. (4.10)), and solid lines are the predicted distributions (Eq. (4.10))
with the symmetrically-imposed reduced degrees of freedom, i.e. with N → N/2 for
even N , and N → (N − 1)/2 for odd N . (b) Specific heat capacities computed for
all symmetrically perturbed MD simulated systems as a function of the exponent on
the potential. Circles correspond to values obtained from Eqs. (4.16) and (4.17),
and squares correspond to values obtained from inverting Eqs. (4.18) and (4.19).
The solid line is the specific heat predicted by the generalized equipartition theorem,
Eq. (4.11).

4.6 Conclusions

We have illustrated that the long-term dynamics of 1D Hertz systems between fixed

walls and with zero dissipation is a true equilibrium phase [61], described by a mi-

crocanonical ensemble of interacting particles. We have shown that this equilibrium

phase is ergodic, and that it is characterized by finite kinetic energy fluctuations that

are related to the specific heat capacity in a microcanonical ensemble. For large sys-

tems, we find agreement between calculated heat capacity and values predicted by the

generalized equipartition theorem, indicating that energy is equipartitioned in Hertz

chains at long times. This finally establishes that the weak interactions between SWs

and between SWs and boundaries in Hertz chains drive the system dynamics at long

times beyond QEQ to a thermal equilibrium phase, whose properties are predicted

by equilibrium statistical mechanics. The fact that these strongly nonlinear, non-

integrable systems equilibrate very late in time, requiring extreme simulation times,

agrees with assertions made in Ref. [71], where the long-term dynamics of weakly non-
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linear FPU lattices was investigated. Other work [99] has suggested a slow (algebraic

∼ 1/t) decay of the fluctuations to equilibrium values.

These results are also the first empirical demonstration of how the potential en-

ergy function can affect the kinetic energy distribution in a microcanonical ensemble.

Shirts et al. [109], in their calculation of the exact distribution for the finite hard-

sphere system, speculate that for attractive potentials PDF(Ki) would differ somehow,

but concede it would be exceedingly complicated to derive. We have shown accurate

distributions that may guide attempts to solve Eq. (4.3) for finite interaction poten-

tials.

Our study has implications to the broader scientific and engineering communities.

For example, quantitative analysis of the QEQ phase may now be possible with

this equilibrium theory as the starting point and by employing machinery from non-

equilibrium statistical physics (e.g. Boltzmann equation, linear response theory, etc.).

This may allow for the early-time dynamics of the QEQ phase to be predicted and

manipulated. Then being able to control the nature of the particle interactions, the

system’s journey to equilibrium could potentially be tuned and optimized for physical

applications, such as shock disintegration.



Chapter 5

The equilibrium phase in

heterogeneous Hertz chains

5.1 Introduction

In previous works [67,68], we showed that 1D homogeneous systems of discrete macro-

scopic grains interacting via a power-law contact potential and held between fixed

walls thermalizes an initial solitary wave (SW), ultimately transitioning to an equi-

librium phase. The properties of this phase are well-predicted by treating the chain

at long times as a 1D system of interacting spheres in a microcanonical (NV E)

ensemble [105]. In the present manuscript, we look more closely at the transition

to equilibrium by using statistical tests to show that the long-term dynamics is er-

godic, examine the behaviour of various correlation functions close to the onset of the

transition, and extend the analysis to heterogeneous systems.

The discrete, non-integrable systems under consideration have been the focus of a

number of recent investigations [3,17,22,26,32,36,37,39,43–66,72–78,80–84,87,93,96,

97, 99, 102]. Such systems are of broad interest primarily because of their usefulness

for a variety of physical applications, ranging from shock mitigation [72–77] to energy

localization [79–82]. Their usefulness for these applications stems from their ability

to support the propagation of non-dispersive travelling disturbances such as SWs,

which are a notable feature of many power-law interacting systems [64,99,103].

A propagating SW is initiated in an uncompressed chain by a simple edge impulse.

However unlike solitons in continuum systems, SWs in these discrete systems suffer

from weak interactions with each other [55, 65, 66] and with system boundaries [55,

67
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62–64] since grains are capable of breaking contact. These interactions lead to SW-

breakdown processes, the creation of secondary solitary waves (SSWs) [55,65,66], and

subsequent energy exchanges [60, 61] in SW-SW collisions.

Long after singular perturbations to the chain, the system reaches an equilibrium-

like, ergodic phase [22,60–64,87] marked by a large number of SSWs that are equally

likely to be moving in either direction, called quasi-equilibrium (QEQ). This phase

exhibits unusually large [22, 60–64, 87] and occasionally persistent (rogue) [104] fluc-

tuations in system kinetic energy, which impedes energy equipartitioning among all

grains in the system, making it distinct from true equilibrium. To the time scales

previously considered in dynamical studies, QEQ was observed to be a general feature

of systems with no sound propagation [61, 62, 64]. Until very recently, the question

of whether QEQ is the final phase for such systems was a long-open problem. How-

ever, it has now been well-established [67, 68, 71] that such systems with power-law

interactions can indeed achieve thermal equilibrium after sufficiently long times, and

that the time scale to equilibrium increases with the degree of nonlinearity in the

interaction potential.

In homogeneous Hertz chains, equilibrium was proved primarily by demonstrating

energy equipartitioning among the independent degrees of freedom in the system. This

was accomplished by illustrating that the calculated finite heat capacity of the system

agreed with the value predicted by Tolman’s generalized equipartition theorem [107].

Beyond this, it was shown that kinetic energy fluctuations relax to finite values in

finite interacting systems. Such values are influenced by the heat capacity in a NV E

ensemble [106,111] and are governed by the exponent on the interaction potential.

Hence, in finite systems in equilibrium, each grain does not have exactly the same

kinetic energy at any instant in time. Rather, each grain’s kinetic energy fluctuates ac-

cording to the same probability density function (PDF). In our previous work [67] we

derived approximations to the analytic form of the velocity and kinetic energy PDFs,

different from hard spheres, and which incorporate the finite interaction potential,

and these were found to agree well with results of particle dynamics simulations. In

the current manuscript, we expand on our previous work to include heterogeneous

systems, such as diatomic, where band gaps in the dispersion curve form, and tapered

and random-mass chains, where many inertial mismatches leads to energy dispersion.

The remainder of the paper is organized as follows. In Sec. 5.2 we introduce the

model for the Hertz chains and review the approximate PDFs for grain velocity and

grain and system kinetic energies. We also introduce the correlation functions used
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to monitor the onset of the transition to equilibrium. Then we give the details of the

simulation parameters in Sec. 5.3. In Sec. 5.4, we present the results, and finish with

some concluding remarks in Sec. 5.5.

5.2 Model and theory

The specific systems under consideration are heterogeneous 1D chains of N grains,

where each grain is characterized by mass mi and radius Ri. Adjacent grains interact

via a Hertz-like contact-only potential [6]. The Hamiltonian describing the system is:

H = K + U =
1

2

N∑
i=1

miv
2
i +

N−1∑
i=1

ai,i+1∆n
i,i+1, (5.1)

where vi is the velocity of grain i and ∆i,i+1 ≡ Ri + Ri+1 − (xi+1 − xi) ≥ 0 is the

overlap between neighbouring grains, located at position xi. If ∆i,i+1 < 0, there is

no interaction. In the above expression, the exponent n is shape-dependent (n =

2.5 for spheres), and ai,i+1 contains the material properties of the grains and the

grain radii [14]. The grain interactions with the fixed walls adds two terms to the

Hamiltonian [99].

In typical numerical simulations, the system is perturbed by giving an end grain an

initial velocity directed into the chain at time t = 0. This initiates the formation of a

propagating SW, which eventually breaks down into a sea of secondary solitary waves

(SSWs) after numerous collisions with boundaries. This breakdown process, which

happens sufficiently long after the initial perturbation to the system, is facilitated by

the formation of transient inter-grain gaps and can be modelled as a transition from

a non-ergodic (SW) phase to an ergodic (equilibrium) phase. Since this late-time

phase is characterized by a large number of SSWs traversing the system in either

direction, energy is, on average, shared equally among all the grains. For systems

with zero energy dissipation, a NV E ensemble is hence established. This means

that the long-term dynamics of Hertz chains is best described by the statistics of a

1D system of interacting spheres in thermodynamic equilibrium.

5.2.1 NV E distribution functions

It has been previously established that the PDF of particle velocity of a d-dimensional,

finite sized NV E ensemble is not a Maxwell-Boltzmann distribution [105, 108].
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Rather, the probability distribution across the phase space occupied by an NV E

ensemble is:

ΩE =
δ (E −H)

Ω
, (5.2)

where δ(x) is the dirac delta function, and the normalization integral is found from

the hypersurface defined by the shell with total energy H = E in a 2dN -dimensional

phase space,

Ω =

∫
δ (E −H)

N∏
i=1

d∏
ε=1

dxi,εdpi,ε. (5.3)

The integral in Eq. (5.3) is taken over all grain momenta p and all grain positions

x. For indistinguishable particles, multiplication of the integral by the pre-factor

1/(N !hdN) gives the classical density of states. Integration over the grain momenta

is accomplished by scaling the momenta as p̃i,ε = pi,ε/
√

2mi, and then introducing

the spherical change of variable P̃ 2 =
∑N

i=1

∑d
ε=1 p̃

2
i,ε. Subsequent evaluation of the

scaled momentum integrals gives the surface area of a dN -dimensional hypersphere

of radius (E − U)1/2, leaving the remaining integral over the grain positions:

Ω =
(2π)dN/2

Γ(dN/2)

( N∏
i=1

m
d/2
i

)∫
(E − U)dN/2−1 Θ (E − U)

N∏
i=1

d∏
ε=1

dxi,ε, (5.4)

where Γ(x) = (x−1)! is the Gamma function and Θ(x) is the Heaviside step function.

An exact analytic solution for the Hamiltonian in Eq. (5.1) for a finite system with

U 6= 0 may be exceedingly difficult to derive. Thus, in our previous work [67], we

approximated the integral over grain positions by using the virial theorem to replace

(E − U) with (E − 〈U〉v) = 〈K〉v, where 〈. . . 〉v denotes the expected virial value,

i.e. 〈K〉v = n
n+2

E, with K the total system kinetic energy. Thus the constant 〈K〉v
can come out of the integral in Eq. (5.4), and the integral proceeds as previously

described [105,108,109].

This substitution restricts the maximum momentum for each individual grain

i to a unique value based on its individual inertial mass, |pi|max = (2mi〈K〉v)1/2.

However, the value of 〈K〉v is of course, an average of the ensemble, and there are

certainly grains with kinetic energy that, at times, are slightly greater than this

value. Nevertheless, such fluctuations decrease with increasing N , guaranteeing that

the number of phase space states beyond this limit is quite small, and we showed

previously [67] that the virial theorem value turns out to be a very good approximation

for N & 10.
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The resulting PDF of per-grain velocities vi in 1D is then obtained by marginal-

ization of the joint PDF, Eq. (5.2), giving [105]

PDF(vi) = B (α, β, ṽi) / (2〈vi〉v) ,

=
1

2〈vi〉v

(
Γ(α + β)

Γ(α)Γ(β)
(ṽi)

α−1 (1− ṽi)β−1

)
, (5.5)

where

ṽi =
1

2

(
1 +

vi
〈vi〉v

)
, (5.6)

with 〈vi〉2v = 2〈K〉v/mi, and α = β = (N − 1)/2. In the above expression, B(α, β, ṽi)

is the beta distribution, and Γ is the gamma function. Since ṽi must lie in the

interval [0, 1], it follows that vi ∈ [−〈vi〉v, 〈vi〉v]. Consequently, grains with different

masses are characterized by different velocity distributions. Specifically, each velocity

distribution is centred around vi = 0, but the width (variance) depends on the grain

mass.

In the limit N � 1, Eq. (5.5) becomes the familiar Maxwell-Boltzmann 1D normal

distribution

PDF(vi) = N
(
µ, σ2

i ; vi
)

=
1

σi
√

2π
e−(vi−µ)2/2σ2

i (5.7)

with mean µ = 0 and variance σ2
i = 2〈K〉v/(Nmi).

While the variance of the distribution of grain velocities depends on grain mass,

the distribution of kinetic energy per-grain Ki is identical for each grain, regardless

of its mass. The PDF of Ki is obtained by making the replacement vi =
√

2Ki/mi in

PDF(vi) and further employing the relation PDF(Ki)dKi = 2PDF(vi)(dKi/dvi)
−1dKi,

which gives the resulting beta distribution [105,109]

PDF (Ki) = B
(
α, β; K̃

)
/〈K〉v, (5.8)

where K̃ = Ki/〈K〉v, α = 1/2, and β = (N − 1)/2. For N � 1, this becomes the

familiar Maxwell-Boltzmann distribution for kinetic energy, a gamma distribution

G(α, β,Ki):

PDF (Ki) = G(α, β,Ki) =
βα

Γ(α)
Kα−1
i e−βKi , (5.9)

where α = 1/2 and β = N/(2〈K〉v). Both distributions predict an average kinetic

energy per grain of Ki = 〈K〉v/N , and a variance that is independent of grain mass.

In our previous work, we derived an approximation to the distribution of system
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kinetic energy K =
∑N

i=1 Ki from statistical theory by treating Ki as independent

and identically distributed (i.i.d.) variates drawn from the distribution of Eq. (5.9).

Using this method, the result is PDF (K) = G(N/2, N/(2〈K〉v);K), which has the

correct mean; however, the variance predicted by this distribution does not agree

with the variance predicted by the finite system heat capacity. After trial-and-error,

a better approximation was found to be

PDF (K) = G

(
n+ 2

2

N

2
,
n+ 2

2

N

2〈K〉v
;K

)
. (5.10)

This distribution not only gives an excellent match to the distribution calculated

from molecular dynamics (MD) simulation [67], but it also has the correct variance

as predicted by the equilibrium specific heat capacity in the NV E ensemble.

5.2.2 Specific heat

An equilibrium value for the specific heat for Hertz chains in the thermodynamic limit

was derived previously [67, 68] from an application of Tolman’s generalized equipar-

tition theorem [107] to the Hamiltonian, Eq. (5.1). The result is

CEq
V =

(
n+ 2

2n

)
kB, (5.11)

which evidently depends only upon the exponent in the potential, i.e. there is no

dependence on grain (or wall) material, grain size, or temperature. Eq. (5.11) gives

the expected value of the specific heat in a NV E in the limit N � 1 when energy

is equipartitioned among the degrees of freedom.

This equilibrium specific heat also gives a prediction for the equilibrium fluctua-

tions in total system kinetic energy, through the relation first derived by Lebowitz et

al., which relates the two quantities in one-dimensional systems as [106,111]

〈δK2〉
〈K〉2

=
2

N

(
1− 1

2CV

)
, (5.12)

where CV is in units of kB. When combined with Eq. (5.11), it follows that the

expected variance in system kinetic energy is

〈δK2〉 =
2

N

(
2

n+ 2

)
〈K〉2, (5.13)
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from which the factor of (n + 2)/2 < 1 appears, which has been included as part

of the distribution variance of Eq. (5.10). From Eq. (5.13), it is clear that, in the

equilibrium phase, 〈δK2〉/〈K〉2 is absent of material dependence. This has been

observed previously in MD simulations [67,68,99].

Inverting Eq. (5.12) provides one way to calculate the specific heat per grain from

an MD simulation. Alternatively, one can use the exact formula for the microcanonical

specific heat obtained by taking an energy derivative of the so-called microcanonical

temperature, which in 1D gives [111]

CV =
kB
N

(
1− (N − 4)〈1/K2〉

(N − 2)〈1/K〉2

)−1

. (5.14)

In Sec. 5.4, we use Eqs. (5.12) and (5.14) to calculate the specific heat from MD data

for comparison with the predicted Eq. (5.11).

5.2.3 Correlation functions

The approximate form for the distribution of system kinetic energy was derived under

the assumption of statistical independence between physical quantities, such as grain

velocities. Here we introduce three grain correlation functions which we will later use

with MD data to justify this assumption.

We begin by looking for correlations in the time domain, and define the velocity

auto-correlation function as:

C(t) =
N∑
i=1

Ci(t) =
N∑
i=1

〈vi(0)vi(t)〉, (5.15)

where the angular brackets denote a convolution integral:

Ci(t) = (vi(τ) ∗ vi(−τ)) (t) =

∫ T

0

vi(t+ τ)vi(τ)dτ, (5.16)

with T the length of the sampling interval. In practice, the integral in Eq. (5.16) is

typically computed using the convolution theorem, which gives (vi(τ) ∗ vi(−τ)) (t) =

F−1 (F(vi) · CC[F(vi)]), with F the fourier transform and F−1 its inverse, and CC[. . . ]

denoting the complex conjugate. This function is used to indicate correlations in the

time domain since any periodicity or history dependence in the grain velocity data

will appear in the correlation function.
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Similarly, we introduce a correlation function to quantify the amount of correlated

motion in the spatial domain, i.e. between neighbouring grains. The neighbour

momentum correlation function is defined by

pc(t) =
N−1∑
i=1

pi(t)pi+1(t), (5.17)

and the sign of the neighbour correlation function,

sgn (pc(t)) =
1

N − 1

N−1∑
i=1

sgn (pi(t)) sgn (pi+1(t)) , (5.18)

where pi = mivi denotes the momentum of grain i. Both these correlation functions

give an estimate of the amount of correlated motion between neighbouring grains,

which could result from SW propagation. (Note that we have chosen to monitor

the correlations among grain momenta rather than grain velocities since we will be

investigating heterogeneous chains comprised of grains with different masses.)

In the non-ergodic SW phase, one expects there to be a large amount of correlated

motion among the moving grains as the SW spanning several grains sweeps across

the chain. In contrast, in the symmetric equilibrium phase, one expects there to be

as many correlated as anti-correlated motions among neighbouring pairs of grains.

Hence, we expect pc(t) to be non-zero early on, and drop to fluctuations about zero

later on, indicating the onset of the equilibrium phase. Likewise, by only using the sign

of the momentum in Eq. (5.18), the actual fraction of interfaces exhibiting correlated

motion can be quantified, regardless of the amplitude of the momentum.

Since the grain momenta are not constant, and are rather described by a static

probability distribution function in the equilibrium phase, it follows that pc(t) has

an associated probability distribution function. When the grain momenta pi, pi+1

follow a normal distribution, which is the case for N � 1, the exact analytic form

for the distribution of neighbour correlations can be derived from statistical theory

for homogeneous (i.e. single grain species) or diatomic (i.e. two species) chains, see

Appendix H, with the result

PDF(pc) =
|q| r−1

2 K r−1
2

(|q|)

σp1σp22
r−1
2
√
πΓ
(
r
2

) , (5.19)
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where q = pc/(σp1σp2) (with σpi the standard deviation of the PDF of momentum

for grain species i), Ks(q) is a modified Bessel function of the second kind of order

s, and r = N − 1. Homogeneous chains correspond to σ2
p1

= σ2
p2

= 2m〈K〉v/N ,

while diatomic chains have σ2
p1

= 2m1〈K〉v/N 6= σ2
p2

= 2m2〈K〉v/N . Interestingly,

Eq. (5.19) gets wider with larger N when N � 1.

As a final measure of the correlations in Hertz chains, we introduce the configu-

rational temperature Tc, which for 1D systems is defined by [113]

1

kBTc
=

〈
−
∑N

i=1
∂Fi
∂xi

〉
〈∑N

i=1 F
2
i

〉 , (5.20)

where kB is Boltzmann’s constant, and Fi is the net force acting on particle i. The

angular brackets denote an ensemble average, or equivalently, a time average in er-

godic systems. This definition of temperature utilizes the configurational information

contained within the particle interactions, rather than the kinetic information, to de-

termine the temperature of the system. In equilibrium for sufficiently dense systems,

Tc should equal the standard kinetic energy temperature [113].

We hypothesize that, neglecting the averaging in Eq. (5.20) and monitoring the

time dependence of the resulting rational quantity, the configurational temperature

can act as a measure of the correlations and indicator to the onset of the transition

to equilibrium in Hertz chains. Particularly, early on in the erratic SW phase, the

configurational temperature will exhibit large fluctuations, and will later relax to

smaller fluctuations about a constant value as the system approaches the equilibrium

phase. This relaxation should correspond to the onset of the transition to equilibrium

in Hertz chains.

5.3 Methods

To examine the very long-time dynamics of Hertz chains and closely inspect the

transition to equilibrium, we ran MD simulations of various 1D configurations of N

grains held between fixed walls and described by the Hamiltonian in Eq. (5.1). These

configurations include homogeneous (monatomic), diatomic, tapered, random radius,

and random mass chains.

In the monatomic chains, the grains are made of steel and 6 mm in radius, corre-

sponding to a mass of 7075.4 mg. In diatomic chains, one of the species is comprised
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of steel grains 6 mm in radius, and the second grain species is comprised of grains

whose Young’s modulus and Poisson’s ratio are equivalent to those of steel, but whose

density has been altered to achieve the desired mass ratio. In the tapered chains, all

grains are made of steel, and the largest grain is 6 mm in radius. A tapering percent

(which controls the ratio of the radii of neighbouring grains) between 1-5% is consid-

ered. Finally, in random radius and random mass chains, the Young’s modulus and

Poisson’s ratio of all grains are equivalent to those of steel. For the random radius

chains, the masses of all grains are kept constant at 7075.4 mg, while the radii are

set by choosing random numbers between a fixed interval of 0.5-8 mm. Similarly, in

the random mass chains, the grain radius is kept constant at 6 mm, while the masses

are set with a random number generator within the range of 35-7075.4 mg.

Fixed walls comprised of steel are implemented in all systems, which adds two

terms to the Hamiltonian as described in [67, 68, 99]. We do not apply any pre-

compression, or squeezing of the chains, but rather each grain is initially just touching

its neighbour between walls which are a distance of
∑N

i=1 2Ri apart.

We consider values of the potential exponent n from 2 (harmonic) to 4, and system

sizes from N = 20 to 100. A standard velocity Verlet algorithm is used to integrate the

equations of motion with a 10 ps timestep, and no dissipation is included. The grains

are set into motion with an asymmetric edge perturbation (initial velocity given to

the first grain only, directed into the chain), causing a single initial SW to propagate

through the system. The initial SW breaks down in collisions with boundaries and in

the formation of gaps, creating numerous secondary solitary waves (SSWs). After a

period of time, the number of SSWs increases to a point where the system enters into

quasi-equilibrium [61–64,87]. We allow the system to evolve for a substantial amount

of time past this phase change. The system energy is constant to 10 significant digits

for the entire simulation.

The time scale to QEQ onset is determined by the potential exponent n [22], so

we used the method described in Ref. [68] to get an estimate for the optimal velocity

perturbation for reaching equilibrium as quickly as possible (see also Chapter 4.4).

In most cases, it was necessary to collect at least one second of real time data, and

even longer for larger values of n. Data of grain position and velocity are recorded

to file every 10-100 µs, though we re-sample the data at time intervals beyond the

dampening of velocity autocorrelation; typical sampling intervals were of the order of

a few hundred µs. We call the last 20% of each simulation the equilibrium interval,

and all further analysis is carried out with data from this interval. Here the deviation
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from the expected virial 〈K〉v = n/(n+ 2)E was < 1% for all systems.

5.4 Results and discussion

We begin by exploring several possible prerequisites to establishing equilibrium. There

is no a priori reason to assume the presence of ergodicity, or the absence of correlation

or bias in systems with n > 2, where energy can be transmitted via SWs whose width

span several grains. In noisy data, such as the recorded velocity of a single grain, we

must illustrate the validity of these common assumptions.

Ergodicity is defined as the equivalence of ensemble and time averages of physical

observables. It is thought that the QEQ phase in Hertz systems is ergodic. One

therefore might expect that the equilibrium phase is also ergodic, and we indeed

establish this by a more rigorous statistical test than has been applied before.

In homogeneous chains, under the null hypothesis, the time-domain velocity evo-

lution of a single grain, and the velocities of the ensemble (i.e. all grains in the chain)

at a given timepoint, should come from the same distribution. Furthermore, that

distribution is nearly normally distributed. Thus to rigorously show ergodicity in ho-

mogeneous chains, we run repeated two-sample Kolmogorov-Smirnov tests (KS), and

Welch’s t-tests (WT), with both the single grain and ensemble time-point chosen at

random. We plot a histogram of the distribution of 2500 p-values, shown in Figs. 5.1(i-

a)-(iv-a) for four representative homogeneous systems. Under the null hypothesis of

both tests, i.e. the system is ergodic, the p-values are uniformly distributed, which is

the expected case if the underlying distribution is approximately normal [114]. The

average densities for both tests, calculated as the weighted means of the distributions

presented in Figs. 5.1(i-a)-(iv-a), are very close to one, as expected. There may be

a minute upwards trend in the KS test, which might be indicative of slight skew in

the underlying distribution. These effects are likely a result of the grain interactions

with the confining walls.

In comparison, in heterogeneous chains where the grains do not all have the same

masses, the velocity distributions of each grain are not equivalent. Hence the velocities

of the ensemble of grains (i.e. all grains in the chain) do not come from the same

distribution as the time-domain velocity of any single grain. In other words, there is

no equivalent grain which samples the same phase space as the ensemble comprised

of all grains in the heterogeneous chain. While the velocity of each individual grain

will be ergodic, as verified by statistical test in homogeneous chains, one cannot
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apply a statistical test simultaneously to all grains in the heterogenous chain to verify

ergodicity.
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Figure 5.1: (a) Distribution of p-values for the two-sample KS- and WT-tests used to
establish ergodicity in homogeneous Hertz chains. Solid lines indicate the expected
average value of the density, and dashed lines indicate the larger of the standard
deviation, σKS/WT , of either test. The average densities of both tests are included in
the top right corner of each plot. (i) n = 2.0, N = 100; σKS = 0.167, σWT = 0.145;
(ii) n = 2.5, N = 38; σKS = 0.134, σWT = 0.138; (iii) n = 3.0, N = 30; σKS =
0.143, σWT = 0.104; (iv) n = 4.0, N = 10; σKS = 0.164, σWT = 0.095. (b) Velocity
autocorrelation function, Eq. (5.16), for grain 1 computed over the entire equilibrium
interval for various heterogeneous Hertz chains. Data is re-sampled at time intervals
where C1(t)/C1(0) = 0 to ensure independence in the time domain. (i) n = 2.5,
N = 38 homogeneous chain; (ii) n = 2.5, N = 38 diatomic chain with mass ratio
m1/m2 = 2; (iii) n = 4, N = 20 tapered chain with tapering percent of 2.5%; (iv)
n = 3, N = 20 random-mass chain. Curves are not smooth in the last two plots
because data was recorded to file at larger time intervals for these systems.

