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1. Introduction

Vorticity conservation laws have long been of interest in the study of inviscid fluid flow (e.g. [1–3]). Their
mathematical formulation in multi-dimensions is given by an integral continuity equation

d

dt

∫

V(t)

TdV = −
∫

∂V(t)

�X · d �A (1.1)

for a conserved density T and a spatial flux �X that have an essential dependence on the curl of the fluid
velocity, as defined on domains V(t) that are transported along the streamlines of the fluid governed by
Euler’s equations. Physically speaking, such conservation laws express basic rotational properties of the
fluid in a reference frame that moves with the fluid flow [4]. To-date the only known vorticity conser-
vation laws consist of the general enstrophy integral [5–7] which exists in two (and higher-even) spatial
dimensions, the helicity integral [6–8] which exists in three (and higher-odd) spatial dimensions, and the
entropy circulation integrals [9,10] which exist in two as well as three (and higher) spatial dimensions.
A general formulation of these conservation laws, applicable to incompressible as well as compressible
inviscid fluids, is hard to find in the literature.

The Eulerian fluid equations in R
n are given in terms of the velocity �u, the mass density ρ, the entropy

density S, and the pressure p by

�ut + �u · �∇�u = −ρ−1�∇p, (1.2)

ρt + �∇ · (ρ�u) = 0, (1.3)

St + �u · �∇S = 0. (1.4)

In the case of compressible fluid flow, p is specified by an equation of state in terms of a function
p = P (ρ, S), whereas in the case of incompressible fluid flow, ρ and S are constant while p satisfies the
Laplacian equation −ρ−1Δp = (�∇�u) · (�∇�u).
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For inviscid fluid flow in R
2, enstrophy and entropy circulation are defined by the respective

two-dimensional integrals ∫

V(t)

ρ−1�2 d2x (1.5)

and ∫

V(t)

S� d2x =
∮

∂V(t)

S�u · d�s +
∫

V(t)

�u · ∗�∇S d2x (1.6)

where � = �∇·∗�u is the vorticity scalar, given in terms of the infinitesimal rotation operator ∗. Enstrophy
physically measures the bulk rotation of the fluid, while entropy circulation measures the flux of entropy
around closed loops when the streamlines are aligned with the entropy gradient in the fluid. The more
general enstrophy integral ∫

V(t)

f(�/ρ)ρ d2x =
∫

V(t)

f̃(�/ρ)� d2x (1.7)

is connected with circulation properties of the fluid, when the function f is odd (f̃ is even), and with
bulk rotation moments of the fluid, when the function f is even (f̃ is odd).

In contrast, for inviscid fluid flow in R
3, helicity and entropy circulation are respectively defined by

the three-dimensional integrals ∫

V(t)

�u · �ϑ d3x (1.8)

and ∫

V(t)

�∇S · �ϑ d3x =
∮

∂V(t)

S�ϑ · d �A =
∮

∂V(t)

(�u × �∇S) · d �A (1.9)

involving the vorticity vector �ϑ = �∇×�u, given in terms of the cross-product operator. Physically, helicity
measures the net rotation of the fluid around the directions of streamlines, while entropy circulation
detects the net alignment between the streamlines and the entropy gradient. A more general integral∫

V(t)

f(�∇S · �ϑ/ρ)ρ d3x =
∫

V(t)

f̃(�∇S · �ϑ/ρ)�∇S · �ϑ d3x (1.10)

measures entropy circulation properties of the fluid, when the function f is odd (f̃ is even), and bulk
alignment between the streamlines and the entropy gradient in the fluid, when the function f is even
(f̃ is odd).

The helicity integral (1.8) and the general enstrophy integral (1.7) are conserved whenever the fluid
flow is isentropic (i.e. S is constant throughout the fluid domain) and either incompressible (i.e. ρ is
constant throughout the fluid domain) or compressible with a barotropic equation of state in which the
pressure p is a function only of the density ρ, whereas the entropy circulation integrals (1.6) and (1.10)
are non-trivially conserved when the fluid flow is non-isentropic (i.e. S is constant only along streamlines)
as well as compressible (so that ρ is non-constant in the fluid domain). All of these conserved vorticity
integrals have a mathematical origin as Casimir invariants of the Hamiltonian formulation [9,11–14] for
the underlying fluid equations (1.2)–(1.4).

