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Abstract

In this work, we consider the properties of planar topological defects in unconventional
superconductors. Specifically, we calculate microscopically the interaction energy of do-
main walls separating degenerate ground states in a chiral p-wave fermionic superfluid.
The interaction is mediated by the quasiparticles experiencing Andreev scattering at the
domain walls. As a by-product, we derive a useful general expression for the free energy
of an arbitrary nonuniform texture of the order parameter in terms of the quasiparticle
scattering matrix.

The thesis is structured as follows. We begin with a historical review of the theories
of superconductivity (Sec. 1.1), which led the way to the celebrated Bardeen-Cooper-
Schrieffer (BCS) theory (Sec. 1.3). Then we proceed to the treatment of superconductors
with so-called “unconventional pairing” in Sec. 1.4, and in Sec. 1.5 we introduce the spe-
cific case of chiral p-wave superconductivity. After introducing in Sec. 2 the domain wall
(DW) model that will be considered throughout the work, we derive the Bogoliubov-de
Gennes (BdG) equations in Sec. 3.1, which determine the quasiparticle excitation spec-
trum for a nonuniform superconductor. In this work, we use the semiclassical (Andreev)
approximation, and solve the Andreev equations (which are a particular case of the BAG
equations) in Sec. 4 to determine the quasiparticle spectrum for both the single- and
two-DW textures. The Andreev equations are derived in Sec. 3.2, and the formal prop-
erties of the Andreev scattering coefficients are discussed in the following subsection. In
Sec. 5, we use the transfer matrix method to relate the interaction energy of the DWs
to the scattering matrix of the Bogoliubov quasiparticles. This facilitates the derivation
of an analytical expression for the interaction energy between the two DWs in Sec. 5.3.
Finally, to illustrate the general applicability our method, we apply it in Sec. 6 to the

interaction between phase solitons in a two-band s-wave superconductor.
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1 Introduction

In this section, we provide the reader with a brief introduction into the important aspects
of superconductivity. We investigate the basic experimental behaviour of superconduct-
ing materials; as well as a give an overview of the proposed theories that led the way to
our current understanding, the shortcomings of these theories, and the challenges faced
at the time by the physicists who pioneered the field. This section is not a complete
overview of the field of superconductivity, and should be taken solely as an introduction

to the concepts therein.

1.1 A tour through the history

Superconductors (SCs) were first discovered by Dutch physicist H. Kamerlingh Onnes in
1911 [1], and amazingly about a dozen Nobel Prizes in physics have been awarded in this
field alone since. These materials currently have many useful physical applications, and
in particular, they are vital in the function of nuclear magnetic resonance (NMR) spec-
trometers, magnetic resonance imaging (MRI), and particle accelerators. They also have
wonderful potential applications, which include high-speed magnetic levitating trains, as
well as possibly reducing the world’s electrical power consumption. Since they are elec-
trically more efficient than the current materials in use, if SCs could cost-effectively be
implemented into the world’s electrical power grid, power could potentially be sent long
distances without the large losses due to heat dissipation, helping to sustain the world’s
increasing power needs.

Superconductors are a class of materials in which quantum mechanics manifests itself
in spectacular electric and magnetic properties on the macroscopic scale. In contrast to
normal metals, which have a finite electrical resistance even at zero temperature, Kamer-
lingh Onnes discovered that superconductors behave like metals at high temperatures,
but exhibit the onset of zero electrical resistivity below a certain critical temperature,
T,, as illustrated in Fig. 1. Experimentally, typical values of the resistivity of materials
in the superconducting state are p < 1072* Ohm-cm [2], which is orders of magnitude
smaller than the resistivity in normal metals.

SCs also exhibit perfect diamagnetism through a phenomenon known as the Meissner
effect, discovered in 1933 by Meissner and Ochsenfeld [3]. A normal metal preserves
the initial magnetic flux when an external field is held constant and the temperature is
lowered (Fig. 2). In contrast, once the transition temperature is reached in a supercon-
ductor, the magnetic field is completely expelled from the bulk of the material via the

formation of dissipationless screening currents. Since the magnetic induction B = 0 in
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Figure 1: The resistance as a function of temperature for a normal metal and a super-
conductor. Reproduced from Ref. [4].
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Figure 2: The Meissner effect in a superconducting material, reproduced from Ref. [5].
Above T, a SC behaves like a normal metal, while below T, it expels the magnetic field
from its interior, as in the image on the right. In contrast, a normal metal preserves the
initial flux at all temperatures.

the interior of the SC, it follows from the Maxwell equation that the supercurrent is also
zero in the bulk of the sample, and thus the screening currents only flow near the surface.