Since we aim to establish the absence of bias and correlations in the equilibrium

phase in Hertz chains, prior to further analysis below, we now remove bias in the

time domain by computing the velocity autocorrelation function, Eq. (5.15), for each

system. Since the grain velocities depend on grain mass, see Eqs. (5.5)–(5.7), in

heterogeneous systems it is more appropriate to consider the autocorrelation function
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of individual grains, Eq. (5.16), rather than the sum over all grains. We present this

correlation function for grain 1 (which is typically the largest and slowest moving

grain) for four representative systems in Figs. 5.1(i-b)-(iv-b). We subsequently re-

sample MD data for all systems at time intervals where velocity autocorrelation has

vanished; typically of the order of a few hundred µs.

While correlations in the time domain have been accounted for, we also test for

correlated motion between neighbouring grains. Such correlations can be measured

by monitoring various quantities, including the maximum absolute momentum of

any grain in the chain, |pmax|, as a function of time. This quantity is computed

from t = 0 for four representative systems in Figs. 5.2(i-a)-(iv-a). In homogeneous

(monoatomic) chains, Fig. 5.2(i-a), |pmax| initially oscillates about a maximal value

as the initial SW travels through the granular chain. Periodically, when the initial

SW reaches a boundary and most of the system’s energy converts to stored potential

energy in the walls, |pmax| drops to a small value. Some time after the initial velocity

perturbation, |pmax| relaxes to noisy oscillations about a much smaller value, denoting

the onset of the QEQ phase.

In diatomic chains, Fig. 5.2(ii-a), this relaxation happens much sooner due to

the inertial mismatches between neighbouring grains. The SW breaks down much

quicker since energy is both reflected and transmitted in successive collisions between

neighbouring grains in such systems. In tapered chains, Fig. 5.2(iii-a), the progressive

decrease in the radius and mass of the grains also causes the amplitude of the SW to

decay more quickly than an equivalent homogeneous chain. This is reflected in the

behaviour of |pmax|, though it should be noted that in Fig. 5.2(iii-a), the time scale is

longer since n = 4 for this system, and the time scale to equilibrium increases with

n. Finally, in random mass chains, Fig. 5.2(iv-a), |pmax| drops to noisy oscillations

about a small value almost immediately, which insinuates that random mass chains

do not support SW propagation.

Interestingly, in random radius chains in which the grain masses are the same,

the behaviour of |pmax| is closer to the behaviour exhibited by homogeneous chains.

In particular, the relaxation is apparent since it happens over a longer timescale,

implying that the random radius chains do support SW propagation. Similarly, in

diatomic chains in which the grain masses are the same but the two grain species

differ in their radii, the behaviour of |pmax| is nearly identical to that observed in the

equivalent homogeneous chain. This indicates that it is the differences in grain inertia,

and not the grain shape, that play a major role in the SW breakdown processes in
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these systems.

To further monitor the grain correlations, we also calculate the neighbour momen-

tum correlation function, Eq. (5.17), from t = 0 for all of our systems, and results

are shown for the four representative systems in Figs. 5.2(i-b)-(iv-b). It is clear from

these figures that the relaxation of pc identically mirrors that of |pmax|, and that pc

drops to oscillations about zero as the system enters into QEQ, as expected. We also

present the results for the sign of the neighbour correlation function, Eq. (5.18), com-

puted from t = 0 in Figs. 5.2(i-c)-(iv-c) for the same systems. Interestingly, sgn(pc)

has already dropped to zero roughly by the time that pc and |pmax| are beginning to

relax.

As evident from all the plots in Fig. 5.2, grain-grain correlations die out early in

the simulation, indicating the onset of the equilibrium phase. We see that sgn (pc)

fluctuates between extremes of about ±0.5, values that represent the difference in

the number of interfaces between neighbouring grains whose motion are correlated

(grains moving parallel) versus anti-correlated (grains moving anti-parallel). From

these maxima, as much as 75% of interfaces at times are either correlated or anti-

correlated. The appearance of a large number of anti-correlated interfaces start very

early in the simulation, and may trigger the onset of the equilibrium phase.

We conclude from the presence of equal amounts of correlated and anti-correlated

grain motion that SSWs do not add correlated bias to the motions of neighbouring

grains in the equilibrium phase. These results also confirm that the single-grain

quantities can be treated as i.i.d. random variables drawn from the distributions of

Eqs. (5.5) or (5.7) for grain velocity, and Eqs. (5.8) or (5.9) for grain kinetic energy.

As a final probe of the correlations among grains, we compute the configurational

temperature, Eq. (5.20), for all of the systems. To monitor the convergence of Tc over

time, we drop the averaging, and the results are shown for the four representative

systems in Fig. 5.3. For the systems which support SW propagation, Tc has an

exponential decay to fluctuations about a constant value. Moreover, the behaviour

of Tc computed in this way mimics the behaviour of |pmax| and pc. In particular, Tc

starts to settle to fluctuations about the long-term constant value at roughly the same

time that |pmax| and pc have decayed, indicating the onset of equilibrium. Thus Tc

computed in this way also provides a reliable way to measure grain-grain correlations

in Hertz chains.

We see from Fig. 5.3 that the long-term constant value of the configurational tem-

perature, Tc,∞, agrees with the kinetic temperature defined by kBTK = 2〈K〉v/N ,
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Figure 5.2: Grain-grain correlation functions for the four representative systems of
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tapered chain, and (iv) to the n = 3, N = 20 random mass chain. (a) labels the
maximum absolute momentum of any grain in the chain as a function of time, (b)
the neighbour momentum correlation as a function of time, Eq. (5.17), and (c) the
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as well as the microcanonical temperature defined by [111] 1/(kBTR) =
(
(N −

2)/2
)
〈1/K〉, within the error bars. The agreement is better when N is large, see

Figs. 5.3(i) and (ii). For smaller values of N , Figs. 5.3(iii) and (iv), the agreement is

less since Tc and TK are only accurate to O(1/N). The drastic increase in the size of

the error for the systems in Figs. 5.3(iii) and (iv) is a consequence of both the small

system size and the large initial perturbation (a larger initial perturbation was given

to these systems since n is larger).

Now that we have demonstrated the absence of correlations in the long-term phase

of Hertz chains, we show that this phase is indeed an equilibrium phase. To accom-

plish this, we check the distributions of grain velocities and kinetic energy, as well

as the equipartitioning of energy among all grains via the specific heat. First we

test the grain distribution functions presented in Sec. 5.2.1, and show the agreement

between the expected PDFs (Eqs. (5.5), (5.7)–(5.10)) and MD data for three repre-

sentative heterogeneous systems in Fig. 5.4. In each system, the per-grain velocity

data agrees with the beta distribution, Eq. (5.5), which is nearly identical to the

normal distribution, Eq. (5.7), for large N , see Figs. 5.4(i-a)-(iii-a).

The grain kinetic energy distributions are presented in Figs. 5.3(i-b)-(iii-b), il-

lustrating agreement between MD results and Eq. (5.8) for large N . The difference

between Eqs. (5.8) and (5.9) looks fairly pronounced in the log scale with smaller N ,

where the beta distribution generally has a cutoff before the tail of the MD data. The

area under the MD histogram past the beta-distribution cutoff at 〈K〉v illustrates the

earlier point of the small number of states beyond the limits of phase space used to

derive Eq. (5.8). However, this area is exaggerated in the log scale plots; it was found

previously [67] that for homogeneous systems with N = 10, P (Ki > 〈K〉v) . 0.05%,

while for larger N it’s even less.

The sensitivity of Eqs. (5.5) and (5.8) to n and N are also shown in Figs. 5.4(i-a)–

(iii-a) and (i-b)–(iii-b), by plotting curves of incorrect values of n+ 1 or 1.1N . They

do not agree as well with the data, and illustrate that the predicted distributions are

indeed the best fit to the data.

Figs. 5.4(i-c)–(iii-c) contain the distributions of system kinetic energy from MD

simulations, along with the corresponding Eq. (5.10), for the three representative

heterogeneous systems. The agreement between MD data and the expected result is

very good for N = 38, see Fig. 5.4(i-c); however there is a slight skew in Eq. (5.10)

when N = 20, Figs. 5.4(ii-c) and (iii-c), which was also observed in homogeneous

systems [67]. For comparison, we also present the distribution without the variance
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Figure 5.4: Distribution of grain velocity, grain kinetic energy, and system kinetic
energy for the three heterogeneous systems in Figs. 5.1(b), 5.2, and 5.3. Results of
MD simulations are shown as filled circles. In columns (a) and (b), solid lines are
predicted distributions (Eqs. (5.5), (5.7), (5.8), and (5.9)), and dashed/dotted lines
are the corresponding distributions with parameters slightly changed to illustrate
the sensitivity of Eqs. (5.5) and (5.8). In column (c), solid curve is the theoretical
prediction Eq. (5.10), and dashed line is the corresponding hard-sphere distribution.

correction, G(N/2, N/(2〈K〉v);K), which we call the hard-sphere limit, and clearly

does not agree with any MD data of interacting grains.

Lastly, we compute the specific heats of MD simulation data using both Eqs. (5.12)

and (5.14) to address the issue of equipartitioning of energy in these systems. These

calculated results are directly compared with CEq
V predicted by Eq. (5.11) in Table 5.1

for various heterogeneous chains. It is evident that for larger N , the values calculated

by Eqs. (5.12) and (5.14) agree very well with the theory. Moreover, even for small

(N . 20) systems, the deviation from theory is no more than ∼ 5%, and improve

with additional data points in the averaging.

The fact that the calculated specific heat agrees with the value predicted by the

generalized equipartition theorem for N � 1 provides evidence that energy is indeed

equipartitioned in the heterogeneous Hertz chain at long enough times. This estab-

lishes that the very long-time dynamics of 1D heterogeneous granular chains with
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n N CEq
V /kB CV /kB CV /kB

Eq. (5.11) Eq. (5.12) Eq. (5.14)
Diatomic chains

2.5 38 0.900 0.887 0.870
2.5 100 0.900 0.910 0.896
3 20 0.833 0.797 0.846
3 50 0.833 0.834 0.843
4 20 0.750 0.751 0.753
4 100 0.750 0.748 0.731

Tapered chains
2.5 20 0.900 0.908 0.863
2.5 50 0.900 0.914 0.909
3 50 0.833 0.831 0.809
4 20 0.750 0.749 0.747

Random mass chains
2.5 20 0.900 0.909 0.908
2.5 38 0.900 0.898 0.901
3 20 0.833 0.811 0.828
3.25 15 0.808 0.803 0.806
3.5 25 0.786 0.797 0.787

Table 5.1: Specific heat capacity calculated from MD simulation data for various
heterogeneous chains using Eq. (5.14) and (the inverted) Eq. (5.12). For comparison,
we present the expected equilibrium value in the thermodynamic limit, Eq. (5.11).
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zero dissipation is a true equilibrium phase [61].

While we have presented results for heterogeneous chains given asymmetric per-

turbations, it should be noted that these results are unchanged when the systems are

given symmetric edge perturbations. The exception to this is when the symmetric

edge perturbations induce a mirror reflection symmetry about the centre of the chain,

such as in a homogeneous chain or an odd-N diatomic chain. This symmetry results

in a loss of degrees of freedom in the system, as discussed in Refs. [67] and [68],

and the microcanonical specific heat and the PDF of system kinetic energy must

be modified to account for this. In this case, it is important to stress that energy

is equipartitioned among the independent degrees of freedom in the system at long

times. In systems in which there is no mirror reflection symmetry, the number of

independent degrees of freedom and the number of grains are equivalent, thus such a

distinction is not required.

5.5 Conclusions

We have illustrated that the long-term dynamics of 1D granular systems between

fixed walls and with zero dissipation is a true equilibrium phase [61]. In particular,

we first used statistical tests to rigorously establish that the long-term dynamics is

ergodic. Then we monitored correlations among grains via the neighbour momentum

correlation functions and the configurational temperature. We showed that that

correlations among grains vanish early on, indicating the onset of the transition to

equilibrium.

Moreover, we expanded on our previous work [67, 68] to include heterogeneous

chains, and showed that grains of different masses are characterized by different ve-

locity distributions. We also showed that the approximate distribution functions for

grain velocity, grain kinetic energy, and system kinetic energy that were derived pre-

viously for interacting particles in a microcanonical ensemble [67,68] agree well with

MD data for various heterogeneous systems, including diatomic, tapered, and ran-

dom mass chains. Lastly, we illustrated that energy is equipartitioned at long times

in these systems by showing agreement between calculated specific heat capacities

from MD data and expected equilibrium values.

Most interestingly, we provided evidence that, apart from the degree of nonlinear-

ity in the system, the configuration of masses influences the timescale of the transition

to equilibrium. In particular, the transition can be accelerated by introducing inertial
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mismatches between grains. This is best demonstrated by the random mass chains,

which do not support SW propagation and are therefore seen to equilibrate much

sooner than homogeneous chains with the same degree of nonlinearity in the contact

potential. This result may be useful for applications such as shock disintegration.

It would be interesting to see how these ideas extend to systems with driving and

dissipation.



Chapter 6

Travelling waves and conservation

laws for highly nonlinear wave

equations modelling Hertz chains†

6.1 Introduction

Travelling waves are an interesting feature of many nonlinear phenomena and have

numerous important physical applications. One area that has attracted much re-

cent attention is the study of compression pulses in one-dimensional systems of

discrete macroscopic particles (grains) that interact by a power-law contact poten-

tial [17,22,25,26,32–54,56–59,84,86,93,102,115–118]. When such a discrete system is

pre-compressed, then propagating solitary waves and nonlinear periodic waves can be

produced through suitable tuning of the initial conditions [17, 22, 42, 93, 116]. Pulses

whose wavelength is much larger than the grain radius, but much smaller than the

length of the chain, can be modeled by a continuum partial differential equation

(PDE). Continuum models are important because they allow comparison with exper-

imental findings and give insights into general features of compression waves in the

underlying discrete system.

The simplest model describes a homogeneous chain of N > 2 spherical grains

with mass m such that the interaction contact potential is given by the Hertz law [6]

V = aδ5/2 where a is a constant which depends on the material properties of the

grains, and δ ≥ 0 is the dynamical overlap between adjacent grains. This model has

†Note that the notation used in this chapter differs from the rest of the thesis.
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an interesting generalization in which the exponent in the Hertz potential is replaced

by an arbitrary power, V = aδk+1, where k > 1 is determined by the geometry of

the contact surface between adjacent grains in typical physical applications [119–121].

When the dynamical overlap δ is approximately at least the size of the initial overlap

δ0 = δ|t=0, the chain is said to be weakly compressed. In this case, the continuum

PDE for the relative displacement u = −ũ(x, t) of the grains is given by the highly

nonlinear, fourth-order wave equation [17,33–35]

c−2ũtt = ũk−1
x ũxx + αũk−3

x ũ3
xx + βũk−2

x ũxxũxxx + γũk−1
x ũxxxx (6.1)

with

c =
√
k(k + 1)a(2R)k+1/m, (6.2)

α = 1
6
(k − 1)(k − 2)R2, β = 2

3
(k − 1)R2, γ = 1

3
R2, (6.3)

where R is the radius of the grains. Note, in these expressions (6.2)–(6.3), the con-

stants α, β, γ have units of length-squared, and the constant c has units of speed,

while ũ has units of length. A derivation of Eq. (6.1) is presented in Appendix I.

An important remark is that the unitless strain

v = ũx = −ux > 0 (6.4)

rather than the displacement ũ = −u, will be the variable whose dynamics will

physically describe a propagating wave. The strain is positive because the underlying

discrete dynamical system has no restoring forces. For solitary waves, the strain will

have the asymptotic behaviour

v → v0 > 0 as x→ ±∞ (6.5)

where v0 is a constant background strain. The boundary conditions on the strain for

nonlinear periodic waves consist of

v(x, t) = v(x+ L, t+ T ), vx(x, t) = vx(x+ L, t+ T ) (6.6)

where L is the wavelength and T is the period.

Little seems to be known in the literature about solitary wave solutions for the
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highly nonlinear wave equation (6.1). Moreover, the only known exact solution is a

special periodic wave [35] that contains no free parameters.

In the present paper, we derive exact analytical expressions for all solitary wave

solutions and all nonlinear periodic solutions of this wave equation (6.1). We also

obtain analytic expressions for their total energy and total momentum. The solutions

are parameterized in terms of the asymptotic value of the wave amplitude in the case

of solitary waves and the peak of the wave amplitude in the case of nonlinear periodic

waves. Interestingly, the solitary wave solutions that are obtained have never before

appeared in the literature on Hertz chains, and they are also a new addition to the

literature on solitary waves in general.

Our method involves the following steps. First, we find the conservation laws ad-

mitted by the wave equation (6.1). Next, we use these conservation laws to derive a

first-order ordinary differential equation (ODE) for all travelling waves, without hav-

ing to do any explicit integrations. This reduction contains two free constants which

correspond to first integrals related to the energy flux and impulse-momentum flux

of a travelling wave. Third, we employ an energy analysis argument to classify the

types of travelling waves. This argument shows that there are four types of solutions:

(i) solitary waves with an exponentially decaying tail, which satisfy the asymptotic

condition (6.5); (ii) periodic waves, which satisfy the periodicity condition (6.6); (iii)

cusped waves, both periodic and solitary; (iv) nodal waves, in which the wave ampli-

tude vanishes at isolated points. Fourth, we solve the ODE in each of these different

solution cases by giving an explicit integral expression that determines the wave am-

plitude in terms of the travelling wave variable. Last, we show how to use the ODE

along with its first integrals to obtain the total energy and total momentum carried

by these solutions, without the need to evaluate complicated integrals involving the

explicit form of the solutions.

The paper is organized as follows.

In Sec. 6.2, we first present the Lagrangian and Hamiltonian formulations of the

highly nonlinear wave equation (6.1), and we next derive its conservation laws and

corresponding conserved quantities by a direct method which does not require the

use of Noether’s theorem. This material also contains some general results which are

applicable to the study of any fourth-order wave equation.

In Sec. 6.3 we apply the steps in our method to the wave equation (6.1) for an

arbitrary exponent k > 1. This yields explicit integral expressions for solitary waves,

nonlinear periodic waves, cusped solitary waves, cusped periodic waves, and nodal
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waves, which are the main results of the paper. We also derive conserved integral

expressions for the total energy and total momentum carried by these different kinds

of travelling waves.

In Sec. 6.4, we systematically determine all cases of the power-law exponent k >

1 for which each of the different solution integrals can be evaluated in an explicit

analytical form using elementary functions. This analysis yields two explicit solitary

waves, for k = 2, 3; two explicit periodic waves, one for k = 2 with zero energy-flux

and non-negative impulse momentum-flux, and the other for k = 3 with non-negative

energy-flux and zero impulse momentum-flux; three explicit cusped waves, two being

cusped solitary waves for k = 2, 3, and the third being a cusped periodic wave for

k = 3 with zero impulse momentum-flux; two explicit nodal waves, one for k = 2

with non-negative impulse momentum-flux, and the other for k > 1 arbitrary with

zero impulse momentum-flux. We give explicit expressions for the total energy and

total momentum for each of these solutions.

Finally, we make some concluding remarks in Sec. 6.5.

6.2 Preliminaries

For the highly nonlinear wave equation (6.1), we will first present its Lagrangian

formulation which we will then use in interpreting its conservation laws.

6.2.1 Variational formulation

We start by considering a general fourth-order wave equation utt = F (u, ux, uxx, uxxx,

uxxxx). An equation of this form has a Lagrangian formulation if it arises from the

extremals of a Lagrangian function L = 1
2
u2
t + L0(u, ux, uxx, uxxx, uxxxx) with respect

to u. A Lagrangian function is not unique, because adding any total derivative

expression to it does not change its extremals. This freedom can be used to find a

Lagrangian of lowest possible order.

The extremals of L are obtained by setting its variational derivative to be zero,

where the variational derivative (Euler-Lagrange operator) is defined by [122,123]

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

x

∂

∂uxx
+D2

t

∂

∂utt
+DtDx

∂

∂utx
+ · · · (6.7)

which has the property that it annihilates any total derivative expression. Here D
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denotes a total derivative (acting by the chain rule), namely

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ utx

∂

∂ut
+ uxx

∂

∂ux
+ · · · .

(6.8)

Hence, a Lagrangian formulation then consists of finding a function L0 for which

0 = utt − F = −δL
δu

= utt −
δL0

δu
. (6.9)

It is straightforward to show that, since F is fourth-order, if L0 contains any terms of

higher than second order then these terms must take the form of a total derivative,

as otherwise they will produce terms of higher than fourth order in the variational

derivative δL0/δu. Consequently, there is no loss of generality if we require L0 to be

only second order.

Thus, a Lagrangian formulation (6.9) will exist for utt = F (u, ux, uxx, uxxx, uxxxx)

if (and only if) we can find a function L0(u, ux, uxx) that satisfies

δL0

δu
=
∂L0

∂u
−Dx

∂L0

∂ux
+D2

x

∂L0

∂uxx
= F. (6.10)

The highly nonlinear wave equation (6.1) has a simple Lagrangian function

L = 1
2
ũ2
t + L0(ũx, ũxx), L0 = c2

( −1
k(k+1)

ũk+1
x + 1

6
R2ũk−1

x ũ2
xx

)
. (6.11)

This Lagrangian has the lowest possible order. By comparison, in Ref. [17] a more

complicated higher-order Lagrangian was derived. It is easy to check that the dif-

ference between that Lagrangian and the one given here is just a total x-derivative

expression.

Next we show how to convert this Lagrangian formulation into an equivalent

Hamiltonian formulation using the strain variable (6.4), as this will be helpful later

for physically interpreting the conservation laws admitted by the highly nonlinear

wave equation (6.1).

We consider a general Lagrangian wave equation of the form (6.9). This equation

can be written equivalently as a first-order system in time derivatives if we introduce
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variables for the first-order derivatives of ũ:

ũt = w, ũx = v. (6.12)

Then we have wt = ũtt = F = δL0/δũ, and vt = ũtx = wx. The variational derivative

δL0/δũ on the righthand side of the wt equation can be expressed in terms of v

through the identity [122]
δ

δũ
= −Dx

δ

δv
. (6.13)

Using this identity, we now have wt = −Dx(δL0/δv). The righthand side of the vt

equation can be expressed in a similar form by noting wx = Dx(δ(
1
2
w2)/δw), so then

we have vt = Dx(δ(
1
2
w2)/δw). Thus, the original wave equation becomes(

vt

wt

)
= D

(
δH/δv
δH/δw

)
, (6.14)

where

H =

∫ ∞
−∞

H dx, H = 1
2
w2 − L0 (6.15)

is the Hamiltonian, and where

D =

(
0 Dx

Dx 0

)
(6.16)

is a skew-adjoint matrix operator. (Note the choice of sign in D corresponds to a

positive sign for the kinetic term 1
2
w2 = 1

2
ũ2
t in H). There is a non-canonical Pois-

son bracket associated to this formulation. For any two functionals F =
∫∞
−∞ F dx

and G =
∫∞
−∞Gdx, given in terms of functions F (v, w, vx, wx, vxx, wxx, . . .) and

G(v, w, vx, wx, vxx, wxx, . . .), the Poisson bracket is defined by

{F ,G} =

∫ ∞
−∞

(
δF/δv
δF/δw

)t

D

(
δG/δv
δG/δw

)
dx (6.17)

where “t” denotes the matrix transpose. This bracket obeys the standard antisym-

metry and Jacobi properties [122], due to the skew-adjoint form of D combined with

the property that the components of D have no dependence on the variables v and w.

One immediate consequence of a Hamiltonian formulation is that the Hamiltonian is
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a constant of motion, namely
dH
dt

= 0 (6.18)

whenever v and w obey suitable asymptotic decay conditions for large x.

The Hamiltonian for the highly nonlinear wave equation (6.1) is given by

H = 1
2
w2 + c2

(
1

k(k+1)
vk+1 − 1

6
R2vk−1v2

x

)
. (6.19)

This Hamiltonian will physically describe a conserved energy, consisting of a kinetic

energy term 1
2
w2 plus a potential energy term.

It may also be of interest to note that this Hamiltonian formulation can be re-

expressed as a second-order equation in time derivatives for the strain v. Consider

the general Hamiltonian system (6.14)–(6.16). By taking the time derivative of the

v equation and substituting the w equation, we obtain vtt = wtx = D2
x(δH/δv). This

yields a wave equation with the form

vtt = −(δL0/δv)xx, (6.20)

which is neither Lagrangian nor Hamiltonian in terms of v. Here −L0 can be in-

terpreted as the potential energy. For the highly nonlinear wave equation (6.1), we

have

−L0 = c2
(

1
k(k+1)

vk+1 − 1
6
R2vk−1v2

x

)
(6.21)

which gives

vtt = c2
(

1
k
vk + (k−1)

6
R2vk−2v2

x + 1
3
R2vk−1vxx

)
xx. (6.22)

We will next derive the conservation laws and corresponding conserved quantities

for the highly nonlinear wave equation (6.1).

6.2.2 Conservation laws

The most commonly used method for finding conservation laws of Lagrangian differ-

ential equations is Noether’s theorem [122,123]. This method produces a conservation

law from every symmetry of a Lagrangian. For example, if a Lagrangian is invariant

to within a total divergence under time translations, then this symmetry typically

produces the conservation law for energy. Some drawbacks to using Noether’s the-

orem are that, first, the symmetries of the Lagrangian need to be determined, and
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second, the variation of the Lagrangian under each symmetry needs to be found to

obtain the expression for the resulting conservation law. We will instead use an alter-

native, modern version [123, 124] of Noether’s theorem, employing multipliers rather

than symmetries, which avoids the usual drawbacks and which is simpler to carry

out [125,126].