In the present paper, new conserved vorticity integrals generalizing helicity, enstrophy, and entropy
circulation are derived for p-dimensional surfaces that move along streamlines of inviscid fluid flow in any
n-dimensional Riemannian manifold with n > p > 1. In the case of odd-dimensional surfaces, the helicity
integral yields a constant of motion if the surface is boundaryless or satisfies a zero-vorticity boundary
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condition, while the entropy circulation integral yields a constant of motion whether the surface is boun-
daryless or has a boundary. Similarly, in the case of even-dimensional surfaces, the entropy circulation
integral yields a constant of motion if the surface is boundaryless or satisfies a vorticity boundary con-
dition involving the entropy gradient vector, while the enstrophy integral yields a constant of motion
whether the surface is boundaryless or has a boundary. As a by-product of these results, a simple proof
of Kelvin’s circulation theorem is obtained for isentropic fluid flow in all dimensions n > 1, and its
relationship to the new helicity and enstrophy integrals for two-dimensional moving surfaces is explained.

2. Inviscid Fluid Equations in Riemannian Manifolds

Consider an n-dimensional manifold M with a Riemannian metric g. Let ∇ be the metric-compatible
covariant derivative determined by ∇g = 0, and let εg be the metric-normalized volume tensor determined
by ∇εg = 0 and g(εg, εg) = n!. Write g∇ and div for the vector derivative operator and the covariant
divergence operator defined by ξ�∇ = g(ξ, g∇) and g( g∇, ξ) = divξ holding for an arbitrary vector field
ξ on M . These operators are the natural covariant counterparts of the gradient �∇ and divergence �∇·
operators in R

n.
In this tensorial notation, the covariant generalization of Euler’s equation (1.2) from R

n to M is given
by

ut + (u�∇)u = −ρ−1 g∇p (2.1)

where u is the fluid velocity vector on M . Similarly the covariant equations for the fluid pressure p, mass
density ρ, and entropy density S on M are given by

p = P (ρ, S), (2.2)
ρt + div(ρu) = 0, (2.3)
St + u�∇S = 0, (2.4)

in the case of compressible fluid flow, or by

ρ = const., S = const., (2.5)
−ρ−1Δgp = g( g∇u, g∇u) + R(u, u) (2.6)

in the case of incompressible fluid flow, where Δg = g( g∇, g∇) = g∇�∇ denotes the scalar Laplacian,
and R denotes the Ricci tensor of g. In both cases, the curl of the velocity is an antisymmetric tensor
on M

ω = g∇ ∧ u (2.7)

obeying the transport equation

ωt + g∇ ∧ g(u, ω) = ρ−2 g∇ρ ∧ g∇p, g∇ ∧ ω = 0. (2.8)

It will be very advantageous to rewrite the fluid equations (2.1)–(2.8) by means of differential forms
combined with the material (advective) derivative

Dt = Dt + Lu. (2.9)

Here Dt denotes ∂t acting as a total time derivative, and Lu denotes the Lie derivative acting on p-forms
α on M by Luα = u�dα+d(u�α). Note that the exterior derivative d commutes with the Lie derivative
Lu and acts as a total spatial derivative. Now let u be the velocity 1-form and let ω be the curl 2-form
defined by the respective duals of u and ω with respect to the metric g on M , namely ξ�u = g(ξ, u) and
ζ�ω = g(ζ, ω) for an arbitrary vector field ξ and an arbitrary antisymmetric tensor field ζ on M . The Lie
derivatives of u and ω along streamlines are, respectively,

Luu = u�ω + d(u�u), Luω = d(u�ω) (2.10)
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where

u�ω = (u�∇)u − d( 1
2u�u). (2.11)

Then the equations for S, ρ, u, and ω have the elegant transport formulation

DtS = 0, (2.12)
Dtρ = −ρdivgu, (2.13)

Dtu = d
(

1
2
|u|2g − e − ρ−1p

)
+ eSdS, du = ω, (2.14)

Dtω = deS ∧ dS, dω = 0, (2.15)

with divgu = g∇�u = div u and |u|2g = u�u = g(u, u), where

e =
∫

ρ−2pdρ (2.16)

is the thermodynamic energy of the fluid. In particular, note e =
∫

ρ−2P (ρ, S)dρ is a specified function
of ρ and S for compressible flow, whereas e = 0 (since dρ = 0) vanishes for incompressible flow.

3. Moving Surfaces and Conserved Integrals

Now consider any smooth orientable p-dimensional submanifold S(t) ⊂ M that is transported along
streamlines in the fluid. In particular, in local coordinates, each point xi ∈ S(t) obeys dxi/dt = Luxi =
u�∇xi (i = 1, . . . , n). A conserved integral on the moving surface S(t) consists of an integral continuity
equation given by

d

dt

∫

S(t)

α =
∫

∂S(t)

β (3.1)

for a p-form density α and a p − 1-form flux β that are functions of the space and time coordinates xi,
t, and the fluid variables S, ρ, u, ω (and possibly their spatial derivatives) subject to the fluid equations
(2.12)–(2.14).