A superconductor is not just an ideal conductor, and this becomes clear by considering
in detail the magnetic response of an ideal conductor. Since the resistivity p = 0, it
follows from Ohm’s law, j = (1/p)E, that E = 0. From the Maxwell equation, one
has 0B/0t = 0 — B(t) = B(0), and consequently, if one fixes the temperature while
altering the external magnetic field, an ideal conductor will preserve the initial flux. In
a material which is in the superconducting state, the magnetic induction is zero in the
interior of the SC, regardless of the initial flux.

The experiments also show that there is a maximum external magnetic field, known

as the critical field H,, beyond which superconductivity is destroyed. This idea can be
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understood by considering the following argument: according to the microscopic theory
of superconductivity proposed by Bardeen, Cooper, and Schrieffer (BCS theory), which
is described below, superconductivity is associated with the effective formation of pairs
of electrons, known as Cooper pairs. The screening supercurrent is generated by these
Cooper pairs, which create an opposing field to cancel the interior flux. There is a
maximum supercurrent which can be sustained because there is a maximum velocity
at which the Cooper pairs can remain correlated. We see that the maximum velocity
is therefore connected to the maximum strength of the Meissner screening field that
is created. Beyond this velocity, the pairs “break up”, and thus there is a maximum
external field at which superconductivity can be maintained.

There is a compelling energy reason why materials should enter the superconducting
state, i.e. it is the thermodynamically advantageous state of the system. To formally
illustrate this, one introduces the condensation energy FE.,nq4(T"), which is the energy
gained per unit volume when the system enters the superconducting state. In terms
of the free energies (per unit volume) of the normal and superconducting states, the

condensation energy is given by:
Econd(T> = fn(T7H = 0) - fs(TaH - 0)7

and we expect this quantity to be greater than zero for T < T.. One can relate the
condensation energy to the critical field H. at which the superconductivity is destroyed,
since, by definition, this is the field at which the normal and superconducting free energy
densities are equal: f,, (T, H.) = fs(T, H.). Therefore the condensation energy takes the

following form:

H*(T
c( ) (1.1)
8T

We see that one can directly probe the energy gain at the transition into the supercon-

Econd =

ducting state simply by measuring the critical field.

Depending on the details of the response to an applied magnetic field, superconduc-
tors fall into two distinct categories. Type-I SCs are materials which exhibit the complete
Meissner effect, as explained above, as well as a first order transition into the supercon-
ducting state at nonzero magnetic field. The phase diagram of a type-I SC is given in
Fig. 3. The latent heat in this first order transition is related to the condensation energy,
and since H. =0 at T =T,, it follows that F,,,q = 0, and the phase transition becomes
second order (or continuous) at the critical temperature. The materials that were primar-
ily studied in the 1920’s and 1930’s, such as Hg, Pb, and Sn, are type-1 SCs. It turns out,

however, that these materials are rather an exception to the world of superconductivity,
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Figure 3: Phase diagram of a type-I superconductor. Reproduced from Ref. [6].
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Figure 4: Phase diagram of a type-II SC [6], illustrating the lower and upper critical
fields.

and that this type of response is observed mostly in “clean” elemental metals (excluding
Nb). The vast majority of SCs, including all superconducting alloys, exhibit a type-II
response below T...

The phase diagram of a typical type-1I SC is presented in Fig. 4. Unlike in the type-I
case, there are two transition lines, which separate three distinct phases of the material.
The upper critical field H., separates the normal state from an unusual superconducting
state called the mixed, or Abrikosov, state; the lower critical field H.; separates the mixed
state from the Meissner state, where the complete Meissner effect is observed. There is
no latent heat associated with the transition from either the normal state to the mixed
state, or from the mixed state to the complete Meissner state, i.e. both transitions are
continuous in both zero and nonzero magnetic field.

In the mixed state, the incomplete Meissner effect is observed, and thus B # 0 in
the interior of the SC. In fact, the magnetic field penetrates the bulk of the sample by

forming a periodic array of normal cores (Abrikosov vortices [7]), which is typically in a
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Figure 5: Abrikosov vortices in the mixed state, retrieved from Ref. [8]. The magnetic
field (red) penetrates the normal cores, and the circulating supercurrent (yellow) screens
the bulk of the sample. The screening currents from different vortices interact with each
other and this leads to forces between the vortices, as illustrated by the black arrows.

hexagonal pattern. The superconductivity is destroyed at the cores, which are surrounded
by a dissipationless circulating current that screens the magnetic field, as illustrated in
Fig. 5. This results in a magnetic induction which is maximum near the core and decays
exponentially away from it.