To explain the method and to review the theory of conservation laws, we consider

a general fourth-order wave equation utt = F (u, ux, uxx, uxxx, uxxxx). A conservation

law for a wave equation of this form consists of a local continuity equation

DtT +DxX = 0 (6.23)

holding for all solutions u(t, x) of the wave equation, where T is the conserved density

and X is the spatial flux, which are given by functions of t, x, u, ut, and x-derivatives

of u and ut. Note that utt (and any derivatives of it) can be assumed to be eliminated

from T and X through the wave equation.

Every conservation law (6.23) yields a conserved quantity defined by the global

continuity equation
d

dt

∫
Ω

T dx = −X
∣∣∣
∂Ω

(6.24)

on a given spatial domain Ω, with endpoints ∂Ω. For solutions u(t, x) of the wave

equation having suitable boundary conditions at the endpoints of the domain, the

spatial flux terms will vanish so then the quantity

C[u] =

∫
Ω

T dx = const. (6.25)

is a constant of motion. Two conservation laws are physically equivalent if they give

the same conserved quantity up to boundary terms. This occurs if (and only if)

their conserved densities T differ by a total x-derivative, DxΨ, and correspondingly,

their fluxes X differ by a total time-derivative, −DtΨ, for all solutions u(t, x) of the

wave equation. Consequently, a conservation law will be physically trivial if, on all

solutions, the density and flux have the form T = DxΨ and X = −DtΨ whereby the

local continuity equation (6.23) will hold trivially. Thus, equivalent conservation laws

differ by a trivial conservation law.

Any conservation law (6.23) has an equivalent characteristic form that holds as
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an identity obtained by moving off solutions of the wave equation:

DtT +Dx(X − Φ) = (utt − F )Q, (6.26)

where

Φ = (utt − F )Eutx(T ) +Dx(utt − F )Eutxx(T ) + · · · (6.27)

is a trivial flux which vanishes on all solutions of the wave equation, and where

Q = Eut(T ) (6.28)

is called the multiplier. Here

EZ =
∂

∂Z
−Dx

∂

∂Zx
+D2

x

∂

∂Zxx
+ · · · (6.29)

denotes the (spatial) Euler-Lagrange operator with respect to a variable Z. This

operator has the property that EZ(f) vanishes precisely if f is a total x-derivative of

an expression in terms of x, Z, and x-derivatives of Z. We provide a short derivation

of equations (6.26)–(6.28) at the end of this section.

Note that the characteristic equation (6.26) reduces to the conservation law (6.23)

when u satisfies the wave equation utt = F . This formulation of conservation laws

is important for several reasons. First, it shows that there do not exist any non-

trivial conserved densities T that depend only on t, x, u, and x-derivatives of u. In

particular, T must have some essential dependence on ut (or its x-derivatives), as

otherwise DtT +DxX cannot vanish whenever u satisfies utt = F . Second, from this

conclusion, it follows that if Q = Eut(T ) = 0 then T = T̃ +DxΨ holds where T̃ has no

dependence on ut (and its x-derivatives), thereby implying T̃ = 0. This shows that the

multiplier of a conservation law will be trivial precisely when the conserved density

is trivial. Thus, there is a one-to-one relationship between non-trivial conserved

densities (up to equivalence) and non-vanishing multipliers. Moreover, when Q 6= 0,

the conserved density T and the fluxX can be recovered fromQ by a direct integration

of the characteristic equation (6.26).

This reduces the problem of finding conservation laws to the simpler problem of

finding multipliers. From the characteristic equation (6.26), we see that a function Q

will be a multiplier if (and only if) its product with the wave equation has the form of a
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total t-derivative plus a total x-derivative. Such expressions have the characterization

that their variational derivative with respect to u vanishes identically. This condition

δ

δu

(
(utt − F )Q

)
= 0 (6.30)

will split into a system of linear partial differential equations that determine Q. First,

from relation (6.28), all multipliers are functions only of t, x, u, ut, and x-derivatives

of u and ut. Then, since utt, uttx, etc. do not appear in Q, the coefficients of these

variables in the condition (6.30) must vanish separately. The resulting equations give

an overdetermined system that can be straightforwardly solved for Q. We emphasize

that this system is applicable whether or not a Lagrangian formulation exists for the

wave equation utt = F .

In the case when a wave equation utt = F (u, ux, uxx, uxxx, uxxxx) possesses a La-

grangian formulation (6.9), the determining system for multipliers Q can be simplified

using some tools from variational calculus. This leads to the system

D̂2
tQ = FuQ+ FuxDxQ+ FuxxD

2
xQ+ FuxxxD

3
xQ+ FuxxxxD

4
xQ, (6.31)

Qut = Eut(Q), Qutx = −E(1)
ut (Q), Qutxx = E(2)

ut (Q), . . . ,

Qu + D̂tQut = −Eu(Q), Qux + D̂tQutx = E(1)
u (Q), Quxx + D̂tQutxx = −E(2)

u (Q), . . . ,

(6.32)

where

D̂t = Dt

∣∣
utt=F

=
∂

∂t
+ ut

∂

∂u
+ F

∂

∂ut
+ utx

∂

∂ux
+DxF

∂

∂utx
+ utxx

∂

∂uxx
+ · · · (6.33)

is the total time derivative evaluated on the space of solutions of the wave equation,

and where

E
(1)
Z =

∂

∂Zx
−
(

2
1

)
Dx

∂

∂Zxx
+
(

3
1

)
D2
x

∂

∂Zxxx
+ · · · ,

E
(2)
Z =

∂

∂Zxx
−
(

3
2

)
Dx

∂

∂Zxxx
+
(

4
2

)
D2
x

∂

∂Zxxxx
+ · · · ,

...

(6.34)

are higher-order Euler-Lagrange operators [122,124]. The first equation in the system
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(6.31)–(6.32) coincides with the determining equation for infinitesimal symmetries

X = Q∂/∂u of the wave equation, with the symmetry defined to act on solutions

u(t, x) of the wave equation by the infinitesimal transformation u→ u+εQ+O(ε2) in

terms of a parameter ε. The remaining equations in the system (6.31)–(6.32) comprise

the Helmholtz conditions [122] which are necessary and sufficient for Q to have the

form of an Euler-Lagrange expression (6.28). The Helmholtz conditions turn out to

be equivalent to the condition that the Lagrangian of the wave equation is invariant to

within a total derivative under the prolonged symmetry prX = Q∂/∂u+DxQ∂/∂ux +

D2
xQ∂/∂uxx + · · · . Consequently, multipliers correspond directly to symmetries of the

Lagrangian. This provides a simple formulation of Noether’s theorem that avoids any

use of the Lagrangian itself [123,124,127].

For the highly nonlinear wave equation (6.1), we will now present all conservation

laws given by conserved densities of the form

T (t, x, ũ, ũt, ũx, ũxx) (6.35)

which can be expected to encompass all of the physically relevant conserved quantities

[124]. The corresponding multipliers will have the form

Q(t, x, ũ, ũt, ũx, ũxx) (6.36)

as shown by the variational relation (6.28). For this class of multipliers (6.36), note

that the characteristic equation simplifies to

DtT +DxX = (ũtt − F )Q (6.37)

since the trivial flux term (6.27) vanishes. We use this equation to obtain the con-

served density and spatial flux corresponding to each multiplier. Specifically, as ũtt,

ũttx, etc. do not appear in T , X, and Q, the coefficients of these variables in equation

(6.37) must vanish separately, whereby this equation splits into a system of linear

partial differential equations that are easily integrated to find explicit expressions for

T and X.

The results are obtained by directly solving the determining systems (6.31) and

(6.32) for Q and k, subject to the physical restriction k > 1. All calculations have

been carried out in Maple, specifically by using the“rifsimp” package for solving

overdetermined systems of equations.
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We find that all multipliers (6.36) admitted by the highly nonlinear wave equation

(6.1) are given by a linear combination of

Q1 = 1, Q2 = t, Q3 = −ũx, Q4 = ũt, (6.38)

for arbitrary k > 1. (In particular, there are no special values of k > 1 for which ad-

ditional multipliers exist.) The corresponding conserved density and flux determined

by each multiplier are given by, respectively,

T1 = ũt,

X1 = −c2
(

1
3
R2ũk−1

x ũxxx + k−1
6
R2ũk−2

x ũ2
xx + 1

k
ũkx
)
;

(6.39)

T2 = tũt − ũ,

X2 = −c2t
(

1
3
R2ũk−1

x ũxxx + k−1
6
R2ũk−2

x ũ2
xx + 1

k
ũkx
)
;

(6.40)

T3 = −ũtũx,

X3 = 1
2
ũ2
t + c2

(
1
3
R2ũkxũxxx + k−2

6
R2ũk−1

x ũ2
xx + 1

k+1
ũk+1
x

)
;

(6.41)

T4 = 1
2
ũ2
t − c2

(
1
6
R2ũk−1

x ũ2
xx − 1

k(k+1)
ũk+1
x

)
,

X4 = −c2
(

1
3
R2ũk−1

x (ũtũxxx − ũtxũxx) + k−1
6
R2ũk−2

x ũtũ
2
xx + 1

k
ũkxũt

)
.

(6.42)

These conservation laws yield the following conserved quantities:

C1[ũ] =

∫
Ω

ũt dx, (6.43)

C2[ũ] =

∫
Ω

tũt − ũ dx = tC1[ũ]−
∫

Ω

ũ dx, (6.44)

C3[ũ] =

∫
Ω

−ũtũx dx, (6.45)

C4[ũ] =

∫
Ω

(
1
2
ũ2
t − c2(1

6
R2ũk−1

x ũ2
xx − 1

k(k+1)
ũk+1
x )

)
dx. (6.46)

The quantity (6.46) coincides with the Hamiltonian (6.19) which describes the phys-

ical total energy of wave solutions u(t, x), while the quantity (6.45) describes the

physical total momentum of wave solutions. These interpretations are reinforced by

the observation that the respective multipliers correspond to an infinitesimal time-

translation X = ũt∂/∂ũ and space-translation X = ũx∂/∂ũ from the Lagrangian

viewpoint.

The quantities (6.43) and (6.44) have a less familiar physical meaning. We first
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note
∫

Ω
ũ dx can be viewed as the mean amplitude associated to a wave solution

ũ(t, x). Then we see
d2

dt2

∫
Ω

ũ dx =
dC1[ũ]

dt
= 0 (6.47)

holds for wave solutions having sufficient asymptotic decay for large x. Thus the

mean amplitude
∫

Ω
ũ dx obeys the equation of free particle motion. Moreover, at the

initial time t = 0, the mean amplitude is related to the quantities (6.43) and (6.44)

by ∫
Ω

ũ dx
∣∣∣
t=0

= −C2[ũ],
d

dt

∫
Ω

ũ dx
∣∣∣
t=0

= C1[ũ]. (6.48)

Hence these quantities are just the initial value of the mean amplitude and the initial

value of the mean impulse-momentum.

6.2.3 Derivation of multiplier equation

Here we give a short derivation of the characteristic equation (6.26) for conservation

laws of a general fourth-order wave equation utt = F (u, ux, uxx, uxxx, uxxxx).

Since any conservation law (6.23) holds for all solutions of utt = F , we can re-write

it using the time derivative (6.33) evaluated on solutions:

D̂tT +DxX = 0. (6.49)

Then, as utt does not appear in this equation, it holds with u(t, x) replaced by an

arbitrary function. We now substitute the relation

D̂t −Dt = (F − utt)
∂

∂ut
+Dx(F − utt)

∂

∂utx
+D2

x(F − utt)
∂

∂utxx
+ · · · , (6.50)

which yields an identity

DtT +DxX = (utt − F )K0 +Dx(utt − F )K1 +D2
x(utt − F )K2 + · · · (6.51)

with

K0 =
∂T

∂ut
, K1 =

∂T

∂utx
, K2 =

∂T

∂utxx
, . . . . (6.52)

Next we use integration by parts on each term on the righthand side in the identity
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(6.51):

Dx(utt − F )K1 = −(utt − F )DxK1 +Dx

(
(utt − F )K1

)
,

D2
x(utt − F )K2 = (utt − F )D2

xK2 +Dx

(
Dx(utt − F )K2 − (utt − F )DxK2

)
,

...

(6.53)

Collecting the total derivative terms, we get

DtT +DxX = (utt − F )
(
K0 −DxK1 +D2

xK2 + · · · )

+Dx

(
(utt − F )(K1 −DxK2 + · · · ) +Dx(utt − F )(K2 + · · · )

)
+ · · · .
(6.54)

After substituting expressions (6.52) into this equation, we obtain the characteristic

equation (6.26) together with the expressions (6.28) and (6.27) for the multiplier and

the trivial flux term.

6.3 Travelling wave solutions

For a general fourth-order wave equation utt = F (u, ux, uxx, uxxx, uxxxx), the form of a

traveling wave is u = f(ξ) with ξ = x−νt, where the constant ν is the velocity of the

wave, and the function f is the wave profile. Since ux = f ′ and ut = −νf ′ = −νux,
where a prime denotes the derivative with respect to ξ, the wave equation will reduce

to a fourth-order ODE

ν2f ′′ = F (f, f ′, f ′′, f ′′′, f ′′′′) (6.55)

for f(ξ).

We will now explain how to use conservation laws to directly provide first integrals

of the traveling wave ODE and also to obtain conserved quantities for the solitary

wave solutions and nonlinear periodic solutions of this ODE.

First, suppose a conservation law DtT + DxX = 0 of the wave equation utt = F

does not contain the variables t and x explicitly. Then this conservation law will give

rise to a first integral of the traveling wave ODE (6.55) by the reductions

Dt

∣∣
u=f(ξ)

= −ν d
dξ
, Dx

∣∣
u=f(ξ)

=
d

dξ
, (6.56)

yielding
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d

dt

(
(X − νT )

∣∣
u=f(ξ)

)
= 0. (6.57)

The first integral is thus given by

X − νT = C = const.. (6.58)

It has the physical meaning of the spatial flux in a reference frame moving with speed

ν (namely, the rest frame of the travelling wave). Existence of three functionally-

independent first integrals (6.58) will then allow the traveling wave ODE (6.55) to be

reduced to a first-order ODE, f ′ = I(f).

Second, suppose a conservation law DtT + DxX = 0 has vanishing flux at the

endpoints of a spatial domain Ω̃ in x for a travelling wave solution u = f(ξ) of the

wave equation utt = F . Then the conservation law yields a conserved quantity

d

dt

∫
Ω̃

T
∣∣
u=f(ξ)

dx =
d

dt

∫
Ω

T
∣∣
u=f(ξ)

dξ = 0 (6.59)

where the domain will be Ω = (−∞,∞) for solitary wave solutions, or Ω =

(−L/2, L/2) for nonlinear periodic wave solutions with wavelength L > 0. If the

conserved density T does not contain the variables t and x explicitly, then T |u=f(ξ)

will be an expression involving only f and its derivatives up to fourth order (i.e. ξ

will not appear explicitly). We can simplify this expression by using the reduced

ODE f ′ = I(f) to eliminate all derivatives of f , so that T |u=f(ξ) = T̃ (f). If the wave

profile of a travelling wave solution u = f(ξ) on the domain Ω has a single maximum

with an amplitude fmax at the center ξ = 0 of the domain and a minimum with an

amplitude fmin at the domain endpoints ξ = ∂Ω, then the conserved quantity for this

solution can be expressed as∫
Ω

T
∣∣
u=f(ξ)

dξ = 2

∫ fmax

fmin

T̃ (f)

I(f)
df (6.60)

assuming that the wave profile is symmetric around ξ = 0. This expression can be

evaluated without the need for the explicit form of the solution f(ξ).
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6.3.1 Highly nonlinear wave equation

We will now apply the method outlined in section 6.1 to derive all travelling wave

solutions for the highly nonlinear wave equation (6.1).

To begin, we substitute the traveling wave expression

ũ = f̃(ξ̃), ξ̃ = x− νt, ν = const. (6.61)

into the wave equation (6.1). This yields the fourth-order ODE

(ν/c)2f̃ ′′ = (f̃ ′)k−1f̃ ′′ + α(f̃ ′)k−3(f̃ ′′)3 + β(f̃ ′)k−2f̃ ′′f̃ ′′′ + γ(f̃ ′)k−1f̃ ′′′′ (6.62)

where c, α, β, γ are given by expressions (6.2)–(6.3), and where the nonlinearity

exponent k obeys [119–121]

k > 1. (6.63)

The physical variable that will physically describe a propagating wave is the strain

v = ũx = −ux > 0 (which is positive because the underlying discrete dynamical

system has no restoring forces). Hence, we require the condition

f̃ ′ > 0 (6.64)

on the travelling wave profile f̃(ξ̃). Moreover, since only derivatives of f̃(ξ̃) appear

in the fourth-order ODE (6.62), we will rewrite it in terms of the strain variable

v = g̃ = f̃ ′ > 0 (6.65)

which gives a third-order ODE

(ν/c)2g̃′ = g̃k−1g̃′ + αg̃k−3(g̃′)3 + βg̃k−2g̃′g̃′′ + γg̃k−1g̃′′′. (6.66)

We now seek to find all solitary wave solutions and all periodic wave solutions of

the strain ODE (6.66).

The first step in our method is to make use of the conservation laws (6.39)–(6.42)

derived in section 6.2 for the highly nonlinear wave equation (6.1). By applying the

direct reduction approach (6.58), we obtain first integrals for the ODE (6.66) from

the conservation laws (6.39), (6.41), and (6.42). These three conservation laws, which

do not contain t and x explicitly, respectively describe the mean impulse-momentum,
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the total momentum, and the total energy for solutions of the wave equation (6.1).

The first integral arising from the mean impulse-momentum (6.39) is given by

C̃1 = (ν/c)2g̃ − 1
k
g̃k − k−1

6
R2g̃k−2g̃′2 − 1

3
R2g̃k−1g̃′′ = const.. (6.67)

Physically, it measures the spatial flux of mean impulse-momentum in the rest frame

of the travelling wave. Both the total momentum (6.41) and the total energy (6.42)

yield the same first integral (up to a multiplicative constant)

C̃2 = 1
2
(ν/c)2g̃2 − 1

k+1
g̃k+1 − k−2

6
R2g̃k−1g̃′2 − 1

3
R2g̃kg̃′′ = const.. (6.68)

Physically, this first integral measures the spatial flux of total energy/momentum in

the rest frame of the travelling wave. We use the first integral (6.67) to solve for g̃′′

in terms of g̃′ and g̃, and substitute this expression into the first integral (6.68). This

immediately yields the first-order separable ODE

(g̃′)2 = (6/R2)g̃1−k(1
2
(ν/c)2g̃2 − C̃1g̃ + C̃2 − 1

k(k+1)
g̃1+k

)
. (6.69)

We write this ODE in dimensionless form by introducing the scaling

g̃ = λg, ξ̃ = ωξ, (6.70)

C1 = −C̃1k(k + 1)λ−k, C2 = C̃2k(k + 1)λ−1−k. (6.71)

If we choose

λ =
(

1
2
(ν/c)2k(k + 1)

)1/(k−1)
, ω =

√
1
6
k(k + 1)R, (6.72)

then the ODE becomes

(g′)2 = G(g), (6.73)

with

G(g) = g1−k(g2 + C1g + C2 − g1+k), g > 0 (6.74)

where ξ and g(ξ) are now dimensionless, and where C1 and C2 are dimensionless

arbitrary constants.

The next step in our method is to classify all solutions of the first-order separable

ODE (6.73) by employing a modified energy analysis. We first write C2 = E, where E

represents a dimensionless energy for a solution g(ξ). We view C1 as a free parameter

on which the solutions g(ξ) will depend. Then we introduce the potential energy
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function

V (g) = g1+k − g(g + C1), (6.75)

and write the ODE in the form

gk−1g′2 + V (g) = E (6.76)

which is a sum of a kinetic-type energy term and a potential energy term. The main

part of the analysis is that we need to understand the shape of the potential (6.75) as

a function of g > 0. To begin, we note its first and second derivatives are given by:

V ′(g) = (1 + k)gk − 2g − C1, V ′′(g) = k(1 + k)gk−1 − 2. (6.77)

We then see that there is only one point at which the convexity of V (g) changes:

g∗ =
(

2
k(k+1)

)1/(k−1)
. (6.78)

Since k belongs to the range (6.63), note that we have

0 < g∗ < 1. (6.79)

We now find all of the critical points g = gc of V (g). The number and nature of

these points will depend on the value of C1. First, we observe that finding the roots

of V ′(g) = 0 is equivalent to finding the intersection points of the curve (1 +k)gk and

the line 2g+C1. Now consider the slope of the curve, which is given by (1 + k)kgk−1.

At g = 0, the slope vanishes. For g > 0, the slope is increasing and becomes equal

to the slope of the line at g = g∗. For g > g∗, the curve has a greater slope than the

slope of the line. Hence, if C1 ≥ 0, then for g > 0 the curve will intersect the line

at exactly one point g = gc
1, which will lie to the right of g∗. Since V ′′(gc

1) > 0, we

conclude that gc
1 is a local minimum of V (g). Next, if C1 < 0, then there are three

cases, depending on the sign of the difference (1+k)g∗k− (2g∗+C1) = C∗1 −C1 where

C∗1 = (1 + k)g∗k − 2g∗ = −2(k−1)
k

g∗ < 0. (6.80)

If the sign of C∗1 − C1 is negative, then for g > 0 the line will intersect the curve in

two distinct points g = gc
1 and g = gc

2 such that 0 < gc
1 < g∗ < gc

2. The critical point

at gc
1 is a local maximum of V (g), while the other critical point gc

2 is a local minimum
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of V (g). If C∗1 − C1 is zero, then for g > 0 the line will intersect the curve only at

the point (i.e., as a tangent line) g = g∗, which is an inflection point of V (g). If the

sign of C∗1 − C1 is positive, then for g > 0 the line will not intersect the curve. This

completes the determination of all of the critical points of V (g).

Finally, we look at the asymptotic behaviour of V (g) as g → 0 and g → ∞. For

large g, the dominant term in V (g) is g1+k � g(g + C1), so then V (g) → ∞. For g

near 0, the dominant term in V (g) is either |C1|g � g1+k if C1 6= 0, or g2 � g1+k

if C1 = 0. Combining this asymptotic analysis with the critical point analysis, we

obtain a full picture of the potential energy function V (g). In particular, there are

five distinct cases, depending on the value of C1, as illustrated in Fig. 6.1.

We can now classify the different types of solutions of ODE (6.76) by using an

energy analysis based on the features of the energy potential V (g). Consider the

intersection of an energy line E = const. and the potential V (g) for g > 0. The ODE

(6.76) shows that gk−1g′2 = 0 holds at the intersection point, and this implies g′ = 0

(since g > 0). Hence, all such intersection points correspond to critical points of the

wave profile g(ξ). This leads to four different types of solutions, two of which have

the feature that g(ξ) vanishes at isolated points ξ.

Additional types of solutions arise if we also consider intersection points given by

g = 0, which can occur (only) if E = 0. Compared to the four main types, these

additional solutions exhibit different behaviour at the points ξ where g(ξ) = 0.

A summary of all of the different solution types is stated in Table 6.1. Details will

be derived in subsequent subsections 6.3.2–6.3.6.

The presence of a node in a travelling wave g(ξ) means that the strain (6.65) is

no longer positive but vanishes at isolated points ξ0. This can be viewed as a limiting

case of vanishingly small strain.

To understand how the different types of solution arise, we integrate the first-order

separable ODE (6.76) to get

±
∫ g

g0

g(k−1)/2√
E − V (g)

dg = ξ (6.81)

where g0 > 0 is a root of V (g) = E. Then we can factorize the denominator expression

E − V (g) = (g − g0)mA(g) (6.82)

where m is some positive integer (i.e., the degeneracy of the root) and A(g) is some
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Figure 6.1: Potential energy function V (g) = g1+k− g(g+C1) for the Hertz potential
with k = 3/2.

function of g such that A(g0) is non-singular. This factorization will hold under the

conditions that E − V (g) and its derivatives up to order m − 1 vanish at g = g0.

Note, from the shape of V (g), the maximum possible degeneracy is m = 3, and the

root g0 is a critical point of V (g) iff m 6= 1. Next we expand the integral (6.81)
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Table 6.1: Types of travelling wave solutions.
Intersection points Type of point Nonlinearity Solution type Domain

V (g) = E g k g(ξ) ξ

two g > 0 one local maximum > 1 solitary wave (−∞,∞)
one non-critical

one g > 0 local maximum > 1 cusp-nodal (−∞,∞)
solitary wave

two g > 0 non-critical > 1 periodic wave [−L
2
, L

2
]

one g > 0 non-critical > 1 cusp-nodal [−L
2
, L

2
]

periodic wave

one g = 0 non-critical < 2 nodal periodic wave [−L
2
, L

2
]

one g > 1 non-critical
one g = 0 non-critical = 2 corner-nodal [−L

2
, L

2
]

one g > 1 non-critical periodic wave
one g = 0 non-critical > 2 cusp-nodal [−L

2
, L

2
]

one g > 1 non-critical periodic wave
one g = 0 critical < 3 nodal periodic wave [−L

2
, L

2
]

one g = 1 non-critical
one g = 0 critical = 3 corner-nodal [−L

2
, L

2
]

one g = 1 non-critical periodic wave
one g = 0 critical > 3 cusp-nodal [−L

2
, L

2
]

one g = 1 non-critical periodic wave

asymptotically for g near g0 > 0:∫
g(k−1)/2√
E − V (g)

dg ∼ g
(k−1)/2
0√
|A(g0)|

∫
dg

|g − g0|m/2

∼ g
(k−1)/2
0√
|A(g0)|


2|g − g0|1/2, m = 1

ln |g − g0|, m = 2

−2|g − g0|−1/2, m = 3.