Integrals of this form (3.1) will define a constant of motion on the moving surface S(t) for all formal
solutions of the fluid equations provided that the flux integral on ∂S(t) vanishes identically. If S(t) is
boundaryless then every conserved integral (3.1) yields a constant of motion. Alternatively, if S(t) has
a boundary then a conserved integral (3.1) yields a constant of motion only when β is an exact p − 1
form. Note that S(t) will be a moving domain V(t) if p = n, in which case the conserved integral (3.1)
coincides with the continuity equation

d

dt

∫

V(t)

TdV = −
∫

∂V(t)

g(X, ν̂)dA (3.2)

given by

α = εT, β = −X�ε (3.3)

where dV = εg is the volume n-form dual to the tensor εg, and dA = ν̂�εg is the hypersurface area
n − 1-form in terms of the unit-normal vector ν̂. In this situation the conservation law (3.4) reduces to a
space-time divergence DtT + DivX = 0 where Div denotes div acting as a total derivative.

Proposition 1. A p-form density α and a p − 1-form flux β yield a conserved integral (3.1) on all
p-dimensional moving surfaces S(t) ⊂ M iff

Dtα = dβ (3.4)

holds for all formal solutions of the fluid equations.
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Proof. Let φt be the diffeomorphism of M defined by the streamlines of the vector field u
∣∣
t
with φ0 = id.

The moving surface S(t) can then be viewed as the flow of a fixed surface S(0) in M . Under this flow,
the pullback of α

∣∣
S(t)

is given by φ∗
t α

∣∣
S(0)

, where d
dt (φ

∗
t α) = Dtα + Luα = Dtα. Hence we have

(
d

dt

∫

S(t)

α

)∣∣∣∣
t=0

=
∫

S(0)

d

dt
(φ∗

t α) =
∫

S(0)

Dtα (3.5)

and thus the integral continuity equation (3.1) becomes

0 =
∫

S(0)

Dtα −
∫

∂S(0)

β =
∫

S(0)

(Dtα − dβ). (3.6)

The vanishing of this integral for an arbitrary p-dimensional surface S(0) is equivalent to the conservation
law (3.4). �

Conserved vorticity integrals in which the density α and the flux β have an essential dependence on
the curl 2-form ω will now be derived from the transport equations (2.12)–(2.15), first for isentropic fluid
flow and then for non-isentropic fluid flow.

4. Helicity on Moving Surfaces

Three-dimensional helicity (1.8) can be naturally generalized to all odd dimensions n > 3 in terms of the
vorticity vector [3,7]

ϑ = ∗(ω ∧ · · · ∧ ω︸ ︷︷ ︸
(n−1)/2 times

) = εg�ω(n−1)/2 (4.1)

defined on the n-dimensional Riemannian manifold M . Here ∗ denotes the Hodge dual operator, acting
by contraction with respect to the volume tensor εg, and powers of ω denote exterior products. For a
moving domain V(t) ⊂ M , the n-dimensional helicity integral for isentropic fluid flow in M is given by a
continuity equation (3.2) holding for the conserved density T = ϑ�u and the spatial flux X = −σϑ with
σ = 1

2 |u|2g − e− p/ρ, where e is the thermodynamic energy of the fluid. A simpler formulation is obtained
by using the corresponding differential forms (3.3): α = u ∧ ω(n−1)/2 and β = σω(n−1)/2. The resulting
conserved helicity integral (3.1) has a natural extension from moving domains in M to odd-dimensional
moving surfaces in M , whether n is odd or even.

Theorem 2. For isentropic inviscid fluid flow in any Riemannian manifold M with dimension n ≥ 1, the
2q + 1-form density α = u ∧ ωq and the 2q-form flux β = (1

2 |u|2g + e − p/ρ)ωq satisfy the continuity
equation

d

dt

∫

S(t)

u ∧ ωq =
∫

∂S(t)

(
1
2
|u|2g + e − p/ρ

)
ωq, 0 ≤ q ≤ (n − 1)/2 (4.2)

yielding a conserved helicity integral on any smooth orientable submanifold S(t), with odd dimension
2q + 1, transported along streamlines in the fluid.

Proof of conservation. Isentropic fluid flow has dS = 0 in M , so thus the velocity and curl equations
(2.14)–(2.15) reduce to

Dtω = 0, Dtu = dσ, σ =
1
2
|u|2g − e − ρ−1p (4.3)

with

dω = 0, du = ω. (4.4)
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Since Dtu is an exact 1-form and ω is a closed 2-form annihilated by Dt, we have Dt(u∧ωq) = dσ∧ωq =
d(σωq), which establishes (4.2). �

When the surface S is a closed curve C, the helicity integral (4.2) with q = 0 and ∂S = 0 reduces to
the circulation integral

d

dt

∮

C(t)

u = 0 (4.5)

providing a generalization of Kelvin’s circulation theorem to isentropic fluid flow (compressible or incom-
pressible) in Riemannian manifolds of any dimension n > 1.