Abrikosov developed the theoretical idea of this mixed state in the early 1950’s, well
before the microscopic BCS theory was developed. He published his work in 1957, around
the same time the BCS theory emerged, and after his work was experimentally confirmed,
he was awarded the Nobel Prize in physics in 2003.

Before introducing the BCS theory, we give an overview of some other concepts that
helped lead to our current understanding of the field of superconductivity. It is useful
for the reader to keep in mind that in the late 1930’s physicists didn’t know anything
about Cooper pairs and could not fathom the microscopic nature of superconductivity.
Over the years, various models were proposed to explain the mechanisms behind this
phenomenon, but it wasn’t until the BCS theory arrived in 1957 that we had a truly
microscopic theory which explained the physical properties of SCs.

The London model [9], proposed in 1935 by F. and H. London, was purely phenomeno-
logical (i.e. it was designed to explain experiments without microscopically justifying all
of the concepts or parameters in the theory). The basic assumption in this theory is that
there are two types of charge carriers in a superconductor, in contrast to the electron

quasiparticles in a normal metal. In a superconductor, it was assumed that “normal”
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electrons are responsible for the dissipative normal current, which is proportional to the
electric field according to Ohm’s law: 3, = en,v,, = cE. Here e is the electron charge,
vy, is the velocity of normal electrons, o = 1/p is the conductivity, E is the electric field,
and n,, is the density of the normal electrons.

In contrast, the “superconducting” electrons were assumed to respond to the external
magnetic field and create persistent screening currents given by the expression js = engv,,
where n, is the number density and v, is the velocity of the superconducting electrons.
The total density of electrons is then given by n = n, + n,. It is important to note
that in this theory, n, is a phenomenological parameter that cannot be derived from first
principles. It is possible for both n, and ng to be non-uniform, and it is assumed that
ns = 0 in the normal state. On the contrary, in the absence of an electric field, it follows
that the total contribution to the current is the supercurrent j,.

The key assumption in the London theory is that the contribution to the free en-
ergy associated with the motion of the superconducting electrons can be written in the

following way:

1
3 2
Ecurrent = 5 d’r nsMmuvg,

where m is the electron mass, and ng and v, were introduced above. Physically, Eeyrent
takes place against the background of the Fermi distribution, i.e. it is the “extra” energy
that comes from the motion of the superconducting electrons as a whole. Using the
London expression for the supercurrent above, we have the following formula for the

kinetic energy associated with the supercurrent:

Lm [ 2

Eeurrent = 2eon,
By invoking the Maxwell equation V x B = (47/c)js, and after variational minimization
of the total free energy with respect to the magnetic induction, one arrives at the London
equation:
V’B = ALQB. (1.2)
L
In this last expression, the magnetic induction satisfies the boundary condition B = H
far away from the superconductor, and A\;, = (mc?/4me?n,)'/? is the London penetration
depth. In the normal state, ny = 0 and thus A\, = oo, or B = H everywhere, as expected.
By appropriately manipulating the London equation, one can relate the supercurrent
to the vector potential A, where B =V x A, as follows:

e“ng

Js(r) = ——A(r). (1.3)
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This linear dependence on the vector potential is different from what we see in a nor-
mal metal, where j = oFE = —(0/c)0A/0t. This is one of the defining features of
superconductivity.

We consider the solution to the London equation (1.2) for the simplest geometry,
which is a planar normal-superconducting interface (taken to be in the yz-plane, i.e.
perpendicular to the z-axis), in the presence of an external magnetic field parallel to the
interface, i.e. H = HZz. It follows from Eq. (1.2), along with the boundary condition
B(z) = H far from the SC, that B(z) = He ®/* in the superconducting material.
Furthermore, it follows from the Maxwell equation that the supercurrent j, has the same
exponential dependence as the magnetic induction, and thus the magnetic response of the
SC is limited to a region of thickness Ar. In other words, B(x) falls to 1/e of its original
value at the depth )\ into the sample. In the more general case, a quick inspection of
the London equation reveals that the latter lends itself to some sort of exponentially-
dependent solution, which is indeed consistent with the Meissner effect. The magnetic
field falls off exponentially into the sample, characterized by the magnetic penetration
depth, Ap. It follows that the screening current also falls off exponentially and thus the
current only flows near the surface. Consequently, the magnetic induction is zero in the
bulk of the superconductor as expected.