(6.83)

In the case m = 1, this integral converges, and so g(ξ) will equal g0 at a finite value

ξ = ξ0. In the other two cases, the integral diverges, whereby g(ξ) will asymptotically

approach g0 as |ξ| gets large. This asymptotic tail will have exponential decay of

|g − g0| → 0 in the case m = 2 and power decay of |g − g0| → 0 in the case m = 3.

The global behaviour of the solution g(ξ) as a function of ξ depends on whether the

domain for the integral (6.81) is given by g ≥ g0 or g ≤ g0, as determined by the

condition V (g) ≤ E so that
√
E − V (g) is well-defined.
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When V (g) ≤ E holds for some g ≥ g0 > 0, the shape of V (g) shows that C1

must be greater than C∗1 , and that V (g) = E has a second root g1. This root satisfies

g1 > g0 > 0 and is not a critical point of V (g). Consequently, the domain for the

solution integral (6.81) will be g0 ≤ g ≤ g1, and the resulting solution g(ξ) will have

the properties that it will reach g1 at a finite value of ξ, and that it will reach g0

either at a different finite value of ξ if g0 is not a critical point of V (g), see Fig. 6.2 or

asymptotically for large |ξ| if g0 is a critical point of V (g), see Fig. 6.3. Moreover, in

the latter case, the shape of V (g) shows that V ′′(g0) 6= 0, so the degeneracy of g0 will

be m = 2. These two possibilities for the global behaviour of g(ξ) thereby describe,

respectively, a periodic wave (obtained by piecing together translated copies of the

wave profile) whose maximum and minimum amplitudes are g1 and g0, and a solitary

wave with a maximum amplitude g1 and an exponential tail decaying to g0.

(ii)

g
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0

g
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E < 0
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 0

g
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g

V(g)

0
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E < 0
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*

g
0

g
0

g
1

g
1

Figure 6.2: Conditions for a periodic wave solution for the potential energy function
V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2.
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Figure 6.3: Conditions for a solitary wave solution for the potential energy function
V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2.
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When V (g) ≤ E holds for some g ≤ g0 > 0 with E > 0, the shape of V (g) shows

that V (g) = E > 0 has no roots other than g0 and that there is no restriction on C1.

Consequently, the domain for the solution integral (6.81) will be 0 ≤ g ≤ g0. The

resulting solution g(ξ) will reach 0 at a value of ξ determined by the convergence of

the integral (6.81) near g = 0. In particular, due to k > 1 and E > 0, we have∫
g(k−1)/2√
E − V (g)

dg ∼ 1√
E

∫
g(k−1)/2 dg = 0 (6.84)

and

(g′)2 ∼ Eg1−k =∞. (6.85)

Hence, g(ξ) will go to 0 at a finite value of ξ, while g′(ξ) will blow up. This describes

a nonlinear wave g(ξ) that has a nodal cusp. Furthermore, this solution will reach

g0 either at a finite value of ξ if g0 is a not critical point of V (g), see Fig. 6.4, or

asymptotically for large |ξ| if g0 is a critical point of V (g), see Fig. 6.5. These respec-

tive cases describe a cusped periodic wave (obtained by piecing together translated

copies of the wave profile), and a cusped solitary wave. In the latter case, the shape

of V (g) shows that either V ′′(g0) 6= 0 if C1 > C∗1 , whereby the degeneracy of g0 will

be m = 2, or V ′′(g0) = 0 if C1 = C∗1 , whereby the degeneracy of g0 will be m = 3.

These two possibilities correspond to the tail of the cusped solitary wave having either

exponential decay or power decay of |g − g0| → 0 for large |ξ|.
A limiting case occurs when V (g) ≤ E = 0 holds for some g ≥ g0 = 0, where

V (0) = 0 and V ′(0) = −C1. In this case, as shown by the shape of V (g), see Fig. 6.6,

we have C1 ≥ 0, and V (g) = E = 0 has a second root g1 > g∗ > 0 which is not a

critical point of V (g). Moreover, we see g0 = 0 is a critical point of V (g) iff C1 = 0.

The domain for the solution integral (6.81) thereby will be 0 ≤ g ≤ g1, and the

resulting solution g(ξ) will reach g1 > 0 at a finite value of ξ. The solution g(ξ) will

reach g0 = 0 at a value of ξ determined by expanding the solution integral (6.81)

asymptotically for g near 0:

∫ g

0

g(k−1)/2√
E − V (g)

dg =

∫ g

0

gk/2−1√
C1 + g − gk

dg ∼

 2
k−1

g(k−1)/2 ∼ 0, C1 = 0

2
k
√
C1
gk/2 ∼ 0, C1 > 0

∼ 0

(6.86)

which is due to k > 1. Thus, since this integral converges to yield 0, we can express
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Figure 6.4: Conditions for a cusped periodic wave solution for the potential energy
function V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2.
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Figure 6.5: Conditions for a cusped solitary wave solution for the potential energy
function V (g) = g1+k − g(g + C1) for the Hertz potential with k = 3/2.

the solution g(ξ) as

±
∫ g

0

gk/2−1√
C1 + g − gk

dg = ξ (6.87)
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where g(0) = 0. The ODE (6.76) then shows that

(g′)2 ∼

g3−k, C1 = 0

C1g
2−k, C1 > 0

as g → 0. (6.88)

This implies

|g′(0)| =


0, k < 3

1, k = 3

∞, k > 3

when V ′(0) = 0, Fig. 6.6(i), (6.89)

and

|g′(0)| =


0, k < 2

V ′(0), k = 2

∞, k > 2

when V ′(0) < 0, Fig. 6.6(ii). (6.90)

Therefore, the solution g(ξ) describes a periodic wave in which ξ = 0 modulo L is

a node that exhibits a cusp, a corner, or a local minimum, depending on the values

of k and V ′(0) = −C1, where L is the wavelength. (Note that the case V ′(0) = 0

distinguishes when the set of constant strain solutions, g = const., includes g = 0.)
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Figure 6.6: Conditions for the limiting case E = 0 (nodal, corner, cusp) periodic
wave solutions for the potential energy function V (g) = g1+k − g(g + C1) for the
Hertz potential with k = 3/2.

We remark that the presence of a node in a travelling wave g(ξ) means that the

strain (6.65) is no longer positive but vanishes at isolated points ξ0. This can be

viewed as a limiting case of vanishingly small strain. We also remark that the wave
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profile g(ξ) for cusped waves and peaked waves is not a differentiable function of ξ at

the locations of the cusps and peaks. Thus, at these values of ξ, g(ξ) does not satisfy

the ODE (6.76). As a consequence, for g(ξ) to make sense as an actual solution, we

would need to seek a suitable weak formulation of the ODE, similarly to what is done

for peakon wave solutions [128–130] of the Camassa-Holm equation and other related

nonlinear wave equations.

In the next step of our method, based on the preceding analysis of the solution

integral (6.81), we determine the conditions on the constants E, g0, and C1 = V ′(0)

under which the various types of solutions g(ξ) (listed in Table 6.1) are produced.

For carrying out this analysis, it will be useful to introduce the notation

Sn(a, b) = Sn(b, a) =
an − bn

a− b
, a 6= b, n > 0. (6.91)

As a function of a and b, Sn(a, b) has the following properties that we will need. First,

for a > b > 0 and b > a > 0, Sn(a, b) is non-singular when n ≥ 0; ∂aSn(a, b) and

∂2
aSn(a, b) are non-singular when n ≥ 1 and n ≥ 2, respectively. Second, Sn(a, b)

obeys the inequalities

Sn(a, b) ≤ n
an + bn

a+ b
, n ≥ 0 (6.92)

and

Sn(a, b) > Sn(a, c) > 0, n > 0 (6.93)

∂aSn(a, b) > ∂aSn(a, c) > 0, n > 1 (6.94)

∂cSn(c, a) > ∂cSn(c, b) > 0, n > 1 (6.95)

∂2
aSn(a, b) > ∂2

aSn(a, c) > 0, n > 2 (6.96)

for a > b > c ≥ 0. Third, Sn(a, b) has the limits

Sn(a, a) = nan−1, ∂aSn(a, b)|b=a = 1
2
n(n− 1)an−2 (6.97)

for a > 0.
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6.3.2 Periodic waves

To obtain a periodic nonlinear wave solution g(ξ) > 0, we must have

C1 ≥ 0 : 0 > E > V (gc
1)

0 > C1 > C∗1 : V (gc
1) > E > V (gc

2)
(6.98)

E = V (g0) = V (g1), 0 < g0 < g1 (6.99)

V ′(g0) < 0, V ′(g1) > 0 (6.100)

V (g) ≤ V (g0) for g0 ≤ g ≤ g1 (6.101)

where V ′(gc
1) = V ′(gc

2) = 0.

The second condition (6.99) yields E = gk+1
0 − g0(g0 + C1) = gk+1

1 − g1(g1 + C1).

These two equations determine

C1 = Sk+1(g1, g0)− (g1 + g0) (6.102)

E = g1g0

(
1− Sk(g1, g0)

)
(6.103)

in terms of g0 and g1. Then we have

V (g) = g
(
gk − g + g1 + g0 − Sk+1(g1, g0)

)
(6.104)

which gives

E − V (g) = (g1 − g)(g − g0)A(g) (6.105)

where

A(g) =
Sk+1(g, g1)− Sk+1(g, g0)

g1 − g0

− 1 =
g1Sk(g, g1)− g0Sk(g, g0)

g1 − g0

− 1. (6.106)

Next, we find that the third condition (6.100) yields

g1(Sk(g1, g0)− 1) > g0(kgk−1
0 − 1) (6.107)

and

g1(kgk−1
1 − 1) > g0(Sk(g1, g0)− 1). (6.108)

Comparing these two inequalities, we see that the second one follows from the first
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one, because k(gk1 + gk0)− (g1 + g0)Sk(g1, g0) > 0 due to property (6.92), using

0 < g0 < g1. (6.109)

Then, the remaining conditions (6.101) and (6.98) will hold because V (g0) − V (g)

is increasing for both g − g0 and g1 − g increasing up to the single critical point

g = gc
2 between g0 and g1. Finally, we note that inequality (6.107) imposes a simple

lower bound on g1 as follows. Consider the extended inequality g1(Sk(g1, g0) − 1) ≥
g0(kgk−1

0 − 1) with 0 < g0 ≤ g1. This inequality can be re-written as B0(g0) +

B1(g0)g1 ≥ C(g1), which says that the line B0(g0) + B1(g0)g1 lies above the curve

C(g1), where B0(g) = g2(kgk−1−1), B1(g) = g(2− (k+ 1)gk−1), C(g) = g2(1− gk−1).

We see that if g0 = g1 then B0(g1) + B1(g1)g1 = C(g1) and B1(g1) = C ′(g1), so thus

the line touches the curve as a tangent line. Hence, the boundary of inequality (6.107)

consists of the points g1 > 0 at which the line B0(g0)+B1(g0)g1 is tangent to the curve

C(g1). The minimum g1 in this set of tangent points can be seen geometrically to come

from the critical point g∗0 of the set of lines B0(g0) +B1(g0)g1 as given by B′0(g∗0) = 0

and B′1(g∗0) = 0. We have B′0(g) = k(k+1)gk−2g and B′1(g) = 2−k(k+1)gk−1, which

yields g∗0 = g∗, where g∗ is expression (6.78). This gives g1 = g∗ for the minimum of

g1 in the set of tangent points. We thus have the lower bound

g1 > g∗ (6.110)

under which the inequality (6.107) will hold.

Therefore, a periodic wave exists iff the constants g0 and g1 satisfy the inequalities

(6.107), (6.109), (6.110). Then the solution integral (6.81) is given by

±
∫ g

g0

g(k−1)/2√
(g1 − g)(g − g0)A(g)

dg = ξ ∓ L/2 (6.111)

with g0 ≤ g ≤ g1, where

L = 2

∫ g1

g0

g(k−1)/2√
(g1 − g)(g − g0)A(g)

dg > 0 (6.112)

is the wavelength. The wave profile g(ξ) for this solution (6.111) will reach a local

maximum g1 at ξ = 0 modulo L and a local minimum g0 at ξ = ±L/2 modulo L.
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6.3.3 Cusped periodic waves

This type of periodic solution g(ξ) ≥ 0 arises when

E > 0 (6.113)

E = V (g0) (6.114)

V ′(g0) > 0 (6.115)

V (g) ≤ V (g0) for 0 < g ≤ g0. (6.116)

The second condition (6.114) yields E = gk+1
0 − g0(g0 + C1), which determines

C1 = gk0 − g0 − E/g0. (6.117)

This gives

V (g) = (gk − gk0 − g + g0 + E/g0)g (6.118)

and thus we have

E − V (g) = (g0 − g)A(g) (6.119)

where

A(g) = Sk(g, g0)g − g + E/g0 = Sk+1(g, g0)− g − gk0 + E/g0. (6.120)

From the first and third and conditions (6.113) and (6.115), we have

E/g0 > 0, (6.121)

E/g0 > g0(1− kgk−1
0 ). (6.122)

The fourth condition (6.116) reduces to A(g) ≥ 0. We note A(0) = E/g0 > 0 and

A(g0) = kgk0−g0+E/g0 > 0 by using inequalities (6.121)–(6.122) and property (6.97).

Now consider A′(g) = ∂gSk+1(g, g0) − 1 from expression (6.120). Using properties

(6.94) and (6.97), we see A′(g) ≤ A′(g0) = ∂gSk+1(g0, g0) − 1 = (g0/g
∗)k−1 − 1 for

0 < g ≤ g0, from expressions (6.120) and (6.78). Hence, we obtain A′(g) ≤ 0 if

g0 ≤ g∗, which then implies A(g) ≥ A(g0) for 0 < g ≤ g0. Since A(g0) > 0, we

conclude A(g) ≥ 0 for 0 < g ≤ g0 in the case g0 ≤ g∗. The complementary case

g0 > g∗ is more complicated and leads to two subcases as follows. We first note

A′(g) ≥ ∂gSk+1(g, g)− 1 = 1
2
(k + 1)kgk−1 − 1 = (g/g∗)k−1 − 1 from properties (6.94)
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and (6.97). This implies A′(g) > 0 for g > g∗, whereby A(g) is increasing for g > g∗.

Also, we have A′′(g) = ∂2
gSk+1(g, g0) > 0 by property (6.96). Next we note that

A′(0) = ∂gSk+1(g, g0)|g=0 − 1 = gk−1
0 − 1 by direct evaluation. This gives a case split,

depending on whether g0 > 1 or g0 < 1. If g0 ≥ 1, we have A′(0) ≥ 0, which then

implies that A(g) is increasing for 0 < g ≤ g0, since A′′(g) > 0. We thereby conclude

that A(g) > 0 due to A(0) > 0. If instead g0 < 1, then we have A′(0) < 0, which

implies A(g) has a unique minimum for some g = g∗0 ≤ g∗, since A′(g) > 0 for g > g∗

and A′′(g) > 0 for 0 < g < g0. This minimum is determined by

∂gSk+1(g, g0)|g=g∗0 = 1. (6.123)

Hence, we conclude A(g) ≥ A(g∗0), and then we require A(g∗0) ≥ 0 so that A(g) ≥ 0

will hold for 0 < g ≤ g0. This yields the condition E/g0 ≥ (1 − Sk(g∗0, g0))g∗0 from

expression (6.120). Finally, we note that equation (6.123) can be expressed in an

equivalent form by expanding out the derivative, which gives Sk+1(g∗0, g0) = (k +

1)g∗0
k − g∗0 + g0. In turn, we can express Sk+1(g∗0, g0) = g∗0

k + g0Sk(g
∗
0, g0), yielding

g0(1− Sk(g∗0, g0)) = g∗0(1− kg∗0
k−1). (6.124)

Therefore, this analysis shows that a cusped periodic wave exists iff the constants

g0 and E satisfy the inequalities

E > 0, g0 ≥ 1 (6.125a)

E ≥ (1− kg∗0
k−1)g∗0

2 > 0, g∗ < g0 < 1 (6.125b)

E ≥ (1− kgk−1
0 )g2

0 > 0, 0 < g0 < g∗ (6.125c)

where g∗0 is given by equation (6.123) (or, equivalently, equation (6.124)). The solution

integral (6.81) then can be expressed as

±
∫ g0

g

g(k−1)/2√
(g0 − g)A(g)

dg = ξ (6.126)

with 0 < g ≤ g0. This solution describes a wave profile g(ξ) that has a local maximum

g0 at ξ = 0 modulo L and nodal cusps at ξ = ±L/2 modulo L such that g → 0 while

|g′| → ∞, where

L = 2

∫ g0

0

g(k−1)/2√
(g0 − g)A(g)

dg > 0 (6.127)
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is a size parameter.

6.3.4 Solitary waves

To obtain a solitary wave solution g(ξ) > 0, we need

0 > C1 > C∗1 : E > 0 (6.128)

E = V (g0) = V (g1) (6.129)

V ′(g0) = 0, V ′′(g0) < 0, (6.130)

V ′(g1) > 0 (6.131)

V (g) ≤ E for 0 < g0 ≤ g ≤ g1. (6.132)

The third condition (6.130) yields

C1 = (k + 1)gk0 − 2g0 (6.133)

and (k + 1)kgk−1
0 < 2, which gives

V (g) = gk+1 − g2 + (2g0 − (k + 1)gk0)g (6.134)

and

0 < g0 < g∗ (6.135)

where g∗ is the point (6.78) at which V ′′(g) = 0. Then the first part of the second

condition (6.129) determines

E = g2
0(1− kgk−1

0 ) (6.136)

in terms of g0. Thus, we have

E − V (g) = (g − g0)2A(g) (6.137)

and

A(g) = 1− gSk(g, g0)− kgk0
g − g0

= 1− kSk(g, g0) + g∂gSk(g, g0). (6.138)

Next, the second part of condition (6.129) gives A(g1) = 0. This equation implicitly

determines g1 in terms of g0. In particular, since V (g) has an inflection point at
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g = g∗, we have g1 > g∗ > g0. We can also obtain an upper bound on g1 as follows.

Consider A(1) = 1− (Sk(1, g0)− kgk0)/(1− g0) < 1− (Sk(1, 0)− kgk0)/(1− g0) due to

inequality (6.93) since g0 > 0. This directly gives A(1) < −g0(1− kgk−1
0 )/(1− g0) =

−A(0)g0/(1 − g0), where g0/(1 − g0) > 0 since 0 < g0 < g∗ < 1. Moreover, using

expression (6.78) for g∗, we have A(0) = 1− (2/(k + 1))(g0/g
∗)k−1) > 0 since k > 1.

As a consequence, we get A(1) < 0, which implies

g1 < 1. (6.139)

Furthermore, the fifth condition (6.132) is then satisfied due to A(g) ≥ 0 for g0 ≤
g ≤ g1. Then, from expression (6.134) combined with g0 < g∗, we see that E =

V (g0) = g2
0(1 − kgk−1

0 ) > 0. Hence, the first condition (6.128) is satisfied. Finally,

the fourth condition (6.131) reduces to Sk(g1, g0) > 2/(k + 1), which holds due to

g0 < g∗ as follows. From A(g1) = 0, we get g1Sk(g1, g0) = g1 − g0(1− kgk−1
0 ), and so

g1(Sk(g1, g0) − 2/(k + 1)) = g1(k − 1)/(k + 1) − g0(1 − kgk−1
0 ). Then, g0 < g∗ gives

1 − kgk−1
0 > 1 − kg∗k−1 = (k − 1)/(k + 1), which yields g1(Sk(g1, g0) − 2/(k + 1)) >

(g1 − g0)(k − 1)/(k + 1) > 0, whereby we have Sk(g1, g0) > 2/(k + 1).

Therefore, the preceding analysis shows that a solitary wave exists iff the constant

g0 satisfies the inequality (6.135). Because g0 is an asymptotic minimum of the wave

profile g(ξ) as ξ → ±∞, the solution integral (6.81) must be expressed as

±
∫ g1

g

g(k−1)/2

(g − g0)
√
A(g)

dg = ξ (6.140)

with g0 ≤ g ≤ g1 such that A(g1) = 0 where g = g1 < 1 is a (global) maximum of the

wave profile. The asymptotic tail has exponential decay g → g0, since g0 is a critical

point of V (g) but V ′′(g0) 6= 0.

It is useful to note the properties that g1 → 1 when g0 → 0 and that g1 → g∗

when g0 → g∗. In particular, g1 is a decreasing function of g0, as shown by

dg1

dg0

= − 2(1− (g0/g
∗)k−1

(k + 1)Sk(g1, g0)− 2
< 0 (6.141)

which is obtained from dA(g1)
dg0

= 0 with k > 1.
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6.3.5 Cusped solitary waves

This type of solitary wave solution g(ξ) ≥ 0 arises when

0 > C1 ≥ C∗1 : E > 0 (6.142)

E = V (g0) (6.143)

V ′(g0) = 0, V ′′(g0) ≤ 0 (6.144)

V (g) ≤ E for 0 ≤ g ≤ g0. (6.145)

The two conditions (6.143)–(6.144) yield the energy expression (6.136) and the

potential energy expression (6.134), giving again the expression (6.138) for E−V (g).

But the second part of the third condition (6.144) now gives

0 < g0 ≤ g∗ (6.146)

where g∗ is the point (6.78) at which V ′′(g) = 0. The fourth condition (6.145) holds as

follows. We note E−V (g0) = 0. Then we have−V ′(g) = (g0−g)((k+1)Sk(g, g0)−2) =

(2g1−k
0 /k)(g0−g)((g0/g

∗)k−1Sk(g, g0)−kgk−1
0 ) ≤ (2g1−k

0 /k)(g0−g)(Sk(g, g0)−kgk−1
0 ) <

0 from property (6.93) combined with the limit (6.97). This implies V (g) is decreasing

as g decreases, and hence E − V (g) ≥ 0 for 0 ≤ g ≤ g0, since V (g) has no critical

point g < g0.

Therefore, a cusped solitary wave exists iff the inequality (6.146) holds. The

solution integral (6.81) is then given by

±
∫ g

0

g(k−1)/2

(g0 − g)
√
A(g)

dg = ξ (6.147)

with 0 ≤ g ≤ g0, where A(g) is given by expression (6.138). This solution describes a

wave profile g(ξ) that has an asymptotic maximum g0 as ξ → ±∞, and a nodal cusp

at ξ = 0 such that g → 0 while |g′| → ∞.

The behavior of the asymptotic tail g → g0 for large ξ differs depending on whether

C1 = C∗1 or C1 > C∗1 . These two cases respectively correspond to V ′′(g0) = 0 and

V ′′(g0) 6= 0. Consequently, the general analysis using equation (6.83) shows that

g0 − g → 0 will exhibit exponential decay when V ′′(g0) 6= 0, or power decay when

V ′′(g0) = 0.
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6.3.6 Limiting case of periodic waves

A special limiting case of periodic waves arises when g0 = 0. This case is given by

C1 ≥ 0 : E = 0 (6.148)

V (0) = V (g1) = 0 (6.149)

V ′(g1) 6= 0 (6.150)

V (g) ≤ 0 for 0 ≤ g ≤ g1 (6.151)

where, now, the solution g(ξ) will exhibit nodes at which g = g0 = 0.

The first and second conditions (6.148)–(6.149) together yield

C1 = gk1 − g1 ≥ 0 (6.152)

from which we get

V (g) = g(gk − gk1 + g1 − g). (6.153)

This gives

E − V (g) = (g1 − g)gA(g), A(g) = Sk(g, g1)− 1. (6.154)

Next, from the inequality (6.152), we have

g1 ≥ 1. (6.155)

This implies that V ′(g1) = g1(kgk−1
1 − 1) ≥ k − 1 > 0 due to k > 1, and hence the

third condition (6.150) holds. The fourth condition (6.151) now becomes A(g) ≥ 0 for

0 ≤ g ≤ g1. We first note, by direct evaluation, A(0) = Sk(0, g1)− 1 = gk−1
1 − 1 > 0

due to inequality (6.155). Next, we have A′(g) = S ′k(g, g1) > 0 by property (6.95),

and hence we conclude A(g) ≥ A(0) for 0 ≤ g ≤ g1. This shows that condition (6.151)

holds.

Therefore, from this analysis, a periodic wave with g0 = 0 exists iff the constant

g1 satisfies the inequality (6.155). The solution integral (6.81) is given by

±
∫ g

0

gk/2−1√
(g1 − g)A(g)

dg = ξ (6.156)

with 0 ≤ g ≤ g1. The wave profile g(ξ) for this solution (6.156) will be periodic.
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It will have a local maximum of g1 at ξ = ±L/2 modulo L, where its wavelength is

given by

L = 2

∫ g1

0

gk/2−1√
(g1 − g)A(g)

dg > 0. (6.157)

At ξ = 0 modulo L, the wave will have either a cusp, a corner, or a local minimum,

depending on g1, as indicated in Table 6.1 which follows from inequality (6.152).

6.3.7 Energy and momentum

Each solution g(ξ) of the first-order ODE (6.76) gives a corresponding solution of the

strain ODE (6.66) after we revert to the physical (unscaled) variables g̃(ξ̃). From the

scaling transformation (6.70)–(6.72), we get

g̃(ξ̃) =
(

1
2
(ν/c)2k(k + 1)

)1/(k−1)
g
( √

6√
k(k+1)R

ξ̃
)

(6.158)

which represents a physical travelling wave in terms of the strain variable

v = g̃(x− νt) =
(

1
2
(ν/c)2k(k + 1)

)1/(k−1)
g
( √

6√
k(k+1)R

(x− νt)
)

(6.159)

where ν = const. is the wave speed. Note that these waves can be bi-directional, since

there is no constraint on the sign of ν, other than ν 6= 0.