5. Enstrophy on Moving Surfaces

Two-dimensional enstrophy (1.7) has a natural extension to all even dimensions n > 2 in terms of the
vorticity scalar [3,7]

� = ∗(ω ∧ · · · ∧ ω︸ ︷︷ ︸
n/2 times

) = εg�ωn/2 (5.1)

defined on the n-dimensional Riemannian manifold M in terms of the Hodge dual operator ∗. Here pow-
ers of ω again denote exterior products. For a moving domain V(t) ⊂ M in isentropic fluid flow, the
n-dimensional enstrophy integral is given by a continuity equation (3.2) holding for the conserved density
T = f(�/ρ)� with no spatial flux X = 0, where f is an arbitrary non-constant function.

An equivalent formulation uses the corresponding differential forms (3.3): α = f(�/ρ)ωn/2 and
β = 0. The resulting conserved enstrophy integral (3.1) can be generalized from moving domains in M
to even-dimensional moving surfaces in M .

Theorem 3. For isentropic inviscid fluid flow in any Riemannian manifold M with even dimension n ≥ 2,
the 2q-form density α = fωq depending on an arbitrary non-constant function f(�/ρ) satisfies the con-
tinuity equation

d

dt

∫

S(t)

fωq = 0, 1 ≤ q ≤ n/2 (5.2)

yielding a conserved enstrophy integral on any smooth orientable submanifold S(t), with even dimension
2q, transported along streamlines in the fluid.

Proof of conservation. The curl equation (4.3) holding for isentropic fluid flow implies that Dt(fωq) =
Dt(�/ρ)f ′ωq, where � = εg�ωn/2. Then using

Dt� = (Dtεg)�ωn/2, Dtεg = Luεg = −(div u)εg, Dtρ = −(div u)ρ, (5.3)

we have

Dt(ρ−1εg) = 0 (5.4)

whence Dt(�/ρ) = 0. This implies Dt(fωq) = 0, establishing (5.2). �

The enstrophy integral (5.2) can be alternatively expressed as
d

dt

∫

S(t)

fωq = − d

dt

∫

S(t)

f ′d(�/ρ) ∧ u ∧ ωq−1 +
d

dt

∮

∂S(t)

fu ∧ ωq−1 = 0 (5.5)

through the properties (4.4) of ω, whether the surface S has a boundary or is boundaryless. Consequently,
if the function f is constant, then the enstrophy will reduce to the helicity on the boundary of S or will
otherwise vanish when S has no boundary.
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6. Entropy Circulation on Moving Surfaces

Similarly to enstrophy and helicity, two-dimensional entropy circulation (1.6) and three-dimensional
entropy circulation (1.10) have a straightforward extension respectively to all even dimensions n > 2
and all odd dimensions n > 3. The entropy circulation integral for a moving domain V(t) ⊂ M in
non-isentropic fluid flow is given by a continuity equation (3.2) that holds in the even-dimensional case
for the conserved density T = f(S)� and the spatial flux X = −f(S)eS(∂�/∂ω)�dS, where e is the
thermodynamic energy of the fluid, and that holds in the odd-dimensional case for the conserved density
T = f(Γ/ρ)Γ with vanishing spatial flux X = 0, where

Γ = ∗(dS ∧ ω(n−1)/2) = ϑ�dS (6.1)

defines the entropy circulation scalar on the Riemannian manifold M in terms of the vorticity vector ϑ.
The corresponding differential forms (3.3) are given by α = f(S)ωn/2 and β = 1

2nf(S)eSdS ∧ ω(n−2)/2

when the dimension n is even, and by α = f(Γ/ρ)ω(n−1)/2 and β = 0 when the dimension n is odd. In
each case, there is a natural generalization of the resulting conserved entropy circulation integral (3.1) to
moving surfaces in M .

The generalization is presented first for even-dimensional surfaces.

Theorem 4. For non-isentropic inviscid fluid flow in any Riemannian manifold M with even or odd
dimension n ≥ 2, the 2q-form density α = fωq and the 2q − 1-form flux β = qeSfdS ∧ ωq−1 depending
on an arbitrary non-constant function f(S) satisfy the continuity equation

d

dt

∫

S(t)

fωq = q

∮

∂S(t)

eSfdS ∧ ωq−1, 1 ≤ q ≤ n/2 (6.2)

yielding a conserved entropy circulation integral on any smooth orientable submanifold S(t), with even
dimension 2q, transported along streamlines in the fluid.