All physical travelling waves carry energy and momentum, which are defined by

the respective conservation laws (6.41) and (6.42) where ũt = −νg̃ and ũx = g̃. The

total energy and total momentum are given by the spatial integrals (6.45) and (6.46)

on a domain Ω = (−∞,∞) in the case of solitary waves, or Ω = (−L̃/2, L̃/2) in the

case of periodic waves with wavelength L̃ > 0. In terms of g̃(ξ̃), these integrals take

the form

P = C3[g̃] =

∫
Ω

νg̃2 dξ̃, (6.160)

E = C4[g̃] =

∫
Ω

(
1
2
ν2g̃2 − c2(1

6
R2g̃k−1(g̃′)2 − 1

k(k+1)
g̃k+1)

)
dξ̃. (6.161)

For periodic waves, both integrals will be finite, since the domain is a finite interval.

But for solitary waves, the domain is infinite and g̃(ξ̃) has a non-zero asymptotic

value g̃0 > 0 as ξ̃ → ±∞, and hence both integrals will diverge. However, we

can regularize the energy density and momentum density to remove the divergent
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contribution in two different ways.

Firstly, we can consider a constant solution given by g̃ = g̃0, which satisfies the

strain ODE (6.66), where g̃0 is the asymptotic value of a solitary wave solution.

The respective momentum and energy densities (6.41) and (6.42) evaluated for the

corresponding constant strain solution v = g̃0 are given by

T3[g̃0] = νg̃2
0, (6.162)

T4[g̃0] = 1
2
ν2g̃2

0 + 1
k(k+1)

c2g̃k+1
0 . (6.163)

If we now subtract these densities from the respective densities in the integrals (6.160)

and (6.161), then we obtain regularized momentum and energy integrals

P̃ =

∫
Ω

ν(g̃2 − g̃2
0) dξ̃, (6.164)

Ẽ =

∫
Ω

(
1
2
ν2(g̃2 − g̃2

0)− c2(1
6
R2g̃k−1(g̃′)2 − 1

k(k+1)
(g̃k+1 − g̃k+1

0 ))
)
dξ̃, (6.165)

both of which will be finite.

Secondly, we can instead consider a linear combination of the energy and mo-

mentum densities such that the resulting density goes to zero as ξ̃ → ±∞. This

is achieved simply by taking the density to be T4[g̃] − (T4[g̃0]/T3[g̃0])T3[g̃]. From

expressions (6.162) and (6.163), we then have the energy-momentum integral

Ê =

∫
Ω

c2
(

1
k(k+1)

g̃2(g̃k−1 − g̃k−1
0 )− 1

6
R2g̃k−1(g̃′)2

)
dξ̃ (6.166)

which will be finite.

A direct evaluation of any of these integrals (6.160), (6.161), (6.164), (6.165),

(6.166) would require that we first substitute the explicit form of the travelling wave

solution g̃(ξ̃) and then integrate with respect to ξ̃ over the domain Ω. We can avoid

these obstacles by expressing each integral in an equivalent form (6.60) which in-

volves only the ODE for the travelling wave. In particular, we first use the scaling

transformation (6.158) to express g̃(ξ̃) in terms of the dimensionless expression g(ξ),

and we next use the dimensionless first-order ODE (6.76) to change the integration

variable from ξ to g. This formulation relies on the global features of g(ξ) that all

travelling waves are symmetric functions of ξ, and that non-nodal periodic waves and

solitary waves have a single maximum amplitude gmax at the center of the domain
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Ω and a minimum amplitude gmin > 0 at the domain endpoints ∂Ω, whereas cusped

and peaked waves as well as nodal periodic waves have a single minimum amplitude

gmin = 0 at the center of the domain Ω and a maximum amplitude gmax > 0 at the

domain endpoints ∂Ω.

Thus, the momentum and energy integrals (6.160)–(6.161) for all periodic waves,

including the case of cusped and peaked periodic waves, can be expressed as

P = 2√
3
σ(k+3)/(k−1)|ν/c|4/(k−1)νR

∫ gmax

gmin

g(k+3)/2√
E − V (g)

dg, (6.167)

E = 1√
3
σ(k+3)/(k−1)|ν/c|4/(k−1)ν2R

∫ gmax

gmin

g(k−1)/2

(
g2(1 + gk−1)√
E − V (g)

−
√
E − V (g)

)
dg,

(6.168)

with

σ =
√

1
2
k(k + 1). (6.169)

We remark that the physical wavelength L̃ of a periodic wave is related to the dimen-

sionless wavelength L of g(ξ) by

L̃ =

√
k(k+1)

6
LR. (6.170)

Similarly, for all solitary waves, including the case of cusped solitary waves, the

regularized momentum and energy integrals (6.164)–(6.165) along with the energy-

momentum integral (6.166) can be expressed as

P̃ = 2√
3
σ(k+3)/(k−1)|ν/c|4/(k−1)νR

∫ gmax

gmin

(g2 − g2
0)g(k−1)/2√

E − V (g)
dg, (6.171)

Ẽ = 1√
3
σ(k+3)/(k−1)|ν/c|4/(k−1)ν2R

∫ gmax

gmin

g(k−1)/2

(
g2 − g2

0 + gk+1 − gk+1
0√

E − V (g)
−
√
E − V (g)

)
dg,

(6.172)

and

Ê = 1√
3
σ(k+3)/(k−1)|ν/c|4/(k−1)ν2R

∫ gmax

gmin

g(k−1)/2

(
g2(gk−1 − gk−1

0 )√
E − V (g)

−
√
E − V (g)

)
dg.

(6.173)

All of these integrals (6.167)–(6.168) and (6.171)–(6.173) are finite and represent

physical conserved quantities for travelling waves.



CHAPTER 6. TRAVELLING WAVES AND CONSERVATION LAWS FOR
HIGHLY NONLINEAR WAVE EQUATIONS MODELLING HERTZ CHAINS 125

6.4 Explicit solutions

The different solution integrals (6.81) for periodic waves (6.111), solitary waves

(6.140), cusped periodic waves (6.126), cusped solitary waves (6.147), and nodal waves

(6.156) can be evaluated in an explicit analytical form in various cases which will now

be systematically determined.

For a given solution integral, our aim is to find a suitable change of variable

g = hq, q > 0 (6.174)

that will bring the integral to one of the forms

∫ g
1/q
max

g1/q

F (h)√
P (h)

dh or

∫ g1/q

g
1/q
min

F (h)√
P (h)

dh (6.175)

with gmin ≤ g ≤ gmax, where F (h) is a rational function and P (h) is a polynomial of

lowest possible degree d > 0. If d is at most two, then the integral can be evaluated

explicitly in terms of elementary functions; if d is three or four, then the integral can

be evaluated explicitly in terms of elliptic functions.

We will now classify all of the cases for which this method produces an explicit

evaluation of each solution integral (6.111), (6.140), (6.126), (6.147), (6.156). This

classification depends sensitively on the nonlinearity exponent k > 1.

6.4.1 Classification of explicit solution integrals

Applying the change of variable (6.174) to the general solution integral (6.81), we

obtain ∫ g

g0

g(k−1)/2√
E − V (g)

dg =

∫ h

h0

qhq(k+1)/2−1√
E − V (hq)

dh. (6.176)

We can bring this integral to the general form (6.175) by multiplying the numerator

and denominator by hr where q and r are chosen to make hq(k+1)/2+r−1 be a monomial

and h2r(E − V (hq)) be a polynomial of lowest possible degree. We then have F (h) =

hq(k+1)/2+r−1 and P (h) = h2r(E − V (hq)) in all cases when E − V (hq) has no roots

with a degeneracy greater than one. This encompasses all of the different types of

periodic waves (cf. Table 6.1). In the case when E − V (hq) has a root h = h0 with

a degeneracy of two or three, we can factorize E − V (hq) = (h − h0)2B(h) to get

F (h) = hq(k+1)/2+r−1/|h−h0| and P (h) = h2rB(h). This encompasses all of the types
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of solitary waves (cf. Table 6.1). We note that if E 6= 0 then the lowest power term

in h2r(E − V (hq)) is Eh2r and so in this case we can assume 2r = 0 or 2r = 1 (since

otherwise h2brc can be factored out to get P (h) = E − V (hq) when 2r is even or

P (h) = Eh− hV (hq) when 2r is odd, which are polynomials of lower degree).

We will now proceed to classify all possibilities for q and r such that P (h) has

degree at most two or at most four. If more than one possibility works for a given

value of k > 1, then we will choose the one that yields the lowest degree for P (h). This

will yield a classification of all distinct cases for which the solution integral (6.176)

can be evaluated explicitly in terms of elementary functions or elliptic functions.

Note from equation (6.78) we have

h∗ = (g∗)1/q =
(

2
k(k+1)

)1/(q(k−1))
. (6.177)

Solitary waves

We begin with solitary waves (6.140). The most general form (6.175) for the solution

integral (6.176) in this case is given by

F (h) =
qhp

h− h0

(6.178)

(h− h0)2P (h) = Eh2r + C1h
2r+q + h2r+2q − h2p+2 (6.179)

with

p = 1
2
q(k+1)+r−1, E = h2q

0 (1−khq(k−1)
0 ), C1 = −hq0(2−(k+1)h

q(k−1)
0 ). (6.180)

Note we have E > 0 and C1 < 0 due to inequality (6.135). Consequently, we can

assume r = 0 or r = 1/2. Then, F (h) will be a rational function iff p is an integer,

and P (h) will be a polynomial of degree d ≤ 4 iff Eh2r + C1h
2r+q + h2r+2q − h2p+2 is

a polynomial of degree at most six, where we have 2r < 2r + q < 2r + 2q < 2p + 2

due to k > 1 and q > 0. This determines the following classification:

2p+ 2 = 4, 4, 6, 6, 6, 6 (6.181a)

2r + 2q = 2, 3, 2, 4, 3, 5 (6.181b)

2r + q = 1, 2, 1, 2, 2, 3 (6.181c)

2r = 0, 1, 0, 0, 1, 1 (6.181d)
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where the corresponding values of d = 2p and k = 2(p+ 1− r)/q − 1 are given by

d = 2, 2, 4, 4, 4, 4 (6.182)

k = 3, 2, 5, 2, 4, 3
2

(6.183)

The only cases that have d ≤ 2 are when k = 2 and k = 3, where q = 1 in both cases.

For k = 3, we have F (h) = h/(h− h0) and P (h) = (h1 − h)(h1 + 2h0 + h), where

h1 =
√

1− 2h2
0 − h0 with h0 < h∗ = 1/

√
6. The solution integral (6.175) in this case

yields∫ h1

h

F (h)√
P (h)

dh = 1
2
π − arctan

(
h+ h0√
P (h)

)
+

h0√
P (h0)

arctanh
(
Q(h)

)
(6.184)

where

Q(h) =
2
√
P (h)P (h0)

P (h) + P (h0) + (h− h0)2
. (6.185)

For k = 2, we have F (h) = h/(h− h0) and P (h) = (h1 − h)h, where h1 = 1− 2h0

with h0 < h∗ = 1/3. The solution integral (6.175) in this case yields∫ h1

h

F (h)√
P (h)

dh = 1
2
π − arctan

(
h+ h0 − 1

2√
P (h)

)
+

h0√
P (h0)

arctanh
(
Q(h)

)
. (6.186)

Hence, using h = g since q = 1, and taking into account the necessary and

sufficient condition (6.135) on g0, we obtain the following result.

Proposition 1. (i) The solitary wave solution integral (6.140) has an explicit evalua-

tion in terms of elementary functions when (and only when) k = 2, 3. These solutions

are given by algebraic equations

k = 2 : 1
2
π − arctan

(
g + g0 − 1

2√
P (g)

)
+

g0√
P (g0)

arctanh
(
Q(g)

)
= ±ξ,

P (g) = (g1 − g)g, g1 = 1− 2g0, g0 < g∗ = 1/3

(6.187)

and

k = 3 : 1
2
π − arctan

(
g + g0√
P (g)

)
+

g0√
P (g0)

arctanh
(
Q(g)

)
= ±ξ,

P (g) = (g1 − g)(g + g1 + 2g0), g1 =
√

1− 2g2
0 − g0, g0 < g∗ = 1/

√
6

(6.188)



CHAPTER 6. TRAVELLING WAVES AND CONSERVATION LAWS FOR
HIGHLY NONLINEAR WAVE EQUATIONS MODELLING HERTZ CHAINS 128

where Q(g) is given by expression (6.185).

(ii) The solitary wave solution integral (6.140) has an explicit evaluation in terms of

elliptic functions when (and only when) k = 3
2
, 4, 5.

The solutions (6.187) and (6.188) are depicted in Fig. 6.7 for g0 = 0.2.

(i) k=2

g0=0.2

(ii) k=3

g0=0.2
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0.3

0.4

0.5

0.6

g
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0.2

0.3

0.4
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0.7

0.8
g

Figure 6.7: Exact solitary wave solutions.

Cusped solitary waves

The classification for cusped solitary waves (6.147) is the same, apart from a change

in the sign of the denominator of F (h) and a change in the integration domain. This

leads to the following result.

Proposition 2. (i) The cusped solitary wave solution integral (6.147) has an explicit

evaluation in terms of elementary functions when (and only when) k = 2, 3. These

solutions are given by algebraic equations

k = 2 : arctan

( 1
2
− (g + g0)√
P (g)

)
− 1

2
π +

g0√
P (g0)

ln

(
R(g)

(g0 − g)(1− 2g0)

)
= ±ξ,

P (g) = (g1 − g)g, g1 = 1− 2g0, g0 < g∗ = 1/3

(6.189)
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and

k = 3 : arctan

(
g0

√
P (g)− (g + g0)

√
P (0)

g0(g + g0) +
√
P (g)P (0)

)
+

g0√
P (g0)

ln

(
g0R(g)

(g0 − g)R(0)

)
= ±ξ,

P (g) = (g1 − g)(g + g1 + 2g0), g1 =
√

1− 2g2
0 − g0, g0 < g∗ = 1/

√
6

(6.190)

where

R(g) = (
√
P (g) +

√
P (g0))2 + (g − g0)2. (6.191)

(ii) The cusped solitary wave solution integral (6.140) has an explicit evaluation in

terms of elliptic functions when (and only when) k = 3
2
, 4, 5.

The solutions (6.189) and (6.190) are depicted in Fig. 6.8 for g0 = 0.2.

(i) k=2

g0=0.2

(ii) k=3

g0=0.2
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Figure 6.8: Exact cusped solitary wave solutions.

Periodic waves

We next look at periodic waves (6.111). In this case the most general form (6.175)

for the solution integral (6.176) is given by

F (h) = qhp (6.192)

P (h) = Eh2r + C1h
2r+q + h2r+2q − h2p+2 (6.193)
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with

p = 1
2
q(k + 1) + r − 1, E = hq0h

q
1(1− Sk(hq1, h

q
0)), C1 = Sk+1(hq1, h

q
0))− hq1 − h

q
0.

(6.194)

Here we can have E = 0 or C1 = 0 but not both E = C1 = 0 (since this leads to

g0 = 1 or g1 = 1, both of which violate inequality (6.109)). Thus there will be three

subcases to consider: E = 0, C1 6= 0; E 6= 0, C1 = 0; E 6= 0, C1 6= 0.

When E 6= 0 and C1 6= 0, F (h) will be a rational function iff p is an integer, and

P (h) will be a polynomial of degree d ≤ 4 iff 2r < 2r + q < 2r + 2q < 2p + 2 ≤ 4

are integers, where we can assume r = 0 or r = 1/2. This determines the following

classification:

2p+ 2 = 4, 4 (6.195a)

2r + 2q = 2, 3 (6.195b)

2r + q = 1, 2 (6.195c)

2r = 0, 1 (6.195d)

where the corresponding values of d = 2p+ 2 and k = 2(p+ 1− r)/q− 1 are given by

d = 4, 4 (6.196)

k = 3, 2 (6.197)

There are no cases that have d ≤ 2.

When E = 0 and C1 6= 0, F (h) will be a rational function iff p is an integer, and

P (h) will be a polynomial of degree d ≤ 4 iff 2r + q < 2r + 2q < 2p + 2 ≤ 4 are

integers. Note we can consequently assume 2r+ q = 0 or 2r+ q = 1. This determines

the following classification:

2p+ 2 = 2, 4, 4, 4, 4, 4 (6.198a)

2r + 2q = 1, 1, 2, 3, 2, 3 (6.198b)

2r + q = 0, 0, 0, 0, 1, 1 (6.198c)

where the corresponding values of d = 2p+ 2 and k = 2(p+ 1− r)/q− 1 are given by

d = 2, 4, 4, 4, 4, 4 (6.199)
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k = 2, 4, 2, 4
3
, 3, 3

2
(6.200)

The only case that has d ≤ 2 is when k = 2, where q = 1. Then we have F (h) = 1

and P (h) = (h1− h)(h− h0) where h1 = 1− h0. The solution integral (6.175) in this

case yields ∫ h

h0

F (h)√
P (h)

dh = arctan

(
h− 1

2√
P (h)

)
+ 1

2
π. (6.201)

When E 6= 0 and C1 = 0, F (h) will be a rational function iff p is an integer, and

P (h) will be a polynomial of degree d ≤ 4 iff 2r < 2r + 2q < 2p+ 2 ≤ 4 are integers.

Note we can assume r = 0 or r = 1/2. This determines the following classification:

2p+ 2 = 2, 4, 4, 4, 4, 4 (6.202a)

2r + 2q = 1, 1, 2, 3, 2, 3 (6.202b)

2r = 0, 0, 0, 0, 1, 1 (6.202c)

where the corresponding values of d = 2p+ 2 and k = 2(p+ 1− r)/q− 1 are given by

d = 2, 4, 4, 4, 4, 4 (6.203)

k = 3, 7, 3, 5
3
, 5, 2 (6.204)

The only case that has d ≤ 2 is when k = 3, where q = 1/2. Then we have F (h) = 1/2

and P (h) = (h1 − h)(h − h0) where h0 = 1 − h1. In this case, the solution integral

(6.175) yields ∫ h

h0

F (h)√
P (h)

dh = 1
2

arctan

(
h− 1

2√
P (h)

)
+ 1

4
π. (6.205)

Hence, using h = g when k = 2 since q = 1, and h = g2 when k = 3 since q = 1/2,

we obtain the following result after taking into account the necessary and sufficient

conditions (6.107), (6.109), (6.110) on g1 and g0.

Proposition 3. (i) The periodic wave solution integral (6.111) has an explicit eval-

uation in terms of elementary functions when (and only when) k = 2 with E = 0 and

C1 6= 0, and k = 3 with C1 = 0 and E 6= 0. These solutions are given by the explicit

expressions

k = 2 : g = 1
2

(
1 + (2g1 − 1) cos(ξ)

)
, 1 > g1 > 1/2

L = 2π
(6.206)
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and

k = 3 : g =

√
1
2

(
1 + (2g2

1 − 1) cos(2ξ)
)
, 1 > g1 > 1/

√
2

L = π

(6.207)

where L denotes the wavelength.

(ii) The periodic wave solution integral (6.111) has an explicit evaluation in terms of

elliptic functions when (and only when) k = 2, 3 with E 6= 0 and C1 6= 0; k = 5
3
, 2, 5, 7

with E 6= 0 and C1 = 0; k = 4
3
, 3

2
, 3, 4 with E = 0 and C1 6= 0.

The solutions (6.206) and (6.207) are depicted in Fig. 6.9 for g1 = 0.8.

(i) C1 0, E=0, k=2

g1=0.8

(ii) C1=0, E 0, k=3

g1=0.8
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Figure 6.9: Exact nonlinear periodic wave solutions.

Cusped periodic waves

We continue with cusped periodic waves (6.126). The most general form (6.175) for

the solution integral (6.176) is given by

F (h) = qhp (6.208)

P (h) = Eh2r − C1h
2r+q + h2r+2q − h2p+2 (6.209)

with

p = 1
2
(2r + q(k + 1))− 1, C1 = Eh−q0 + hq0 − h

kq
0 , E > 0. (6.210)
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Here we can have C1 = 0, which gives two subcases to consider: C1 = 0; C1 6= 0.

The classification of these two cases is the same as the corresponding two cases

C1 = 0 and C1 6= 0 for periodic waves with E 6= 0. This leads to the following result.

Proposition 4. (i) The cusped periodic wave solution integral (6.126) has an explicit

evaluation in terms of elementary functions when (and only when) k = 3 with C1 = 0.

In this case the solution is given by the algebraic equation

k = 3 : g =

√
1
2

(
1 + (2g2

0 − 1) cos(2ξ − 2Lb1
2

+ ξ/Lc)
)
, g0 > 1,

L = 1
2
π + arctan

(
1

2g0

√
g2

0 − 1

) (6.211)

where L denotes the wavelength, and bxc denotes the floor function.

(ii) The cusped periodic wave solution integral (6.111) has an explicit evaluation in

terms of elliptic functions when (and only when) k = 2, 3 with C1 6= 0, and k =
5
3
, 2, 5, 7 with C1 = 0.

The solution (6.211) is depicted in Fig. 6.10 for g0 = 1.05 and g0 = 1.5.

(i) C1=0, k=3

g0=1.05

(ii) C1=0, k=3

g0=1.5
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Figure 6.10: Exact cusped periodic wave solutions.

Nodal waves

Finally, we look at nodal waves (6.156). The most general form (6.175) for the solution

integral (6.176) splits into two different subcases: C1 = 0 and C1 6= 0.
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When C1 6= 0, we have

F (h) = qhp (6.212)

P (h) = C1h
2r + h2r+q − h2p+2 (6.213)

with

p = 1
2
qk + r − 1, C1 = hkq1 − h

q
1. (6.214)

Then F (h) will be a rational function iff p is an integer, and P (h) will be a polynomial

of degree d ≤ 4 iff 2r < 2r + q < 2p+ 2 ≤ 4 are integers. Note we can assume r = 0

or r = 1/2. This determines the following classification:

2p+ 2 = 2, 4, 4, 4, 4, 4 (6.215a)

2r + q = 1, 1, 2, 3, 2, 3 (6.215b)

2r = 0, 0, 0, 0, 1, 1 (6.215c)

where the corresponding values of d = 2p+ 2 and k = 2(p+ 1− r)/q are given by

d = 2, 4, 4, 4, 4, 4 (6.216)

k = 2, 4, 2, 4
3
, 3, 3

2
(6.217)

The only case that has d ≤ 2 is when k = 2, where q = 1. This yields F (h) = 1 and

P (h) = (h1 − h)(h+ h1 − 1), from which the solution integral (6.175) is given by∫ h

0

F (h)√
P (h)

dh = arctan

(√
P (h) + (2h− 1)

√
P (0)

2
√
P (h)P (0)− (h− 1

2
)

)
. (6.218)

When C1 = 0, we have

F (h) = qhp (6.219)

P (h) = 1− h2p+2 (6.220)

with

p = 1
2
q(k − 1)− 1. (6.221)

Then F (h) will be a rational function iff p is an integer, and P (h) will be a polynomial

of degree d ≤ 4 iff 0 < 2p+2 ≤ 4 are integers. Since p determines q = 2(p+1)/(k−1),
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and q does appear in the powers of the terms in F (h) and P (h), we can assume p = 0

without loss of generality. This determines q = 2/(k − 1) and d = 2, where k > 1 is

arbitrary. Then we have F (h) = 2
k−1

and P (h) = 1− h2. Hence, the solution integral

(6.175) is given by ∫ h

0

F (h)√
P (h)

dh =
2

(k − 1)
arcsin(h). (6.222)

Hence, we obtain the following result, after taking into account the necessary and

sufficient condition (6.155) on g1.

Proposition 5. (i) The periodic nodal wave solution integral (6.156) has an explicit

evaluation in terms of elementary functions when (and only when) k = 2 with C1 6= 0,

and k > 1 arbitrary with C1 = 0. These solutions are given by the explicit expressions

k = 2 : g = 1
2
− 1

2
cos(ξ − Lb1

2
+ ξ/Lc) +

√
g1(g1 − 1) sin(|ξ − Lb1

2
+ ξ/Lc|), g1 ≥ 1,

L = π + 2 arctan

(
1

2
√
g1(g1 − 1)

)
(6.223)

and
k > 1 : g = sin

(
1
2
(k − 1)|ξ − Lb1

2
+ ξ/Lc|

)2/(k−1)
,

L =
2π

k − 1

(6.224)

where L denotes the wavelength, and bxc denotes the floor function.

(ii) The periodic nodal wave solution integral (6.156) with C1 6= 0 has an explicit

evaluation in terms of elliptic functions when (and only when) k = 4
3
, 3

2
, 3, 4.

The solution (6.223) is depicted in Fig. 6.11 for g1 = 1.1, and solution (6.224) is

depicted in Fig. 6.11 for k = 3/2, 3, and 5.

6.4.2 Properties of explicit solutions

For each of the explicit solutions derived in Propositions 1 to 5, we now exhibit their

total energy and total momentum given by the integrals (6.167)–(6.168) in the case of

periodic waves and (6.171)–(6.173) in the case of solitary waves. These integrals can

be evaluated explicitly, by the same changes of variable used to evaluate the solution

integrals.
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Figure 6.11: Exact periodic nodal wave solutions.

Solitary waves

From Proposition 1, we have two explicit solitary wave solutions (6.187) and (6.188).

The momentum (6.171), energy (6.172), and energy-momentum (6.173) for the first

solution (6.187) are respectively given by

P̃ = 9(ν/c)4νR

((
g2

0 − 2g0 + 3
4

)(
1
2
π + arcsin

(
1− 4g0

1− 2g0

))
+ 3

2

√
g0(1− 3g0)

)
,

(6.225)



CHAPTER 6. TRAVELLING WAVES AND CONSERVATION LAWS FOR
HIGHLY NONLINEAR WAVE EQUATIONS MODELLING HERTZ CHAINS 137

Ẽ = (9/2)(ν/c)4ν2R

(
(1− 2g0)

(
g2

0 − 3
2
g0 + 5

4

)(
1
2
π + arcsin

(
1− 4g0

1− 2g0

))
+
(
g2

0 − 2
3
g0 + 5

4

)√
g0(1− 3g0)

)
,

(6.226)

Ê = (9/4)(ν/c)4ν2R
(
1− 3

2
g0

)(
(1− 2g0)2

(
1
2
π + arcsin

(
1− 4g0

1− 2g0

))
+ 2
(
1− 4

3
g0

)√
g0(1− 3g0)

)
.