Proof of conservation. From the entropy equation (2.12) and the curl equation (2.15) holding for non-
isentropic fluid flow, we have Dt(fωq) = qfdeS ∧ dS ∧ ωq−1 = qd(eSfdS ∧ ωq−1) since the 2-form ω is
closed. This establishes (6.2). �

When the surface S is boundaryless, the entropy circulation integral (6.2) becomes

d

dt

∮

S(t)

fωq = − d

dt

∮

S(t)

f ′dS ∧ u ∧ ωq−1 = 0 (6.3)

from the properties (4.4) of ω. As a consequence, if the gradient of the entropy S is aligned with the fluid
streamlines on the surface S (which will occur whenever the fluid flow is isentropic in S ⊂ M), then the
entropy circulation (6.3) will vanish due to dS ∧ u = 0.

The analogous generalization for odd-dimensional surfaces is presented next.

Theorem 5. For non-isentropic inviscid fluid flow in any Riemannian manifold M with odd dimension
n ≥ 3, the 2q + 1-form density α = fdS ∧ ωq depending on an arbitrary non-constant function f(Γ/ρ)
satisfies the continuity equation

d

dt

∫

S(t)

fdS ∧ ωq = 0, 1 ≤ q ≤ (n − 1)/2 (6.4)

yielding a conserved entropy circulation integral on any smooth orientable submanifold S(t), with odd
dimension 2q + 1, transported along streamlines in the fluid. This integral remains conserved if f is
generalized to be a function of both Γ/ρ and S.
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Proof of conservation. The curl equation (2.15) combined with the entropy equation (2.12) yield Dt(dS∧
ωq) = 0 and Dtf = fΓ̃ DtΓ̃ = fΓ̃ Dt(ρ−1εg)�(dS∧ω(n−1)/2) with Γ̃ = Γ/ρ where Γ = εg�(dS∧ω(n−1)/2).
Then Eq. (5.4) implies Dtf = 0 and hence Dt(fdS ∧ ωq) = 0, which establishes (6.4). �

In contrast to the even-dimensional integral (6.2), here the odd-dimensional entropy circulation inte-
gral (6.4) can be expressed as

d

dt

∫

S(t)

fdS ∧ ωq = − d

dt

∫

S(t)

f ′Sd(Γ/ρ) ∧ ωq +
d

dt

∮

∂S(t)

fSωq = 0 (6.5)

whether the surface S has a boundary or is boundaryless. If the function f is constant, then this integral
(6.5) will reduce to the entropy circulation on the boundary of S or will otherwise vanish when S has no
boundary.

7. New Constants of Motion

As a preliminary step, for any s-dimensional smooth orientable surface S ⊂ M , let {ê(μ)}μ=1,...,n−s be
an arbitrary orthonormal basis for the normal space of S in TxM at each point of S. Then the volume
forms of the surface S and its boundary ∂S can be defined by the projections

dVS = ε(S) = (ê(1) ∧ · · · ∧ ê(n−s))�εg (7.1)

and

dAS = ν̂S�ε(S) = ε(∂S) = (ê(1) ∧ · · · ∧ ê(n−s) ∧ ν̂S)�εg (7.2)

where ν̂S denotes the unit normal of ∂S in S and εg is the volume n-form of M . Additionally, the dual
volume tensors ε(S) for S and ε(∂S) for ∂S can be defined in terms of the volume tensor εg for M by

ê(1) ∧ · · · ∧ ê(n−s) ∧ ε(S) = εg, ν̂S ∧ ε(∂S) = ε(S). (7.3)

Now, if S(t) is an odd-dimensional surface transported along fluid streamlines in M , the helicity inte-
gral (4.2) for isentropic fluid flow and the entropy circulation integral (6.4) for non-isentropic fluid flow
can be formulated respectively as

d

dt

∫

S(t)

ϑS�uS dVS =
∮

∂S(t)

( 1
2 |u|2g − e − p/ρ)g(ϑS , ν̂S) dAS (7.4)

and
d

dt

∫

S(t)

f(S, Γ/ρ)ϑS�dSS dVS = 0. (7.5)

Here

ϑS = ε(S)�(ω|S)q (7.6)

defines the vorticity vector of the surface S with q = 1
2 (dim(S) − 1), while uS and dSS denote the

respective projections of the velocity 1-form u and the gradient 1-form dS into the cotangent space of S,
and Γ is the entropy circulation scalar (6.1) of the manifold M when the dimension n is odd.

Similarly, if S(t) is an even-dimensional surface transported along fluid streamlines in M , the enstro-
phy integral (5.2) for isentropic fluid flow and the entropy circulation integral (6.2) for non-isentropic
fluid flow have the respective formulations

d

dt

∫

S(t)

f(�/ρ)�S dVS = 0 (7.7)
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and
d

dt

∫

S(t)

f(S)�S dVS = q

∮

∂S(t)

eSf(S)g(ϑ∂S ,∇∂SS) dAS (7.8)

where

�S = ε(S)�(ω|S)q (7.9)

defines the vorticity scalar of the surface S with q = 1
2 dim(S), while ∇∂S denotes the projection of the

gradient g∇ into the tangent space of ∂S, and � is the vorticity scalar (5.1) of the manifold M when
the dimension n is even.

These formulations (7.4)–(7.9) are useful for investigating the constants of motion that arise under
various conditions for moving surfaces S(t) in isentropic and non-isentropic fluid flow in M as follows.

7.1. Closed Moving Surfaces Spanned by a Moving Hypersurface

Consider any even-dimensional surface Σ(t) spanning a closed orientable surface S(t) transported along
the fluid streamlines in M , with dimS = dim Σ − 1, ∂Σ = S and ∂S = 0. Then Stokes’ theorem can be
applied to convert the conserved helicity integral (7.4) into the equivalent form

d

dt

∮

S(t)

ϑS�uS dVS =
d

dt

∫

Σ(t)

�Σ dVΣ = 0 (7.10)

yielding a scalar vorticity constant of motion on Σ(t) for n-dimensional isentropic (compressible or incom-
pressible) fluid flow. This new constant of motion (7.10) provides a higher-dimensional version of Kelvin’s
circulation (4.5), which has the analogous formulation as a vorticity constant of motion

d

dt

∮

C
uS ds =

d

dt

∫

Σ(t)

�Σ dVΣ = 0 (7.11)

on 2-surfaces Σ(t) that span a closed curve C(t) transported along the fluid streamlines in any even or
odd dimension n ≥ 2. (Note here uS = ε(C)�u denotes the scalar projection of u along the curve C, and
ds = ε(C) is the arclength 1-form of C.) When the dimension n is even, these constants of motion (7.10)
and (7.11) are special cases of the enstrophy constant of motion (7.7) on Σ(t). Therefore, the helicity and
enstrophy integrals can be unified in the form of a generalized scalar vorticity constant of motion

d

dt

∫

Σ(t)

f(�/ρ)�Σ dVΣ = 0 (7.12)

in which f is a function of �/ρ when n is even or f is a constant when n is odd.
In contrast, for n-dimensional non-isentropic (compressible) fluid flow, the scalar vorticity integral

(7.12) is no longer conserved but instead is replaced by the conserved entropy circulation integrals (7.5)
and (7.8). Given any odd-dimensional surface Σ(t) spanning a closed orientable surface S(t) transported
along the fluid streamlines in M , with dim S = dim Σ − 1, ∂Σ = S and ∂S = 0, the integral (7.8) can be
converted through Stokes’ theorem into a special case of the integral (7.5) on Σ(t) when the dimension n
is odd,

d

dt

∮

S(t)

f(S)�S dVS =
d

dt

∫

Σ(t)

f ′(S)ϑΣ�dS dVΣ = 0. (7.13)

As a result, both entropy circulation integrals (7.5) and (7.8) have a unified formulation
d

dt

∫

Σ(t)

f(S, Γ/ρ)ϑΣ�dS dVΣ = 0 (7.14)
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yielding a new vorticity constant of motion on Σ(t) for n-dimensional non-isentropic (compressible) fluid
flow. This constant of motion (7.14) measures the alignment between the entropy gradient and the vor-
ticity vector of the fluid on Σ(t), weighted by a function f of S when n is even or a function f of both S
and Γ/ρ when n is odd.

7.2. Non-Closed Moving Surfaces and Vorticity Boundary Conditions

Consider an orientable non-closed, but otherwise arbitrary, surface S(t) transported along the fluid
streamlines in M . Then the entropy circulation integral (7.5) when S is odd-dimensional and the ens-
trophy integral (7.7) when S is even-dimensional are constants of motion respectively for non-isentropic
fluid flow and isentropic fluid flow in M . In contrast, the helicity integral (7.4) when S is odd-dimensional
and the entropy circulation integral (7.8) when S is even-dimensional are constants of motion if and only
if the flux integrals on the boundary ∂S(t) vanish respectively for isentropic fluid flow and non-isentropic
fluid flow in M .

The helicity flux integral (7.4) clearly vanishes if g(ϑS , ν̂S)|∂S = 0 holds on the boundary surface
∂S(t). This condition states that the vorticity vector ϑS at ∂S(t) must lie in the tangent space of ∂S(t).
A useful equivalent formulation is that the vorticity scalar of the boundary surface ∂S(t) must vanish
everywhere on ∂S(t),

�∂S = 0 (7.15)

since g(ϑS , ν̂S)|∂S = �∂S holds due to the identity (7.3) relating the volume tensors of S(t) and ∂S(t).
Likewise, the entropy circulation flux integral (7.8) vanishes whenever g(ϑ∂S ,∇∂SS)|∂S = 0, so that

the vorticity vector ϑ∂S must be orthogonal to the entropy gradient at the boundary surface ∂S(t). This
condition has the equivalent formulation

ϑ∂S�d∂SS = 0 (7.16)

where d∂S denotes the projection of the exterior derivative into the cotangent space of ∂S.
As a consequence of the following result, these two flux conditions (7.15) and (7.16) are readily seen

to be preserved under transport along fluid streamlines.