(6.227)

For the second solution (6.188), the momentum (6.171), energy (6.172), and

energy-momentum (6.173) are respectively given by

P̃ = 6
√

2(ν/c)2νR
(
1− 2g2

0

)(
1
2
π − arcsin

(
2g0√

1− 2g2
0

))
, (6.228)

Ẽ = (9/2)
√

2(ν/c)2ν2R
(
1− 2g2

0

)((
1 + 2

3
g2

0

)(
1
2
π − arcsin

(
2g0√

1− 2g2
0

))
− 2

3
g0

√
1− 6g2

0

)
,

(6.229)

Ê = (3/2)
√

2(ν/c)2ν2R
(
1− 2g2

0

)(
1
2
π − arcsin

(
2g0√

1− 2g2
0

)
− 2g0

√
1− 6g2

0

)
.

(6.230)

The preceding expressions are plotted as functions of g0 in Fig. 6.12.

Cusped solitary waves

From Proposition 2, we have two explicit cusped solitary wave solutions (6.189) and

(6.190), The momentum (6.171), energy (6.172), and energy-momentum (6.173) for

the first solution (6.189) are respectively given by

−P̃ = 9(ν/c)4νR

((
g2

0 − 2g0 + 3
4

)(
1
2
π − arcsin

(
1− 4g0

1− 2g0

))
− 3

2

√
g0(1− 3g0)

)
,

(6.231)

−Ẽ = (9/2)(ν/c)4ν2R

(
(1− 2g0)

(
g2

0 − 3
2
g0 + 5

4

)(
1
2
π − arcsin

(
1− 4g0

1− 2g0

))
− 2
(
g2

0 − 2
3
g0 + 5

4

)√
g0(1− 3g0)

)
,

(6.232)
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−Ê = (9/4)(ν/c)4ν2R
(
1− 3

2
g0

)(
(1− 2g0)2

(
1
2
π − arcsin

(
1− 4g0

1− 2g0

))
− 2
(
1− 4

3
g0

)√
g0(1− 3g0)

)
.

(6.233)

Note that, compared to the case of solitary waves, the overall negative sign in each

of these expressions is due to the domain of integration being 0 ≤ h ≤ hmax, rather

than hmin ≤ h ≤ hmax.

Similarly, the momentum (6.171), energy (6.172), and energy-momentum (6.173)

for the second solution (6.190) are respectively given by

−P̃ = 6
√

2(ν/c)2νR

((
1− 2g2

0

)(
arcsin

(
2g0√

1− 2g2
0

)
− arcsin

(
g0√

1− 2g2
0

))
− g0

√
1− 3g2

0

)
,

(6.234)

−Ẽ = 6
√

2(ν/c)2ν2R

((
g4

0 + g2
0 − 3

4

)(
arcsin

(
g0√

1− 2g2
0

)
− arcsin

(
2g0√

1− 2g2
0

))
+ g0

(
5
4

(
1− 4

5
g2

0

)√
1− 3g2

0 − 1
2

(
1− 2g2

0

)√
1− 6g2

0

))
,

(6.235)

−Ê = (3/2)
√

2(ν/c)2ν2R
(
1− 2g2

0

)(
arcsin

(
2g0√

1− 2g2
0

)
− arcsin

(
g0√

1− 2g2
0

)
+ g0

(
2
√

1− 6g2
0 − 3

√
1− 3g2

0

))
.

(6.236)

Periodic waves

From Proposition 3, we have two explicit periodic wave solutions (6.206) and (6.207).

The momentum (6.167) and energy (6.168) are given by

P = 9(ν/c)4πνR
(
g2

1 − g1 + 3
4

)
, (6.237)

E = 9(ν/c)4πν2R
(
g2

1 − g1 + 5
8

)
(6.238)

for the first solution, and likewise

P =
(
6/
√

2
)
(ν/c)2πνR, (6.239)
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E =
(
9
√

2/4
)
(ν/c)2πν2R (6.240)

for the second solution.

The preceding expressions as functions of g1 are illustrated in Fig. 6.12.

Cusped periodic waves

From Proposition 4, we have one cusped periodic wave solution (6.211). Its momen-

tum (6.167) and energy (6.168) are given by

P =
(
6/
√

2
)
(ν/c)2νR

(
1
2
π + arcsin

(
1

2g2
0 − 1

)
+ 2
√
g2

0(g2
0 − 1)

)
, (6.241)

E =
(
9
√

2/4
)
(ν/c)2ν2R

(
1
2
π + arcsin

(
1

2g2
0 − 1

)
+ 2
√
g2

0(g2
0 − 1)

)
. (6.242)

Nodal periodic waves

From Proposition 5, we have two explicit nodal periodic wave solutions (6.223) and

(6.224). The momentum (6.167) and energy (6.168) for the first solution are given by

P = 9(ν/c)4νR

((
g2

1 − g1 + 3
4

)(
1
2
π + arcsin

(
1

2g1 − 1

))
+ 3

2

√
g1(g1 − 1)

)
,

(6.243)

E = 9(ν/c)4ν2R

((
g2

1 − g1 + 5
8

)(
1
2
π + arcsin

(
1

2g1 − 1

))
+ 1

3
(g2

1 − g1 + 15
4

)
√
g1(g1 − 1)

)
.

(6.244)

Similarly, the momentum (6.167) and energy (6.168) for the second solution are given

by

P = 2
√
π/3(ν/c)4/(k−1)νR(k − 1)−1

√
k(k + 1)/2

(k+3)/(k−1)
Γ
(

k+3
2(k−1)

)
/Γ
(
k+1
k−1

)
,

(6.245)

E = 2
√
π/3(ν/c)4/(k−1)ν2R(k − 1)−1

√
k(k + 1)/2

(k+3)/(k−1)
Γ
(

3k+1
2(k−1)

)
/Γ
(

2k
k−1

)
,

(6.246)

where Γ(x) denotes the gamma function.
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Figure 6.12: (i), (ii): Energy and momentum for solitary waves. (iii), (iv): Energy
and momentum for periodic waves.

6.5 Concluding Remarks

For the highly nonlinear, fourth-order wave equation (6.1), we have obtained all soli-

tary wave solutions and all nonlinear periodic solutions. We are able to parameterize

these solutions explicitly in terms of the asymptotic value of the wave amplitude in

the case of solitary waves and the peak of the wave amplitude in the case of nonlinear

periodic waves. All cases in which the solution expressions can be stated in an explicit

analytic form using elementary functions are worked out. Altogether, this yields two

explicit solitary waves, two explicit periodic waves, three explicit cusped waves, and

two explicit nodal waves. We also give explicit expressions for the total energy and

total momentum for each of these solutions.
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Our method for deriving the solutions has some novel aspects compared to the

standard travelling wave ansatz. In particular, firstly, we use the conservation laws

admitted by the highly nonlinear, fourth-order wave equation (6.1) to reduce it di-

rectly to a separable first-order ODE for travelling waves. Secondly, we classify all

possible types of travelling wave solutions by a modified energy analysis argument.

Thirdly, we use a systematic method to determine all cases of the nonlinearity expo-

nent k > 1 for which each of the different travelling wave solutions can be evaluated

in an explicit analytical form in terms of elementary functions. Fourthly, we show

how to use the ODE along with its first integrals to obtain the total energy and total

momentum of the travelling wave solutions without the need to evaluate complicated

integrals involving their explicit form. This method can be applied more broadly to

any quasilinear wave equation.



Chapter 7

Conclusions

In this thesis, we presented a comprehensive analysis into various aspects of the

nonlinear dynamics of granular chains.

First, we investigated how the properties of SWs in granular chains are affected

by system materials, and how this ultimately impacts the transition to QEQ. In

particular, we presented a detailed numerical study of the dynamical behaviour of

‘soft’ grains and walls in an uncompressed granular chain, and showed that soft walls

slow the reflection of SWs at the boundaries of the system, which in turn slows the

journey to QEQ. We also showed that the increased grain-wall compression as the

boundaries are softened results in fewer average grain-grain contacts at any given

time in the QEQ phase. These effects lead to increased kinetic energy fluctuations in

the short term in softer systems.

We then used the results of our material investigation to develop a novel shock

absorption device, consisting of short regions of sufficiently soft grains which are

embedded in a harder granular chain. This device supports the formation of localized

modes and is therefore useful for trapping energy in desired places in the granular

chain. Moreover, the device has a predictable and tunable frequency response, making

it useful also for energy harvesting applications. As an extension of this work, one

might investigate if this system is moving toward chaotic dynamics at late times,

which may lead to rogue fluctuations. It would also be interesting to determine how

driving affects the system and the corresponding frequency response, and how the

system dynamics is affected under different configurations of soft grains, and with

non-zero dissipation.

While soft walls lead to increased kinetic energy fluctuations in the short term, in
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our material investigation we also found that, after a substantial amount of time and

for a given system size, these fluctuations approached the same value, independent of

the material properties of the system. This finding, and in particular, being able to

predict the size of these long-term fluctuations, motivated the study of equilibrium

in Hertz chains. Thus we next implemented particle dynamics simulations to orders

of magnitude longer than previous studies had considered, and extended ideas from

equilibrium statistical mechanics, to show that QEQ is an intermediate phase, and

that Hertz chains do equilibrate at sufficiently long times.

We also characterized the equilibrium phase by deriving approximate distribution

functions for grain velocity and kinetic energy and system kinetic energy in a micro-

canonical ensemble of interacting particles. This allowed us to show how fluctuations

of system quantities, and thus the distribution functions, are influenced by the Hertz

potential. In particular, the variance of the system’s kinetic energy probability den-

sity function is reduced by a factor related to the contact potential. This is the first

demonstration of how the interaction potential affects the system kinetic energy in a

microcanonical ensemble. We further derived the equilibrium specific heat for these

systems using Tolman’s generalized equipartition theorem (as well as a size-dependent

correction term), and showed that the predicted values agreed with those calculated

from numerical simulation data.

Next we extended these ideas to heterogeneous chains, including diatomic, ta-

pered, and random mass chains. We also looked more closely at the transition to

equilibrium by using statistical tests to show that the long-term dynamics is ergodic,

and by examining the behaviour of various correlation functions close to the onset of

the transition. Importantly, we found that, in addition to the degree of nonlinearity

in the contact potential, the configuration of grain masses influences the timescale

of the transition to equilibrium. In particular, we showed that the transition can be

accelerated by introducing inertial mismatches between grains. This was best demon-

strated by the random mass chains, which do not support SW propagation and are

therefore seen to equilibrate much sooner than homogeneous chains with the same

degree of nonlinearity in the contact potential. This result may be useful for physical

applications such as shock disintegration, where it is favourable to break down and

absorb an initial energy impulse as quickly as possible. In future work, it would be

interesting to investigate these systems in the presence of driving and dissipation, and

perhaps to incorporate long-range potentials without cutoffs.

Lastly, we conducted an analytical investigation into the continuum model of
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Hertz chains, motivated by the determination of the exact SW solutions that exist in

the underlying discrete system. Specifically, we performed a comprehensive analytical

study of all the travelling waves that are admitted by the highly nonlinear, fourth-

order wave equation that models the continuum theory of long wavelength pulses in

weakly compressed, discrete, homogeneous Hertz chains. We derived all SW and all

nonlinear periodic wave solutions admitted by the continuum wave equation, and in

the process, all conservation laws. We worked out all cases in which the solution

expressions can be stated in an explicit analytic form using elementary functions.

Then we obtained explicit expressions for the total energy and total momentum for

all these solutions. The method we developed for this derivation can be applied more

generally to other highly nonlinear wave equations. An interesting extension of this

work would be to derive multi-SW solutions that capture the SW interactions (and

formation of SSWs) that occur in the underlying discrete system. One might also

consider using numerical simulations to guide the derivation of appropriate boundary

conditions for finite chains that capture the breakdown and reformation of the SW

at system boundaries.
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Appendix A

Derivation of the Hertz law

Here we use geometrical reasoning to derive the mutual repulsive force F that develops

as two solid spherical particles are mutually compressed. We follow the treatment

outlined in Ref. [120] and begin with the more general contact between two smooth,

non-conforming solid particles. When two such objects are are brought into contact

under zero load, they touch only at a point (or possibly along a line). If a small,

non-zero loading force is applied, the particles deform in the vicinity of the point of

first contact, touching over a finite area that is small in comparison with the particle

dimensions. Below we discuss the shape of the contact area and how it grows in

response to an increasing loading force.

The coordinate system that will be used for this derivation is illustrated in

Fig. A.1(a). The point of first contact (without deformation) is taken to be the

origin, the z-axis is the common normal, and the xy-plane is the common tangent

plane of the two particles. Furthermore, the z-axis is positive directed into the lower

particle. Then the profile of the lower particle close to the origin can be expressed

with suitable accuracy as∗ [120]:

z1(x, y) = A1x
2 +B1y

2 + C1xy, (A.1)

neglecting higher order terms in x and y. By an appropriate choice of the x and y

axes, denoted by x1 and y1 respectively, the term in xy vanishes:

z1(x, y) =
x2

1

2R1,x

+
y2

1

2R1,y

. (A.2)

∗This relation is often stated without proof and it is not clear how to arrive at it. Other such
relations in this passage are also labelled with an asterisk.
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In the last expression, R1,x and R1,y denote the principal radii of curvature of the

surface of the lower particle at the origin. Similarly, the profile of the second particle

near the origin has the form

z2(x, y) = −
(

x2
2

2R2,x

+
y2

2

2R2,y

)
. (A.3)

Then, with a suitable choice of axes, the separation between the surfaces of the two

particles is given by h = z1 − z2, which can be expressed as [10,120]:

h ≈ x2

2R̃x

+
y2

2R̃y

, (A.4)

where R̃x and R̃y are the principal relative radii of curvature, defined by:

1

R̃i

=
1

R1,i

+
1

R2,i

, i = x, y. (A.5)

Note that a convex surface has been taken to have a positive radius of curvature.

 (a)  (b)

b b

Figure A.1: (a) Two non-conforming surfaces in contact at origin O. Reproduced
from [120]. (b) Cross-section of two solid particles after deformation due to an applied
compressive load. The dotted lines indicate the undeformed profiles of the paricles.
Reproduced from [10].

Eq. (A.4) indicates that contours of constant separation between the undeformed

solids are ellipses whose ratio of semi-axes is
√
R̃x/R̃y. By non-conforming surfaces,

it is meant that the relative curvatures 1/R̃x and 1/R̃y must be sufficiently large for

the terms x2/(2R̃x) and y2/(2R̃y) to be large compared to the higher order terms that

were neglected.
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Next a compressive load is applied to the two particles, causing the point of contact

to spread to an area. For simplicity, the discussion is limited to solids of revolution,

such as spheres, whereby R1,x = R1,y = R1 and R2,x = R2,y = R2. Then the relative

radii of curvature are equivalent: R̃x = R̃y = R̃, with

1

R̃
=

1

R1

+
1

R2

.

It follows that contours of constant separation are circles, and due to the symmetry of

the system, after a loading force is applied the contact area between the two particles

will also be circular. In the more general case R̃x 6= R̃y, the contact area is elliptical

in shape [120].

The compressive load causes the surface points of the particles to undergo normal

elastic displacements w1(x, y) and w2(x, y), see Fig. A.1(b), such that within the area

of contact,

w1(x, y) + w2(x, y) = δ − h = δ − 1

2R̃
(x2 + y2). (A.6)

The displacements are measured positive into each body. In contrast, outside the

contact area, the normal displacements satisfy

w1(x, y) + w2(x, y) > δ − 1

2R̃
(x2 + y2), (A.7)

so that the surfaces do not overlap. In Eqs. (A.6) and (A.7), δ is the overlap between

the two particles, see Fig. A.1(b), given as the sum of the surface displacements at

the origin:

δ = w1(0, 0) + w2(0, 0). (A.8)

A full description of the contact between the two particles, as derived by Hertz,

requires the determination of the distribution of pressure transmitted between the

two particles at their sufrace of contact, such that the resulting elastic displacements

satisfy Eq. (A.6) inside the contact area and Eq. (A.7) outside it.

First dimensional arguments are used to describe how the deformation and stresses

grow, then we discuss how the full Hertz theory is derived. Consider the y = 0 cross-

section, then using Eq. (A.8), Eq. (A.6) can be rewritten in the non-dimensional

form (
w1(0)

b
− w1(x)

b

)
+

(
w2(0)

b
− w2(x)

b

)
=

1

2R̃

x2

b
, (A.9)
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where the explicit y-dependence has been dropped. In the last equation, b is the radius

of the circular contact area. Setting x = b and further defining wi(0) − wi(b) = di,

i = 1, 2, the deformation within the contact area is given by

d1

b
+
d2

b
=

b

2R̃
. (A.10)

For small deformations, di � b, the strain in each particle is characterized by the

ratio* di/b, i = 1, 2 [120]. In this limit, the strain is proportional to the contact

pressure divided by the elastic modulus. Hence if pm is the average pressure acting

mutually on each particle over the contact area (i.e. the stress), the strain in each

particle is
di
b

=
pm
Yi
, (A.11)

where Yi is the elastic (Young’s) modulus of particle i. Then it follows from Eq. (A.10)

that

pm ∝
bỸ

R̃
, (A.12)

where we have introduced the relative elastic modulus of the particles, defined by

1

Ỹ
=

1

Y1

+
1

Y2

.

It is clear from Eq. (A.12) that the contact pressure and associated stresses are directly

proportional to the linear dimension of the contact area.

Next we relate the growth of the contact to the mutual contact force. For spheres

or other solids of revolution, the contact force is related to the pressure via F = πb2pm,

thus Eq. (A.12) gives

b ∝
(
FR̃

Ỹ

)1/3

; pm ∝
(
FỸ 2

R̃2

)1/3

. (A.13)

These equations illustrate that both the radius of the contact circle and the contact

pressure increase as F 1/3.

The elastic compression (overlap) δ is proportional to* d1 +d2 [120], thus it follows

from Eq. (A.11) that

δ ∝ bpm

Ỹ
∝
(
F 2

Ỹ 2R̃

)1/3

, (A.14)

where the second proportionality statement follows from Eq. (A.13). It is clear that
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the approach of the two particles due to elastic compression in the contact region is

proportional to F 2/3. This is the main result of the Hertz theory.

To obtain the constants of proportionality in Eqs. (A.13) and (A.14), the the-

ory of elasticity must be employed, as was done by Hertz in 1880. Hertz began the

derivation by hypothesizing that the contact area is, in general, elliptical in shape.

Then he introduced the simplification that, for the purpose of calculating the elastic

deformations, each particle can be regarded as an elastic half-space loaded over a

small elliptical region of its plane surface. For this simplification to be justifiable, the

dimensions of the contact area must be small compared with both the dimensions of

the particles and the relative radii of curvature of the surfaces. It was also assumed

that the surfaces are frictionless, so that only a normal pressure is transmitteed be-

tween the two particles. In our coordinate system, the forces thus act along only the

z-axis.

Denoting b as the significant dimension of the contact area, R̃ as the relative radius

of curvature, R1 and R2 as the significant radii of each solid, and ` as the significant

dimension of each solid (both laterally and in depth), the assumptions in the Hertz

theory for arriving at an analytical result can be summarized as follows:

(i) The surfaces are continuous and non-conforming: b� R̃,

(ii) The strains are small: b� R̃,

(iii) Each solid can be considered as an elastic half-space: b� R1,2, b� `,

(iv) The surfaces are frictionless: Fx = Fy = 0.

Under these assumptions, the derivation of the full contact theory reduces to

finding the distribution of mutual pressure pm(x, y) acting over the contact area A

on the surfaces of two elastic half-spaces which produce normal displacements of the

surfaces satisfying Eq. (A.6) within A an Eq. (A.7) outside of A. As mentioned above,

for solids of revolution, the contact area A is a circle of radius b. Switching to polar

coordinates with x2 + y2 = r2, and noting that wi(x, y) = wi(r), Eq. (A.6) can be

written as:

w1(r) + w2(r) = δ − r2

2R̃
. (A.15)

Hertz showed that the unique distribution of pressure that gives rise to displacements

satisfying Eq. (A.15) is

pm = p0

(
1− (r/b)2

)1/2
, (A.16)
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which leads to the following individual displacements into each object

wi(r) =
1− σ2

i

Yi

πp0

4b

(
2b2 − r2

)
, r ≤ b. (A.17)

In this last expression, σi is the Poisson’s ratio of solid i. The reader is directed to

Sec. 3.4 of Ref. [120] for explicit details of this calculation.

Introducing the material parameter

1

Y ∗
=

1− σ2
1

Y1

+
1− σ2

2

Y2

, (A.18)

Eq. (A.15) can be written

πp0

4bY ∗
(
2b2 − r2

)
= δ − r2

2R̃
. (A.19)

Furthermore, since* δ = b2/R̃ [15, 120], it follows by setting r = b in the above

expression that

b =
πp0R̃

2Y ∗
.

Similarly, by setting r = 0, we recover

δ =
πbp0

2Y ∗
.

The total force at the interface between the two solids is then

F =

∫ b

0

pm(r)2πrdr =
2

3
p0πb

2, (A.20)

from which it immediately follows that the maximum pressure p0 is related to the

average contact pressure via p0 = (3/2)pm. Using Eq. (A.20) along with Eqs. (A.13)

and (A.14), the radius of contact area, the overlap and the maximum pressure can
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be expressed in terms of the contact force as follows:

b =

(
3FR̃

4Y ∗

)1/3

,

δ =

(
9F 2

16R̃Y ∗2

)1/3

,

p0 =
3F

2πb2
=

(
6FY ∗2

π3R̃2

)1/3

.

(A.21)

Finally, by inverting the second expression in Eq. (A.21) the contact force F can be

expressed in terms of the overlap δ as

F =
4

3
R̃1/2Y ∗δ3/2. (A.22)

Note that since this is a contact-only force, there is a non-zero interaction force only

when δ > 0.



Appendix B

Derivation of the discrete

equations of motion

Here we derive the discrete equations of motion for grains in a one dimensional gran-

ular chain. The discussion is restricted to chains of N > 2 spherical grains in which

the magnitude of the contact force between neighbouring grains is given by the Hertz

law, Eq. (1.1). The derivation of the equations of motion for a more general contact

force is analogous.

The spherical grains are aligned in a one-dimensional assembly extending along

the x-axis and fixed boundaries are imposed on the system. The grains may be

different in size; however, they are aligned along the same central axis so that they

make initial contact at their equatorial lines, see Fig. 1.3. Friction is neglected, thus

all of the forces and grain displacements will be directed along the x-axis. We denote

the position of grain i by xi(t), and take the origin of the coordinate system to be at

the edge of the left wall. The grains are numbered from left to right.

For generality, we allow the chains to be heterogeneous, so that grains may have

different material properties and radii. A homogeneous chain, in which all grains are

the same, is a particular case of the former.

It is instructive to consider the cases of initially uncompressed chains and initially

compressed chains separately. We begin with the case of an initially uncompressed

chain, so that at time t = 0, the grains are just barely touching, see Fig. 1.2. Then

the grain positions are given by

xi(0) = Ri + 2
i−1∑
j=1

Rj, (B.1)
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where Ri is the radius of grain i, i = 1, . . . , N and the second sum runs only when

i ≥ 2. The initial separations between neighbouring grains are given by xi+1(0) −
xi(0) = Ri + Ri+1. Introducing a relative displacement coordinate ui(t) such that

xi(t) = xi(0) + ui(t), the dynamic separation xi+1(t)− xi(t) is given by

xi+1(t)− xi(t) = Ri +Ri+1 + ui+1(t)− ui(t). (B.2)

In the homogeneous case, where each grain has the same radius denoted by R, the

dynamic separation simplifies to xi+1(t)− xi(t) = 2R + ui+1(t)− ui(t).
The grains will have a nonzero overlap whenever xi+1(t)−xi(t) < Ri+Ri+1 hence

the dynamic overlap is given by:

δi,i+1(t) = Ri +Ri+1 −
(
xi+1(t)− xi(t)

)
(B.3)

= ui(t)− ui+1(t), i = 1, . . . , N − 1.

The overlap between the first grain and the left wall is given by δw,1(t) = −u1(t),

and the overlap between the N th grain and the right wall is given by δN,w(t) = uN(t).

Since the grain displacements are, by definition, identically zero at t = 0, all grain

overlaps are initially zero as expected.

Using Eq. (1.1), the intergrain forces corresponding to overlap (B.3) have the form

Fi,i+1(t) =
4

3
R̃

1/2
i,i+1Y

∗
i,i+1

(
ui(t)− ui+1(t)

)3/2
, i = 1, . . . , N − 1, (B.4)

where R̃i,i+1 = (1/Ri + 1/Ri+1)−1 is the relative grain radius, which takes the form

R̃i,i+1 = R/2 for homogeneous systems. In Eq. (B.4), Y ∗i,i+1 =
(
(1 − σ2

i )/Yi + (1 −
σ2
i+1)/Yi+1

)−1
with σi the Poisson’s ratio of grain i and Yi its Young’s modulus. For

homogeneous systems, Y ∗i,i+1 = Y/[2(1− σ2)]. Note that the contact force Fi,i+1 acts

equally on both grains: grain i is pushed left and grain i+ 1 is pushed right.

In numerical simulations and experiments involving granular chains, fixed walls

are typically imposed on the system. The walls are modelled in simulations as grains

with inifinite radius; this way the mass is large so that the walls do not move, while

the condition that the wall must be flat is simultaneously relaxed. The relative radius

at the left wall is R̃w,1, and taking the limit Rw →∞, it follows that R̃w,1 = R1. The

material parameter Y ∗w,1 is obtained simply by substituting the material properties

of the left wall and first grain into Y ∗i,i+1. An analogous procedure is used to obtain
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the coefficient of the force at the right grain-wall interface. Then the corresponding

forces are:

Fw,1(t) =
4

3
R

1/2
1 Y ∗w,1

(
− u1(t)

)3/2
, FN,w(t) =

4

3
R

1/2
N Y ∗N,w

(
uN(t)

)3/2
, (B.5)

where Fw,1 is the force at the left wall, and FN,w the force at the right wall. Since the

Hertz force is a contact-only force, Fw,1 will be nonzero only when −u1(t) > 0, and

FN,w will be nonzero only when uN(t) > 0. Similarly, the intergrain forces given by

Eq. (B.4) will be nonzero only when the neighbouring grains are in contact, i.e. when

ui(t) − ui+1(t) > 0. If these conditions are not met, then the forces are identically

zero.