Lemma 6. For isentropic fluid flow in M ,

Dt�∂S = −�∂Sdiv∂Su, (7.17)

and for non-isentropic fluid flow in M ,

Dt(ϑ∂S�d∂SS) = −(ϑ∂S�d∂SS)div∂Su, (7.18)

where div∂S denotes the divergence operator projected into the boundary surface ∂S.

Proof. View S(t) as the flow of a fixed surface S(0) under the diffeomorphism φt of M generated
by the streamlines u

∣∣
t

with φ0 = id. The pullback of the boundary volume form dAS = ε(∂S(t)) of

∂S(t) yields
d

dt
φ∗

t dAS
∣∣
t=0

=LudAS
∣∣
t=0

= (div∂Su)dAS on the boundary surface ∂S(0). This implies

Luε(∂S) = (div∂Su)ε(∂S) on ∂S, and hence the dual volume tensor ε(∂S) obeys Luε(∂S) =
−(div∂Su)ε(∂S). Now let q = dim ∂S. From �∂S = ε(∂S)�ωq/2, we have Dt�∂S = Luε(∂S)�ωq/2 =
−(div∂Su)ε(∂S)�ωq/2 since Dtω = 0 holds for isentropic (compressible or incompressible) fluid flow.
Similarly, from ϑ∂S�d∂SS = ε(∂S)�(dS ∧ω(q−1)/2), we get Dt(ϑ∂S�d∂SS) = Luε(∂S)�(dS ∧ω(q−1)/2) =
−(div∂Su)ε(∂S)�(dS ∧ ω(q−1)/2) since Dt(ω ∧ dS) = 0 holds for non-isentropic fluid flow. �

Therefore, when an orientable non-closed odd-dimensional surface S(t) satisfies the vorticity boundary
condition (7.15) transported along fluid streamlines in M , the helicity integral (7.4) yields a constant of
motion
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d

dt

∫

S(t)

ϑS�uS dVS = 0 (7.19)

for isentropic fluid flow in M . Similarly, when an orientable non-closed even-dimensional surface S(t)
satisfies the vorticity boundary condition (7.16) transported along fluid streamlines in M , the entropy
circulation integral (7.8) yields a constant of motion

d

dt

∫

S(t)

f(S)�S dVS = 0 (7.20)

for non-isentropic fluid flow in M .

8. Concluding Remarks

There are several interesting directions for future work.
First, the physical meanings of helicity, enstrophy, circulation and entropy circulation are fairly well

understood when M = R
3, R2. In higher dimensions, what is the precise physical content of the new

constants of motion? This could be elucidated by evaluating the integrals (7.10) and (7.14) in M = R
n

for some physically relevant fluid configurations as well as for analytically interesting exact solutions of
the fluid equations.

Second, the helicity integral for a moving domain V(t) in M = R
3 is well-known to equal the average

linking number of the integral curves of the vorticity vector ϑ [3]. What is the relation between the new
helicity/circulation constants of motion (7.10) and (7.19) for moving surfaces in M = R

n with n > 3 and
the topological linking of vorticity-lines? Likewise, is there an interpretation of the new entropy circu-
lation constants of motion (7.14) and (7.20) in terms of the topological structure of vorticity-lines and
entropy gradient-lines for moving surfaces in M = R

n?
Third, what information do these new constants of motion contain when the manifold M or the moving

surface have nontrivial homology?
Finally, another interesting open question is whether the fluid equations (2.1)–(2.8) admit any addi-

tional conserved integrals that yield constants of motion on moving surfaces in n > 1 dimensions, other
than the conserved mass integral

d

dt

∫

V(t)

ρdV = 0 (8.1)

for n-dimensional domains V(t) transported along fluid streamlines in a Riemannian manifold M .

Appendix A. Coordinate Formulation

It is worthwhile to write the new conserved integrals (4.2), (5.2), (6.2) and (6.4) in terms of the physical
fluid variables ui and ωij = 2∇[iuj] given by local coordinates xi on M . Note the coordinate formulation
of the transport equations (2.14) and (2.15) for these variables is given by

ui
t + uj∇ju

i = −ρ−1∇ip (A.1)

ωij
t + uk∇kωij − 2ωk

[iσj]k = ρ−2∇[iρ∇j]p, ∇[kωij] = 0 (A.2)

where σij = 2∇(iuj) is the symmetric derivative of ui.
Now consider isentropic fluid flow, i.e. S = const. in M , with

p = P (ρ), ρt + ∇i(ρui) = 0 (A.3)
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when the fluid is compressible, or

ρ = const., −ρ−1∇i∇ip = ∇iu
j∇ju

i + Riju
iuj (A.4)

when the fluid is incompressible, where Rij is the Ricci tensor and ∇iu
j∇ju

i = 1
2 (σijσ

ij − ωijω
ij) is

the difference of the norms of the symmetric derivative σij = 2∇(iuj) and the curl ωij of ui. Then the
helicity integral (4.2) for any orientable odd-dimensional surface S(t) transported along fluid streamlines
in M is given by

d

dt

∫

S(t)

giju
i
Sϑj

S dVS =
∫

∂S(t)

( 1
2gklu

kul − e − p/ρ)gijϑ
i
S ν̂j

S dAS (A.5)

in terms of the vorticity vector ϑi
S of the surface S and the projection ui

S of the velocity vector ui into
the tangent space of S. Similarly, for any orientable even-dimensional surface S(t) transported along fluid
streamlines in M , the enstrophy integral (5.2) is given by

d

dt

∫

S(t)

f(�/ρ)�S dVS = 0 (A.6)

in terms of the vorticity scalar �S of the surface S, where � is the vorticity scalar (5.1) of the manifold
M when the dimension n is even.

Next consider non-isentropic fluid flow, i.e. S 
= const. in M , with

p = P (ρ, S), ρt + ∇i(ρui) = 0, St + ui∇iS = 0. (A.7)

Then for any orientable odd-dimensional surface S(t) transported along fluid streamlines in M , the
entropy circulation integral (6.4) is given by

d

dt

∫

S(t)

f(Γ/ρ)gijϑ
i
S∇j

SS dVS = 0, (A.8)

where Γ is the entropy circulation scalar (6.1) of the manifold M when the dimension n is odd, while for
any orientable even-dimensional surface S(t), the entropy circulation integral (6.2) is given by

d

dt

∫

S(t)

f(S)�S dVS = q

∫

∂S(t)

eSf(S)gijϑ
i
∂S∇j

∂SS dAS (A.9)

in terms of the projections of the gradient ∇i into the tangent spaces of S and ∂S.
In all of these integrals,

dVS = εj1···js
(S)dxj1 ∧ · · · ∧ dxjs (A.10)

is the volume element of the surface S, and

dAS = n̂iεij1···js−1(S)dxj1 ∧ · · · ∧ dxjs−1 (A.11)

is the volume element of the boundary ∂S, with s = dim S, where εj1···js
(S) denotes the metric-normalized

volume form of S and n̂i denotes the unit normal of ∂S in S.

References

[1] Batchelor, G.K.: An Introduction to Fluid Dynamics. Cambridge University Press, Cambridge (2000)
[2] Wu, J.-Z., Ma, H.-Y., Zhou, M.-D.: Vorticity and Vortex Dynamics. Springer, New York (2006)
[3] Arnold, V.I., Khesin, B.A.: Topological Methods in Hydrodynamics. Springer, New York (1998)
[4] Ibragimov, N.H.: Conservation laws in hydrodynamics, Dokl. Akad. Nauk USSR, 210, No. 6: 1307–1309, 1973. English

transl., Soviet Physics Dokl., 18 (1973–1974)
[5] Majda, A.J., Bertozzi, A.L.: Vorticity and Incompressible Flow. Cambridge University Press, Cambridge (2002)
[6] Khesin, B.A., Chekanov, Y.V.: Invariants of the Euler equations for ideal or barotropic hydrodynamics and supercon-

ductivity in D dimensions. Physica D 40, 119–131 (1989)



Vol. 15 (2013) New Conserved Vorticity Integrals 451

[7] Anco, S.C., Dar, A.: Classification of conservation laws of compressible isentropic fluid flow in n > 1 spatial dimen-
sions. Proc. R. Soc. A 464, 2461–2488 (2009)

[8] Moffat, H.K.: The degree of knotedness of tangled vortex lines. J. Fluid Mech. 35, 117–129 (1969)
[9] Kuroda, Y.: On the Casimir invariant of Hamiltonian fluid mechanics. J. Phys. Soc. Jpn. 60, 727–730 (1991)

[10] Anco, S.C., Dar, A.: Conservation laws of inviscid non-isentropic compressible fluid flow in n > 1 spatial dimen-
sions. Proc. R. Soc. A 466, 2605–2632 (2010)

[11] Dezin, A.A.: Invariant forms and some structure properties of the Euler equations of hydrodynamics. Zeit. Anal. Anwend.
(in Russian) 2, 401–409 (1983)
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