Finally, Newton’s second law can be applied to each grain, and using Eq. (B.4)

the equations of motion for grains inside the chain (1 < i < N) are given by:

mi
d2ui
dt2

=
4

3

(
R̃

1/2
i−1,iY

∗
i−1,i

(
ui−1 − ui

)3/2 − R̃1/2
i,i+1Y

∗
i,i+1

(
ui − ui+1

)3/2
)
, (B.6)

where the explicit time dependence has been dropped on the relative grain displace-

ments. Similarly, using Eq. (B.5) the equation of motion for the first grain is

m1
d2u1

dt2
=

4

3

(
R

1/2
1 Y ∗w,1

(
− u1

)3/2 − R̃1/2
1,2 Y

∗
1,2

(
u1 − u2

)3/2
)
, (B.7)

and for the last grain we have

mN
d2uN
dt2

=
4

3

(
R̃

1/2
N−1,NY

∗
N−1,N

(
uN−1 − uN

)3/2 −R1/2
N Y ∗N,w

(
uN
)3/2
)
. (B.8)

In the case of homogeneous chains (where the walls are taken to be comprised of the

same material as the grains), Eqs. (B.6)-(B.8) reduce to the following simplified form:

m
d2ui
dt2

=
2

3

Y

1− σ2

√
R

2

((
ui−1 − ui

)3/2 −
(
ui − ui+1

)3/2
)
, 1 < i < N ;

m
d2u1

dt2
=

2

3

Y

1− σ2

√
R

2

(√
2
(
− u1

)3/2 −
(
u1 − u2

)3/2
)

;

m
d2uN
dt2

=
2

3

Y

1− σ2

√
R

2

((
uN−1 − uN

)3/2 −
√

2
(
uN
)3/2
)
.

(B.9)

Now we consider the case of chains which are subjected to an initial loading force

F0 at t = 0, as illustrated in Fig. B.1. This will secure a non-zero initial overlap
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between neighbouring grains in the chain, given by

δi,i+1(0) =

(
3

4

F0

R̃
1/2
i,i+1Y

∗
i,i+1

)2/3

, (B.10)

as well as non-zero initial overlaps δw,1 and δN,w (with analogous forms) at the left

and right walls, respectively. Then the initial positions of each grain are given by

x̃i(0) = xi(0)−
i−1∑
j=0

δj,j+1(0), (B.11)

where i = 1, . . . , N and xi(0) are the initial positions in the uncompressed chain,

defined by Eq. (B.1). In Eq. (B.11), δ0,1(0) ≡ δw,1(0) is the initial overlap between

the first grain and the left wall.

Figure B.1: Homogeneous granular chain between fixed walls, with grains aligned
along the x-axis. The chain is subjected to an initial compressive force F0, which
secures an initial overlap δ0 between neighbouring grains. Crosses indicate the initial
positions of grains at t = 0, circles indicate positions at t > 0, and ui are the relative
displacements.

The initial separations between neighbouring grains in the compressed chain are

then given by x̃i+1(0) − x̃i(0) = Ri + Ri+1 − δi,i+1(0). Similar to above, a relative

displacement coordinate ũi(t) is introduced, such that x̃i(t) = x̃i(0) + ũi(t). Then the

dynamic separation x̃i+1(t)− x̃i(t) is given by

x̃i+1(t)− x̃i(t) = Ri +Ri+1 − δi,i+1(0) + ũi+1(t)− ũi(t), (B.12)

where i = 1, . . . , N−1. In the homogeneous case, the initial force F0 secures an initial

overlap δ0 between adjacent grains, which can be calculated from Eq. (B.10). Then



APPENDIX B. DERIVATION OF THE DISCRETE EQUATIONS OF
MOTION 157

the dynamic separation simplifies to x̃i+1(t)− x̃i(t) = 2R− δ0 + ũi+1(t)− ũi(t).
The grains have a nonzero overlap whenever x̃i+1 − x̃i(t) < Ri + Ri+1 hence the

dynamic overlap is given by:

δi,i+1(t) = Ri +Ri+1 −
(
x̃i+1(t)− x̃i(t)

)
(B.13)

= δi,i+1(0)−
(
ũi+1(t)− ũi(t)

)
, i = 1, . . . , N − 1.

The overlap at the left wall is given by δw,1(t) = δw,1(0) − ũ1(t), and the overlap at

the right wall is given by δN,w(t) = δN,w(0) + ũN(t).

Using Eq. (1.1), the intergrain forces corresponding to overlaps (B.13) are

Fi,i+1(t) =
4

3
R̃

1/2
i,i+1Y

∗
i,i+1

(
δi,i+1(0)−

(
ũi+1(t)− ũi(t)

))3/2

, (B.14)

with i = 1, . . . , N − 1.

Similar to the uncompressed chains, the forces at the left and right grain-wall

interfaces are, respectively,

Fw,1(t) =
4

3
R

1/2
1 Y ∗w,1

(
δw,1(0)− ũ1(t)

)3/2
, FN,w(t) =

4

3
R

1/2
N Y ∗N,w

(
δN,w(0) + ũN(t)

)3/2
.

(B.15)

Next we apply Newton’s second law to each grain, and using Eq. (B.14), the equations

of motion for grains inside the chain (1 < i < N) are given by:

mi
d2ũi
dt2

=
4

3

[
R̃

1/2
i−1,iY

∗
i−1,i

(
δi−1,i(0)−

(
ũi−ũi−1

))3/2

−R̃1/2
i,i+1Y

∗
i,i+1

(
δi,i+1(0)−

(
ũi+1−ũi

))3/2]
,

(B.16)

where the explicit time dependence has been dropped. Similarly, using Eq. (B.15)

the equation of motion for the first grain is

m1
d2ũ1

dt2
=

4

3

[
R

1/2
1 Y ∗w,1

(
δw,1(0)− ũ1

)3/2 − R̃1/2
1,2 Y

∗
1,2

(
δ1,2(0)−

(
ũ2 − ũ1

))3/2]
, (B.17)

and for the last grain we have

mN
d2ũN
dt2

=
4

3

[
R̃

1/2
N−1,NY

∗
N−1,N

(
δN−1,N(0)−

(
ũN−ũN−1

))3/2

−R1/2
N Y ∗N,w

(
δN,w(0)+ũN

)3/2
]
.

(B.18)

In the case of homogeneous chains under initial pre-compression (where the walls are

taken to be comprised of the same material as the grains), Eqs. (B.16)-(B.18) reduce



APPENDIX B. DERIVATION OF THE DISCRETE EQUATIONS OF
MOTION 158

to the following simplified form:

m
d2ũi
dt2

=
2

3

Y

1− σ2

√
R

2

[(
δ0 −

(
ũi − ũi−1

))3/2

−
(
δ0 −

(
ũi+1 − ũi

))3/2]
, 1 < i < N ;

m
d2ũ1

dt2
=

2

3

Y

1− σ2

√
R

2

[√
2
(
2−1/3δ0 − ũ1

)3/2 −
(
δ0 −

(
ũ2 − ũ1

))3/2]
;

m
d2ũN
dt2

=
2

3

Y

1− σ2

√
R

2

[(
δ0 −

(
ũN − ũN−1

))3/2

−
√

2
(
2−1/3δ0 + ũN

)3/2
]
.

(B.19)



Appendix C

Numerical simulations

The velocity Verlet algorithm was used in numerical simulations in this thesis. The

main idea behind the algorithm is to transform the differential equations describing

particle motion into algebraic equations that can be easily solved numerically. This

is done by expanding the relative particle displacements ui(t) in a Taylor series

ui(t+ ∆t) = ui(t) + ∆t
dui(t)

dt
+

1

2!
∆t2

d2ui(t)

dt2
+O(∆t3). (C.1)

If the time interval ∆t is sufficiently small, then higher order terms can be neglected.

In numerical simulations with discrete time steps, the relative particle displacements

over the time interval from tn to tn+1 are then approximated by the expression

ui(tn+1) = ui(tn) + ∆tVi(tn) +
1

2!
∆t2ai(tn) (C.2)

where tn+1 = tn + ∆t = t0 + (n + 1)∆t, with ∆t the timestep of integration, and

n = 0, . . . , N − 1, where the total length of the simulation is T = N∆t. In the

above expression, Vi(t) is the particle velocity, and ai(t) is the particle acceleration,

which is calculated using the sum of the Hertz forces, given by Eqs. (B.4)-(B.5) for

uncompressed chains and Eq. (B.14)-(B.15) for initially compressed chains.

The particle velocity Vi(tn+1) is computed in an analogous way. To derive the

discretized version, we first Taylor expand the continuous function Vi(t) :

Vi(t+ ∆t) = Vi(t) + ∆tV̇i(t) +
1

2!
∆t2V̈i(t) +O(∆t3). (C.3)

where V̇i(t) = ai(t) denotes the first time derivative of Vi(t), and V̈i(t) the second
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time derivative. To obtain an expression for V̈i(t), V̇i(t) is also expanded in a Taylor

series:

V̇i(t+ ∆t) = V̇i(t) + ∆tV̈i(t) +O(∆t2). (C.4)

Multiplying this last expression by ∆t and rearranging to solve for V̈i(t), we obtain:

∆t2V̈i(t) = ∆t
(
V̇i(t+ ∆t)− V̇i(t)

)
+O(∆t3). (C.5)

Finally, we sub this last expression into Eq. (C.3) to obtain

Vi(t+ ∆t) = Vi(t) +
∆t

2

(
ai(t+ ∆t) + ai(t)

)
+O(∆t3), (C.6)

where V̇i(t + ∆t) has been replaced with ai(t + ∆t) and V̇i(t) with ai(t) in the final

expression. In numerical simulations, the particle velocities at time tn+1 are then

approximated from the particle velocities at time tn by

Vi(tn+1) = Vi(tn) +
∆t

2

(
ai(tn+1) + ai(tn)

)
. (C.7)

The steps of the velocity Verlet algorithm for the Hertz chain can then be sum-

marized as follows:

1) Provide initial values for all grain relative displacements ui(t0) and all grain ve-

locities Vi(t0). Specify any initial loading force on the chain, and compute the corre-

sponding initial grain overlaps using Eq. (B.10).

2) Calculate the corresponding initial forces acting on grains using Eqs. (B.4)-(B.5)

if the chain is not initially loaded or Eqs. (B.14)-(B.15) if it is, to obtain all initial

accelerations ai(t0).

3) Evaluate the relative displacements of every grain at the next time step, ui(t1)

using Eq. (C.2).

4) Calculate the accelerations of every grain at the next time step, ai(t1) from the

relative displacements ui(t1) using Eqs. (B.4)-(B.5) for initially unloaded chains, or

Eqs. (B.14)-(B.15) for initially loaded chains.

5) Evaluate the velocities of every grain at the next time step, Vi(t1), using Eq. (C.7).

6) Repeat steps 3-5 to the desired length of the simulation.

To perform the numerical simulations, this algorithm was implemented in C++

in a program called TaperChain2008.cpp, which was originally written by Adam

Sokolow (unpublished). The code was subsequently modified by the current au-
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thor as necessary for performing the studies in this thesis, and can be found as

an additional resource on the Brock University Digital Repository under the name

TaperChain2008 Mass Impurity.cpp. In particular, the following modifications were

made to the code by the current author: the ability to easily incorporate central

mass impurities into the granular chain; new driving capabilities (both symmetric

and asymmetric driving from either side of the chain); the ability to specify multi-

ple delta velocity perturbations at specific times to edge grains; and the ability to

resume a simulation from where it previously finished. More detailed information

about these changes can be found on the Brock University Digital Repository in the

file Changes to code MP.pdf, and specific instructions on how to run the code can be

found in the file TaperChain2009.pdf.



Appendix D

Material properties

Table D.1 lists the material parameters used in simulations, sorted from hard to soft

according to ρD where ρ is the material density. The prefactor between grains i and

i+ 1 is Di,i+1, which is related to the Young’s modulus Y and Poisson’s ratio σ of the

grains by Eq. (2.2).

ρD Young’s modulus Poisson’s ratio Density ρ Corresponding material
(mm/µs)−2 (GPa) (mg/mm3)

0.00415 1220 0.2 3.52 Diamond
0.00445 720 0.17 2.2 Quartz
0.00805 449.65 0.207 2.52 Boron carbide
0.0209 249 0.18 3.58 Magnesium oxide
0.0479 67 0.2 2.23 Pyrex
0.0551 193 0.305 7.82 Stainless steel
0.0786 11 0.35 0.657 Red oak wood
0.293 97 0.21 19.816 Plutonium
0.367 0.19 0.5 0.062 Polyurethane-II
0.450 4.1 0.39 1.45 PVC
0.698 0.1 0.5 0.062 Polyurethane-III
1.01 0.069 0.5 0.062 Polyurethane-I
1.76 1.46 0.46 2.17 Teflon

4.644 0.55 0.46 2.16 Parylene teflon (PTFE)
7.91 0.032 0.25 0.18 Cork
26.5 0.04 0.4334 0.87 Polyolefin elastomer
46.2 0.03 0.48 1.2 Rubber, hard
52.4 0.05 0.49 2.3 Silicone rubber

Table D.1: Material properties used in simulations.
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Computing eigenfrequencies of the

coupled harmonic oscillator model

In an attempt to understand the simulations of short chains of substantially softer

grains embedded in a larger chain of harder grains, tests were run of these small chains

between hard walls, given an initial precompression nearly equal to the average force

felt by the embedded chain. Here we discuss the results for systems with four soft

grains.

Each grain in the small system has essentially the same discrete cosine transform

(DCT) of its kinetic energy: four peaks, as shown in Fig. E.1(a). The observed fre-

quencies are given by: f1 = (fB − fA)/2 = 830 Hz, f2 = (fB + fA)/2 = 4822 Hz, fA =

f2 − f1 = 3992 Hz, and fB = f2 + f1 = 5652 Hz. The DCT of the total system

kinetic energy only has peaks at fA and fB. The nature of the observed frequencies

is indicative of a beating pattern between two normal mode frequencies. Thus to

understand the origin of these frequencies, we model the system of soft grains as a

1D set of coupled harmonic oscillators between fixed walls, as shown in Fig. E.1(b).

We follow a prescription outlined in Ref. [101], pg. 425, to compute the eigenfre-

quencies, displacements, and velocities of particles in the coupled harmonic oscillator

chain. Then we show that these quantities lead to the discrete cosine transforms

observed in the Hertzian system with four soft grains.

1) The generalized coordinates are the relative displacements of the particles from

their equilibrium position xi, i = 1 . . . 4. The kinetic energy is expressed in terms of
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Figure E.1: (a) Discrete cosine transform of grain 1 kinetic energy and velocity. (b)
Harmonic model used to calculate the frequencies in soft grain systems.

the generalized coordinates as

T =
1

2
m
(
ẋ2

1 + ẋ2
2 + ẋ2

3 + ẋ2
4

)
, (E.1)

where ẋi denotes the time derivative of coordinate xi. The potential energy is ex-

pressed in terms of these coordinate as

V =
1

2
kw
(
x2

1 + x2
4

)
+

1

2
kg
[
(x1 − x2)2 + (x2 − x3)2 + (x3 − x4)2

]
. (E.2)

2) Newton’s second law
∑

j Fij = miai is applied to each particle to obtain the

following equations of motion

mẍ1 = −(kw + kg)x1 + kgx2,

mẍ2 = kgx1 − 2kgx2 + kgx3,

mẍ3 = kgx2 − 2kgx3 + kgx4,

mẍ4 = −(kw + kg)x4 + kgx3. (E.3)

We next assume that our generalized coordinates have the form xi = aie
iωt (where

ai is a constant, distinct from the acceleration ai). Substituting this ansatz into the
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equations of motion, Eq. (E.3), we obtain the following matrix equation:
−mω2 + kw + kg −kg 0 0

−kg −mω2 + 2kg −kg 0

0 −kg −mω2 + 2kg −kg
0 0 −kg −mω2 + kw + kg

×


a1

a2

a3

a4

 =


0

0

0

0

 .

(E.4)

To obtain a nontrivial solution, the determinant of the first matrix must be zero.

We compute the determinant using Maple and determine the following eigenfre-

quencies

ω1 = ±
[

1

2m

(
kw + 4kg +

√
k2
w − 4kwkg + 8k2

g

)]1/2

, (E.5)

ω2 = ±
[

1

2m

(
kw + 4kg −

√
k2
w − 4kwkg + 8k2

g

)]1/2

, (E.6)

ω3 = ±
[

1

2m

(
kw + 2kg +

√
k2
w + 4k2

g

)]1/2

, (E.7)

ω4 = ±
[

1

2m

(
kw + 2kg −

√
k2
w + 4k2

g

)]1/2

. (E.8)

3) The next step of the process is, for each eigenfrequency ωr (r = 1, . . . , 4), to sub-

stitute the eigenfrequency into Eq. (E.4) and determine the ratios a1r : a2r : a3r : a4r.

This allows the determination of the eigenvectors that correspond to each eigenfre-

quency and gives insight into what type of motion each normal mode corresponds to.

Note that for each frequency ωr, there is a linear system comprised of four equations.

We solve the linear systems in Maple to find the following eigenvectors:

(a) For ω1: 
a11

a21

a31

a41

 = ε1


−1(

2kg − kw +
√
k2
w − 4kwkg + 8k2

g

)
/2kg

−
(
2kg − kw +

√
k2
w − 4kwkg + 8k2

g

)
/2kg

1

 , (E.9)

where ε1 is a free parameter that will be determined from normalization conditions.
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(b) For ω2:
a12

a22

a32

a42

 = ε2


−1(

2kg − kw −
√
k2
w − 4kwkg + 8k2

g

)
/2kg

−
(
2kg − kw −

√
k2
w − 4kwkg + 8k2

g

)
/2kg

1

 , (E.10)

where ε2 is another parameter that is yet to be determined.

(c) For ω3: 
a13

a23

a33

a43

 = ε3


1(

kw −
√
k2
w + 4k2

g

)
/2kg(

kw −
√
k2
w + 4k2

g

)
/2kg

1

 , (E.11)

with ε3 another parameter.

(d) For ω4: 
a14

a24

a34

a44

 = ε4


1(

kw +
√
k2
w + 4k2

g

)
/2kg(

kw +
√
k2
w + 4k2

g

)
/2kg

1

 , (E.12)

with ε4 another parameter.

Before proceeding further, we simplify the eigenvectors by substituting into

Eqs. (E.9)–(E.12) the relation between kw and kg for the model system. To ob-

tain this relation, we first plot the force versus displacement data at the grain-grain

and grain-wall interfaces from the Hertzian chain simulation of the small soft system.

Fitting the resulting curve to a straight line, the effective spring constants are then

given by the slope:

kw = 0.02132 kN/mm, kg = 0.01066 kN/mm. (E.13)

From here it is clear that kw = 2kg. Substituting this relation into the eigenvec-

tors above, we obtain: (1) a21 = −a11, a31 = a11, a41 = −a11; (2) a12 = a22, a32 =

−a22, a42 = −a22; (3) a13 = a33/(1 −
√

2), a23 = a33, a43 = a33/(1 −
√

2); and (4)

a14 = a44, a24 = (1 +
√

2)a44, a34 = (1 +
√

2)a44. This means that the eigenfrequency

ω1 corresponds to the symmetric [−,+,−,+] (or equivalently [+,−,+,−]) mode,

ω2 corresponds to the symmetric [+,+,−,−] (or equivalengtly [−,−,+,+]) mode,
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ω3 corresponds to the antisymmetric [−,+,+,−] mode, and ω4 corresponds to the

motion [+,+,+,+] (i.e. all masses moving together).

Next we determine the values of the parameters εr, r = 1, . . . , 4 using the normal-

ization condition presented on pg. 422 of Ref. [101]:
∑4

k=1 ma
2
kr = 1, r = 1, . . . , 4.

This gives:

a11 = a22 =
1

2
√
m
, a33 =

1

2
√
m

[
3− 2

√
2

2−
√

2

]1/2

, a44 =
1

2
√
m

[
1

2 +
√

2

]1/2

.

(E.14)

The normalization condition that was used to obtain these coefficients is arbitrary.

To account for the physical initial conditions, we must introduce additional scaling

factors, such that xj(t) =
∑

r R[βr]ajre
iωrt, where the quantities βr are complex coef-

ficients determined by the initial conditions. Since xj(t) are real physical coordinates,

we take only the real part of βr, denoted by R[βr]. The so-called normal mode coor-

dinates are then defined by:

ηr(t) ≡ R[βr]e
iωrt, (E.15)

then the generalized coordinates are expressed in terms of the normal mode coordi-

nates as

xj(t) =
∑
r

ajrηr(t). (E.16)

4) The next step is to determine the normal mode coordinates, which requires deter-

minating of the scale factors βr from the initial conditions. Initially, all masses are

in theiir equilibrium positions, and the first and fourth masses are given velocities

directed into the chain at t = 0 µs. This means ẋ1(0) = v0, ẋ2(0) = 0, ẋ3(0) = 0, and

ẋ4(0) = −v0. Using Eqs. (E.15) and (E.16), we obtain the following matrix equation

for scaling factors βr:
a11ω1 a12ω2 a13ω3 a14ω4

a21ω1 a22ω2 a23ω3 a24ω4

a31ω1 a32ω2 a33ω3 a34ω4

a41ω1 a42ω2 a43ω3 a44ω4

×


β1

β2

β3

β4

 = −i


v0

0

0

−v0

 . (E.17)

After substitution of all ajk into the above equation, this linear system was solved in
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Maple to determine the scaling factors, with the result:

β1 = −i
√
mv0

ω1

→ η1(t) =
v0

√
m

ω1

· sin(ω1t);

β2 = −i
√
mv0

ω2

→ η2(t) =
v0

√
m

ω2

· sin(ω2t);

β3 = β4 = 0→ η3(t) = η4(t) = 0. (E.18)

Then from Eqs. (E.15) and (E.16), it follows that the displacement of, for example,

particle one is

x1(t) = a11η1(t) + a12η2(t) =
v0

2ω1

sin(ω1t) +
v0

2ω2

sin(ω2t). (E.19)

The expressions for the displacements of the other particles are analogous, and all four

of these expressions fit exactly to the data obtained from the Hertzian simulations

of small, soft systems. From Eq. (E.16), the corresponding kinetic energy of particle

one is

T1(t) =
mv2

0

8

[
1 +

1

2
cos(2ω1t) +

1

2
cos(2ω2t) + cos

(
(ω1 + ω2)t

)
+ cos

(
(ω1 − ω2)t

)]
.

(E.20)

Taking the DCT of this last expression we have

DCT [T1] =
πmv2

0

8

[
δ(0) +

1

2
δ
(
f − ω1/π

)
+

1

2
δ
(
f − ω2/π

)
(E.21)

+δ
(
f − (ω1 + ω2)/(2π)

)
+ δ
(
f − (ω1 − ω2)/(2π)

)]
,

where δ denotes the diract delta function. From the above expression, we see that

the DCT has peaks at four nonzero frequencies, from which it is immediately clear

that ω2/π = fA and ω1/π = fB. Indeed, if we substitute the values of kw and kg

given in Eq. (E.13), as well as the grain mass of 135.7 mg, into Eq. (E.5), we obtain

the following frequencies:

ω1 = 17772.2 Hz, ω2 = 12566.9 Hz, (E.22)

which produce exactly the frequencies fA and fB observed in the DCTs of the small,

soft systems. Hence we have verified the origin of the frequency peaks observed in

the precompressed Hertzian chain. Note that only the symmetric mode frequencies



APPENDIX E. COMPUTING EIGENFREQUENCIES OF THE COUPLED
HARMONIC OSCILLATOR MODEL 169

are observed in the spectra since we have symmetrically perturbed the system.

5) Finally we look at how much energy is stored in each normal mode. Using this

formalism, the total system kinetic energy takes the form (see pg. 424 of Ref. [101])

T =
1

2

∑
r

η̇2
r , (E.23)

and the total system potential energy is

V =
1

2

∑
r

ω2
rη

2
r + V0, (E.24)

where V0 is the energy due to the initial pre-compression on the system. Thus the

total system energy E = T + V is given by

E = E1 + E2 + V0, (E.25)

where the energy stored in normal mode 1 is

E1 =
1

2
η̇2

1 +
1

2
ω2

1η
2
1 (E.26)

and the energy stored in normal mode 2 is

E2 =
1

2
η̇2

2 +
1

2
ω2

1η
2
2. (E.27)

Substituting expressions for η1 and η2, given in Eq. (E.18) into the above expres-

sions, we find:

T =
1

2

(
mv2

0 cos2(ω1t) +mv2
0 cos2(ω2t)

)
, (E.28)

which agrees with the data from numerical simulations. Furthermore, we find

V =
1

2

(
mv2

0 sin2(ω1t) +mv2
0 sin2(ω2t)

)
+ V0, (E.29)

which also fits the data perfectly. Finally, this means the total energy in each mode

is given by:

E1 = E2 =
1

2
mv2

0,

i.e. the energy in each mode is identical. Since the mass of the soft grains is small,

most of the system’s energy is contained in the form of potential energy resulting
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from the initial pre-compression in the chain. Thus the energy in each mode is a small

fraction of the total system energy. Hence, in the larger embedded systems, when

energy is leaked from the central region, all it serves to do is reduce the compression

felt in the embedded region.

As a final remark, we point out that the system kinetic energy, Eq. (E.28), can

be written as

T =
mv2

0

4
(2 + cos(2ω1t) + cos(2ω2t)) , (E.30)

which has the following DCT:

DCT[T ] =
πmv2

0

4

(
2δ(0) + δ

(
f − ω1/π

)
+ δ
(
f − ω2/π

))
. (E.31)

As expected, there are peaks at two nonzero frequencies corresponding to fA and fB.



Appendix F

Deriving PDFs of 1/K and 1/K2

The cumulative distribution function of K is FK(K0) ≡ P (K < K0). Now con-

sider X ≡ K−ρ, where ρ > 0. By definition K ≥ 0, thus FX(x) = 0 for

x < 0. Meanwhile for x > 0, FX(x) ≡ P (0 < K−ρ ≤ x) = P (K ≥ x−1/ρ) =

1 − P (K < x−1/ρ) = 1 − FK(x−1/ρ). The PDF(X) is given by dFX(x)/dx, thus

PDF(X) = F ′K(x−1/ρ)/(ρx(ρ+1)/ρ) = (PDF(K)|k=x−1/ρ)/(ρx(ρ+1)/ρ).

It then follows from Eq. (4.10) that PDF(1/K) (ρ = 1) is an inverse-gamma

distribution:

PDF (1/K) =
βα

Γ(α)
K̃−(α+1) exp

(
−β/K̃

)
, (F.1)

where α and β are defined by the arguments of Eq. (4.10), and K̃ = 1/K. Similarly,

the distribution function of 1/K2 (ρ = 2) is predicted as:

PDF
(
1/K2

)
=

1

2

βα

Γ(α)
K̃−(α/2+1) exp

(
−β/K̃1/2

)
, (F.2)

with the same α and β as above, and here K̃ = 1/K2. To our knowledge, Eq. (F.2)

is not a standard distribution function.

Knowing the distribution functions, we can then compute the means 〈1/K〉 and

〈1/K2〉 via the first moment of the PDFs, with the results

〈1/K〉 =
β

α− 1
=

N(n+ 2)

(N(n+ 2)− 4)〈K〉v
;

〈1/K2〉 =
β2

(α− 1)(α− 2)
=

N2(n+ 2)2

(N(n+ 2)− 4)(N(n+ 2)− 8)〈K〉2v
. (F.3)
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Appendix G

Symmetrically-imposed reduced

degrees of freedom

Here we extend the work of Rugh [111], to investigate the effects that symmetrically-

imposed reduced degrees of freedom have on the microcanonical heat capacity. We

adopt the notation of Ref. [111], and introduce the vector field X1 ≡ p/(2K(p)),

where K(p) is the system kinetic energy defined by K(p) =
∑N

i=1 p
2
i /2, with pi the

magnitude of the grain momentum, and where we have set the grain mass m = 1

for convenience. The vector p contains only the independent translational grain

momenta, i.e. p ≡ (p1,p2, . . . ,pd̃p) where d̃p denotes the (reduced) number of degrees

of freedom in momentum space [109,113]. We next introduce the notation

div(X1) ≡
d̃p∑
i=1

∂

∂pi
·
(

pi
2K(p)

)
, (G.1)

where the dot denotes the vector dot product. The NV E temperature is related to

Eq. (G.1) via T (E) = 1/〈div(X1);E〉 [111].

When all pi, i = 1 . . . N are independent, such as when the Hertz chain is per-

turbed asymmetrically, d̃p = N and Eq. (G.1) evaluates to (N − 2)/(2K(p)). On the

other hand, when the Hertz chain is perturbed symmetrically, all grain momenta are

no longer independent. In particular, when N is even, we have pN−i+1 = −pi for

i = 1 . . . N/2, hence d̃p = N/2 and

d̃p∑
i=1

∂

∂pi
·
(

pi
2K(p)

)
=

N/2∑
i=1

∂

∂pi
·
(

pi
2K(p)

)
=
N − 4

4K(p)
, (G.2)
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where the last equality follows from a straightforward evaluation of the preceding

expression.

In the case of odd-N systems that are perturbed symmetrically, we have p(N+1)/2 =

0, in addition to pN−i+1 = −pi for i = 1 . . . (N − 1)/2, thus d̃p = (N − 1)/2 and

d̃p∑
i=1

∂

∂pi
·
(

pi
2K(p)

)
=

(N−1)
2∑
i=1

∂

∂pi
·
(

pi
2K(p)

)
=

(N − 1)− 4

4K(p)
. (G.3)

Expressions (G.2) and (G.3) then lead to, respectively, the following NV E temper-

atures:

T−1
even =

(
N − 4

4

)
〈1/K(p)〉,

T−1
odd =

(
N − 5

4

)
〈1/K(p)〉. (G.4)

where the subscripts “even/odd” denote the parity of N .

The NV E specific heat is related to the system temperature via 1/C̃ = ∂T/∂E =

−T 2∂T−1/∂E. Using a relation from Rugh, Ref. [111], we can write 1/C̃ = 1 −
T 2〈div (div(X1)X1) ;E〉, with X1 defined above and with C̃ in units of kB.

Using the definition (G.1), and after some straightforward algebra, we have

〈
div (div(X1)X1) ;E

〉
=

(N − 4)(N − 8)

16

〈
1/K(p)2

〉
(G.5)

for even-N systems, and

〈
div (div(X1)X1) ;E

〉
=

(N − 5)(N − 9)

16

〈
1/K(p)2

〉
(G.6)

for odd-N systems. Substituting these last expressions, as well as the NV E tem-

peratures given in Eq. (G.4), into the definition of C̃, we then obtain the following

expressions for the NV E specific heat of the symmetrically-perturbed Hertz chain:

C̃−1
even = 1− (N − 8)

(N − 4)

〈
1/K2

〉〈
1/K

〉2 ,

C̃−1
odd = 1− (N − 9)

(N − 5)

〈
1/K2

〉〈
1/K

〉2 , (G.7)
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where C̃even/odd are in units of kB.

When there are no symmetry restrictions (e.g. when the Hertz system is perturbed

asymmetrically), the number of independent degrees of freedom in momentum-space

is equivalent to the number of particles N . One then defines the specific heat per

particle as CV = C̃/N . In contrast, in systems with reduced degrees of freedom (e.g.

symmetrically-perturbed systems) it is more appropriate to define CV as the specific

heat per independent degree of freedom. Then for even N , CV = C̃even/(N/2), and

for odd-N , CV = C̃odd/((N − 1)/2). These are indeed the quantities predicted by the

generalized equipartition theorem, Eq. (4.11).



Appendix H

Derivation of PDF (pc)

To obtain an analytic expression for PDF(pc), assuming the underlying distribution

of particle velocities is given by Eq. (5.7), it is easiest to proceed in two steps. First,

we determine the distribution function for the product of two neighbouring grain

momenta. Then we determine the distribution function for the sum of such products.

In the limit N � 1, Eq. (5.5) (and Eq. (5.7)) predicts σ2
i ≡ var(vi) =

2〈K〉v/(Nmi), which immediately reveals that σ2
pi
≡ var(pi) = 2mi〈K〉v/N . We

assume the grain momenta can be treated as i.i.d random variates drawn on a nor-

mal distribution with zero mean and variance σ2
pi

, i.e. pi = X ∼ N (0, σ2
p1

) and

pi+1 = Y ∼ N (0, σ2
p2

). These represent the momenta of the even and odd numbered

grains. We are then first interested in the distribution of the product Z ≡ XY .

To compute the distribution of Z, we consider the characteristic function of the

distribution of X (or equivalently of Y ). For a scalar random variable X, the char-

acteristic function ϕX(t) is defined as the expected value of exp(itX):

ϕX(t) = E
(
eitX

)
≡
∫ ∞
−∞

eitxfX(x)dx, (H.1)

where i =
√
−1, t ∈ R, and fX(x) is the probability density function. From Eq. (H.1),

it is evident that ϕX(t) is simply the inverse Fourier transform of fX(x), where

fX(x) = N (0, σ2
p1

) in this case. The inverse Fourier transform of a Gaussian is a well-

known result, thus for the momentum distributions we have ϕX(t) = exp(−σ2
p1
t2/2).

Using the law of total expectation [131], it follows that E(X) = E(E(X|Y )),

where E(X|Y ) denotes the conditional expectation value, i.e. the expected value

of X given that Y = y. Now E
(
eitXY

∣∣Y = y) is simply exp(−σ2
p1
t2Y 2/2), and
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from the law of total expectation it follows that the characteristic function of Z,

ϕZ(t) ≡ ϕXY (t) = E
(
eitXY

)
, is given by:

ϕZ(t) = E
(
E
(
eitXY |Y = y

))
= E

(
exp(−σ2

p1
t2Y 2/2)

)
=

1√
2πσp2

∫ ∞
−∞

e−(σp1 ty)2/2e−y
2/(2σ2

p2
)dy

=
1√

1 + σ2
p1
σ2
p2
t2
. (H.2)

We obtain PDF(Z) by inverting its characteristic function, which is equivalent to

taking the Fourier transform of ϕZ(t):

PDF(Z) =
1

2π

∫ ∞
−∞

e−iztϕZ(t)dt,

=
1

πσp1σp2
K0

(
|z|

σp1σp2

)
, (H.3)

where K0(z) is the modified Bessel function of second kind and order zero, and

Eq. (H.2) was used in obtaining the final expression. Eq. (H.3) is the well-known

product normal distribution.

The neighbour momentum correlation function in Eq. (5.17) involves the sum of

terms like Z, so we now let Q =
∑r

j=1 Zj be the sum of N = r + 1 independent

variates Zj drawn from PDF(Z). By definition, the characteristic function of Q is

ϕQ(t) = E
(
eitQ
)

= E
(
eit

∑r
j=1 Zj

)
=

∫
Rr

( r∏
j=1

eitzj
)
fZ1,...,Zr(z1, . . . , zr)dz

r, (H.4)

where fZ1,...,Zr(z1, . . . , zr) is the joint probability density function of all Zj, i.e. P (Z1 =

z1, . . . , Zr = zr), and dzr denotes the product dz1 . . . dzr. The integral is taken over

the r-dimensional real space Rr. The statistical independence of Zj implies that

fZ1,...,Zr(z1, . . . , zr) = Πr
j=1fZj(zj), thus from Eq. (H.4),

ϕQ(t) =

∫
Rr

( r∏
j=1

eitzjfZj(zj)

)
dzr
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=

(∫ ∞
−∞

eitzfZ(z)dz

)r
=

(
1 + σ2

p1
σ2
p2
t2
)− r

2 , (H.5)

where Eq. (H.2) was used in obtaining the last expression. Finally, the distribution

function forQ, i.e. PDF(pc), is obtained from a Fourier transform of this last equation.
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Figure H.1: Distribution of the neighbour momentum correlation pc within the equi-
librium phase. Circles correspond to MD data, and solid line to the predicted curve,
Eq. (5.19). (i) corresponds to a homogeneous n = 2.5, N = 38 system, and (ii) to a
diatomic n = 2.5, N = 38 system.

We show agreement between the predicted PDF(pc) and MD data for a homo-

geneous chain (σ2
p1

= σ2
p2

= 2m〈K〉v/N) in Fig. H.1(i) and for a diatomic chain

(σ2
p1

= 2m1〈K〉v/N 6= σ2
p2

= 2m2〈K〉v/N) in Fig. H.1(ii). Symmetric and centred at

zero, it is clear that the data agrees very well with Eq. (5.19).



Appendix I

Derivation of the long wavelength

continuum wave equation for

weakly-compressed Hertz chains

We begin with the discrete equations of motion for a one-dimensional homogeneous

chain of N � 1 discrete particles interacting by a general power-law contact potential.

For particles inside the chain, these are given by

mÜi = (k + 1)a
(
(δ0 + Ui−1 − Ui)k − (δ0 + Ui − Ui+1)k

)
, i = 2, . . . , N − 1 (I.1)

in terms of the particle displacements Uj(t), j = 1, . . . , N , relative to their initial

(equilibrium) positions, where δ0 ≥ 0 is the initial overlap between adjacent particles

due to pre-compression of the chain at t = 0, and k > 1 is determined by the

geometry of their contact surface. Here m is the particle mass, and a is a constant

which depends on the particles’ material properties. The particles at each end of

the chain obey similar equations of motion with a different potential that takes into

account the boundary conditions, see Appendix B. Since we will be interested in the

continuum limit, in which N → ∞, we will only need to consider the equations of

motion (I.1) for the N − 2 interior particles.

In this system, the initial particle displacements are Uj(0) = 0, j = 1, . . . , N

(since the chain is initially in its equilibrium configuration). The system is initially

uncompressed if δ0 = 0, in which case the initial separation between adjacent particles

is 2R, where R is the particle radius. Instead, if δ0 > 0, the system has a pre-

compression, in which case the initial separation between adjacent particles is 2R−δ0.
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In typical experiments and numerical simulations, the initial particle velocities are

U̇j(0) = 0 for the interior particles j = 2, . . . , N − 1, while for the two end particles,

the velocities U̇1(0) and U̇N(0) correspond to imparting an initial impulse at one end

or both ends of the chain. An impulse produces a propagating pulse in the system,

where the wave amplitude is described by the variable

A(t; i) = δ0 + Ui(t)− Ui+1(t) ≥ 0 (I.2)

corresponding to the net force on the ith particle, with A(0; i) = δ0 initially. Experi-

mentally, this variable is measured for one (or a few) particle(s), giving the amplitude

A(t; i) as a function of time t at fixed i. For travelling wave pulses, the amplitude

profile A(t; i) in t has the same shape as a snapshot of the amplitude A(t0; i) as a

function of particle number i at a fixed time t = t0. The dynamical state of a pre-

compressed system is said to be weakly compressed if the dynamical overlap between

adjacent moving particles is approximately at least the size of the initial overlap:

|δ0 + Ui(t)− Ui+1(t)| & δ0 > 0, |U̇i(t)− U̇i+1(t)| 6= 0, t > 0. (I.3)

Note these conditions can be expressed simply as

|A(t; i)| & δ0, Ȧ(t; i) 6= 0 (I.4)

in terms of the amplitude of a pulse.

Experimentally, weakly compressed chains support solitary waves whose observed

wavelength [80] is approximately 10R in the case of when the contact geometry of

the particles is elliptical, which corresponds to k = 3/2.

To derive a continuum wave equation for long wavelength pulses in weakly com-

pressed chains, it is useful to begin with a change of variables

Ui = ui + iδ0, i = 1, . . . , N (I.5)

in the discrete system, so the equations of motion (I.1) become

müi = (k + 1)a
(
(ui−1 − ui)k − (ui − ui+1)k

)
, i = 2, . . . , N − 1. (I.6)
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Then the continuum limit for this system (I.6) is obtained by replacing

ui(t)→ u(t, x), ui±1(t)→ u(t, x± 2R) = e±2R∂xu(t, x), i = 2, . . . , N − 1 (I.7)

with ui−1 − ui → W− and ui − ui+1 → W+, where

±W± = u(t, x)− u(t, x± 2R) = u− e±2R∂xu = −
∞∑
n=1

(±2R)n

n!
∂nxu. (I.8)

This yields
m

a(k+1)
utt = W k

− −W k
+ (I.9)

which is a continuum wave equation for u(t, x). The continuum limit of the wave

amplitude A(t; i) from the discrete system is given by A(t; i) = δ0 + Ui − Ui+1 =

ui − ui+1 → W+ which is a nonlocal variable. What is measured experimentally,

however, corresponds to the local part of W+ = −2Rux

(
1 +

∑∞
n=1

(2R)n

(n+1)!

(
∂n+1
x u

)
/ux

)
as given by the leading term−2Rux. Up to the factor 2R, this local variable physically

represents the (dimensionless) strain

v = −ux (I.10)

while u(t, x) then represents the displacement for the continuum system. The condi-

tions (I.2) and (I.4) on A(t; i) imply that the strain must satisfy the corresponding

conditions

v > 0, |v| & δ0
2R
. (I.11)

Since there is non-zero pre-compression, note A(0; i) = δ0 → W+|t=0 and, conse-

quently, the initial strain is given by

v|t=0 = v0 = δ0
2R
> 0. (I.12)

The next step consists of making a long wavelength expansion of the continuum

wave equation (I.9) for u(t, x). Consider a pulse of wavelength `, where v = O(1)

and vx = O(1/`) in terms of the strain. The condition for the wavelength to be long

is ` � 2R. This can be expressed by the parameter ε = 2R/` � 1. The nonlinear

terms in the wave equation (I.9) can be expanded in terms of ε through the relation
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(2R)n∂nxv = O(εn), using

W k
± = (2R)k

(
v +

∞∑
n=1

(±2R)n

(n+1)!
∂nxv
)k

(I.13)

where v is O(1). This gives

W k
± = (2R)k

(
vk ± kRvk−1vx + 2

3
kR2vk−1vxx + 1

2
k(k − 1)R2vk−2v2

x

± 1
3
kR3vk−1vxxx ± 2

3
k(k − 1)R3vk−2vxvxx ± 1

6
k(k − 1)(k − 2)R3vk−3v3

x

+ 1
18
k(k − 1)R4vk−2(4v2

xx + 3vxvxxx) + · · ·
)

(I.14)

up to order O(ε4), which yields

m
a(k+1)

utt = W k
− −W k

+ = −k(2R)k+1
(
vk−1vx + 1

6
R2
(
(k − 1)(k − 2)vk−3v3

x

+ 4(k − 1)vk−2vxvxx + 2vk−1vxxx
)

+ · · ·
)
.

(I.15)

Truncating the expansion at this order O(ε4) and substituting the strain expression

(I.10) produces the well-known highly nonlinear fourth-order wave equation [17,33–35]

for u(t, x):

c−2utt = (−ux)k−1uxx + α(−ux)k−3u3
xx − β(−ux)k−2uxxuxxx + γ(−ux)k−1uxxxx (I.16)

where

α = 1
6
R2(k − 1)(k − 2), β = 2

3
R2(k − 1), γ = 1

3
R2 (I.17)

and

c2 = ak(k + 1)(2R)k+1/m. (I.18)

Note, in these expressions (I.17)–(I.18), the constant c has units of speed, and the

constants α, β, γ have units of length-squared, while u has units of length. We call

equation (I.16) the long wavelength continuum wave equation for weakly-compressed

Hertz chains.

There is a corresponding long-wavelength wave equation for the strain v(t, x):

c−2vtt = (vk−1vx + αvk−3v3
x + βvk−2vxvxx + γvk−1vxxx)x (I.19)

with v satisfying the conditions (I.11) and (I.12).
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[87] E. Ávalos and S. Sen. Granular chain between asymmetric boundaries and the

quasiequilibrium state. Physical Review E, 89:053202, 2014.

[88] A.J. Sievers and S. Takeno. Intrinsic localized modes in anharmonic crystals.

Physical Review Letters, 61:970–973, 1988.

[89] G. James, P.G. Kevrekidis, and J. Cuevasc. Breathers in oscillator chains with

hertzian interactions. Physica D: Nonlinear Phenomena, 251:39–59, 2013.

[90] M.P. Allen and D.J. Tildesley. Computer simulation of liquids. Clarendon Press,

Oxford, 1987.

[91] J.W.S. Rayleigh. The theory of sound. London, Macmillan and co., 1877.

[92] E. Buckingham. On physically similar systems; illustrations of the use of di-

mensional equations. Physical Review, 4(4):345, 1914.

[93] E.B. Herbold, J. Kim, V.F. Nesterenko, S.Y. Wang, and C. Daraio. Pulse

propagation in a linear and nonlinear diatomic periodic chain: effects of acoustic

frequency band-gap. Acta Mechanica, 205(1-4):85–103, 2009.



BIBLIOGRAPHY 190

[94] D.K. Campbell, S. Flach, and Y.S. Kivshar. Localizing energy through nonlin-

earity and discreteness. Physics Today, 57:43–49, 2004.

[95] S. Flach and A.V. Gorbach. Discrete breathers - advances in theory and appli-

cations. Physics Reports, 467:1–116, 2008.

[96] S. Job, F. Santibanez, F. Tapia, and F. Melo. Wave localization in strongly

nonlinear hertzian chains with mass defect. Physical Review E, 80:025602, 2009.

[97] G. Theocharis, M. Kavousanakis, P.G. Kevrekidis, C. Daraio, M.A. Porter, and

I.G. Kevrekidis. Localized breathing modes in granular crystals with defects.

Physical Review E., 80:066601, 2009.

[98] C. Daraio, V.F. Nesterenko, E.B. Herbold, and S. Jin. Energy trapping and

shock disintegration in a composite granular medium. Physical Review Letters,

96(5):058002, 2006.

[99] M. Przedborski, T.A. Harroun, and S. Sen. Granular chains with soft bound-

aries: Slowing the transition to quasiequilibrium. Physical Review E, 91:042207,

2015.

[100] S. Sen, M. Manciu, F.S. Manciu, and A.J. Hurd. Impulse propagation in gran-

ular chains. In Y. Kishino, editor, Powders and Grains 2001, Proceedings of

Fourth International Conference on Micromechanics of Granular Media, Sendai,

Japan, 2001.

[101] J.B. Marion and S.T. Thornton. Classical dynamics of particles and systems,

third edition. Harcourt Brace Jovanovich, Inc., 1988.

[102] W. Zhen-Ying, W. Shun-Jin, Z. Xiu-Ming, and L. Lei. Solitary wave interactions

in granular media. Chinese Physics Letters, 24(10):2887, 2007.

[103] T.P. Valkering and C. de Lange. Overtaking solitons of high energy in a one-

dimensional lennard-jones chain. Journal of Physics A: Mathematical and gen-

eral, 13(5):1607, 1980.

[104] D. Han, M. Westley, and S. Sen. Mechanical energy fluctuations in granular

chains: The possibility of rogue fluctuations or waves. Physical Review E,

90:032904, 2014.



BIBLIOGRAPHY 191

[105] E. Scalas, A.T. Gabriel, E. Martin, and G. Germano. Velocity and energy

distributions in microcanonical ensembles of hard spheres. Physical Review E,

92(2):022140, 2015.

[106] J.L. Lebowitz, J.K. Percus, and L. Verlet. Ensemble dependence of fluctuations

with application to machine computations. Physical Review, 153(1):250, 1967.

[107] R. Tolman. A general theory of energy partition with applications to quantum

theory. Physical Review, 11(4):261–275, 1918.

[108] J.R. Ray and H.W. Graben. Small systems have non-maxwellian momentum

distributions in the microcanonical ensemble. Physical Review A, 44:6905–6908,

1991.

[109] R.B. Shirts, S.R. Burt, and A.M. Johnson. Periodic boundary condition induced

breakdown of the equipartition principle and other kinetic effects of finite sample

size in classical hard-sphere molecular dynamics simulation. The Journal of

Chemical Physics, 125(16):164102, 2006.

[110] S. Nadarajah, X. Jiang, and J. Chu. A saddlepoint approximation to the distri-

bution of the sum of independent non-identically beta random variables. Sta-

tistica Neerlandica, 69(2):102–114, 2015.

[111] H.H. Rugh. A geometric, dynamical approach to thermodynamics. Journal of

Physics A: Mathematical and General, 31(38):7761, 1998.

[112] F. Reif. Fundamentals of statistical and thermal physics. Waveland Press, 2009.

[113] O.G. Jepps, G. Ayton, and D.J. Evans. Microscopic expressions for the ther-

modynamic temperature. Physical Review E, 62(4):4757, 2000.

[114] M. Bland. Do Baseline P-Values Follow a Uniform Distribution in Randomised

Trials? Public Library of Science One, 8(10):1–5, 2013.

[115] M. Manciu, S. Sen, and A.J. Hurd. Impulse propagation in dissipative and

disordered chains with power-law repulsive potentials. Physica D, 157(3):226–

240, 2001.

[116] C. Daraio and V.F. Nesterenko. Strongly nonlinear wave dynamics in a chain

of polymer coated beads. Physical Review E, 73(2):026612, 2006.



BIBLIOGRAPHY 192

[117] A. Rosas, A.H. Romero, and K. Lindenberg. Pulse propagation in a chain of

o-rings with and without precompression. Physical Review E, 82(3):031308,

2010.

[118] D. Khatri, D. Ngo, and C. Daraio. Highly nonlinear solitary waves in chains of

cylindrical particles. Granular Matter, 14(1):63–69, 2012.

[119] D.A. Spence. Self similar solutions to adhesive contact problems with incre-

mental loading. Proceedings of the Royal Society of London A: Mathematical,

Physical and Engineering Sciences, 305(1480):55–80, 1968.

[120] K.L. Johnson. Contact mechanics. New York: Cambridge University Press,

1985.

[121] P.A. Johnson and X. Jia. Nonlinear dynamics, granular media and dynamic

earthquake triggering. Nature, 437(7060):871–874, 2005.

[122] P.J. Olver. Applications of Lie groups to differential equations. Springer-Verlag:

New York, 1986.

[123] G. Bluman, A. Cheviakov, and S.C. Anco. Applications of symmetry methods

to partial differential equations, volume 168. Springer: New York, 2010.

[124] S.C. Anco. Generalization of noether’s theorem in modern form to non-

variational partial differential equations. To appear in: Fields Institute Com-

munications: Recent progress and Modern Challenges in Applied Mathematics,

Modeling and Computational Science, 2016. arXiv: 1605.08734 [math-ph].

[125] S.C. Anco and G. Bluman. Direct construction method for conservation laws

of partial differential equations. i. examples of conservation law classifications.

European Journal of Applied Mathematics, 13(5):545–566, 2002.

[126] S.C. Anco and G. Bluman. Direct construction method for conservation laws

of partial differential equations. ii. general treatment. European Journal of

Applied Mathematics, 13(5):567–585, 2002.

[127] S.C. Anco and G. Bluman. Direct construction of conservation laws from field

equations. Physical Review Letters, 78(15):2869, 1997.



BIBLIOGRAPHY 193

[128] A. Constantin and W.A. Strauss. Stability of peakons. Communications on

Pure and Applied Mathematics, 53(5):603–610, 2000.

[129] A. Constantin and L. Molinet. Global weak solutions for a shallow water equa-

tion. Communications in Mathematical Physics, 211(1):45–61, 2000.

[130] E. Recio and S.C. Anco. A general family of multi-peakon equations. arXiv

preprint, 2016. arXiv: 1609.04354 [math-ph].

[131] N.A. Weiss. A Course in Probability. Boston: Addison-Wesley, 2005. pp.

380-383.