While the London theory does reproduce the Meissner effect, one of the shortcomings
of this theory is that the value of ng remains undefined (though a natural upper limit
is n, the total density of conduction electrons). Alleviating this problem requires a full
microscopic theory. This ambiguity becomes particularly important when comparing
calculations with measurements of the penetration depths in superconducting materials.

Experimentally, the temperature dependence of the penetration depth is given by
MT) = MO)[L — (T/T)" 2.

We see that this expression diverges at the critical temperature 7T,; however, comparisons
of radio frequency penetration depths of samples in the normal and superconducting
states have shown that the superconducting penetration depths are always larger than
AL, even after an extrapolation of the data to 7' = 0 [10]. In order to quantitatively
address this excess penetration depth, Pippard developed a nonlocal generalization of
the London theory, wherein another characteristic length scale of superconductors, the
coherence length, was introduced [11].

The most general relation between the supercurrent and the vector potential is in-

deed a nonlocal one, and it was proposed by Pippard that the ith component of the
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supercurrent can be expressed in the following form:
Ji(r) = —/dSTI Qij(r —r")A;(r"), (1.4)

where ();; is the current-response kernel. We note that the current at point 7 is still
linear in A, but it is now determined by A at various other points /. One can recover
the local (London) relation for the supercurrent in the limit Q;;(R) = (e*ns/mc)d;;0(R),
where R =1r — 7'

Pippard argued that, since the sample goes superconducting, there must be a char-
acteristic temperature scale set by 7., and consequently there is an energy scale set by
kgT., where kg is the Boltzmann constant. He pointed out that since 7T, is small, this
energy scale is much less than the Fermi energy ez in metals, and thus only electrons near
the Fermi surface (within a thin shell of thickness kgT.) can play a major role in super-
conductivity. The thickness of this shell in momentum space is given by Ap ~ kgT./vp,
where vp is the Fermi speed. Pippard further argued that the superconducting wave-
function should have a characteristic dimension, which could be estimated by uncertainty
principle arguments. It follows from the Heisenberg uncertainty relation AxAp ~ h that

Ax ~ hvp /kgT,. This allows one to introduce the coherence length

& = a%, (1.5)
where a ~ 1 is a dimensionless constant. Typical values of the Pippard coherence length
are of the order of 107° — 10~7 cm [12], which is much larger than the interelectron
distance n=1/3.

Below we will show that &, physically corresponds to the size of a Cooper pair, i.e. to
the size of the wavepacket of the paired charge carriers in superconductors. As a result,
one would expect a weakened supercurrent response to a vector potential A(r) which
decreases over a volume of radius &, about the point of interest. Because of this, &
plays a role analogous to the mean free path ¢ in the nonlocal electrodynamics of normal
metals [10]. If the ordinary mean free path is less than &y, we would expect an even more
weakened response to an applied field. By collecting these ideas together, Pippard used

the following expression for the current response kernel:

3n.e? R;R;
(R) = 2@ NN R/
Qii(R) drmeéy R* ‘

(1.6)

In this last expression, £ is the coherence length in the presence of scattering, which is
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given by

% - 5—10 +3 (L.7)
Using Eq. (1.6) in the nonlocal relation for the supercurrent, Eq. (1.4), Pippard was
able to fit experimental data for Sn and Al with the choice of the single parameter
a = 0.15in Eq. (1.5) [13]. With the development of the BCS theory, it was microscopically
determined that this is indeed the correct form, with a ~ 0.18 [10].

To conclude the Pippard theory, we remark on the fact that one can characterize
superconducting materials based on the ratio of their penetration depth A\ to the coher-
ence length. Since the vector potential changes on the scale of the penetration depth,
and the size of the Cooper pairs is characterized by &g, it follows that if A > &y, then
this is a local response and the London theory applies. As a result, these types of su-
perconductors are coined “London SCs”, and A\ = A;. On the other hand, if A < &,
which is the case in clean materials, electrons are correlated over large distances and feel
the effects of other electrons, leading to a non-local response. Consequently the London
theory fails here, and these types of materials are called “Pippard SCs”. One can show
that in this case A = A\p =~ const(§A2)Y2 > Ap, see Ref. [10]. If & < AT = 0),
one will have a London SC at all temperatures, but since the Pippard penetration depth
Ap diverges at the critical temperature due to its dependence on n,, a Pippard SC will
become a London SC close to T = T.. Therefore all SCs become London SCs close to
the transition temperature. If one introduces impurities into the system, the coherence
length decreases as the mean free path decreases, see Eq. (1.7), and eventually & < A
and one will have a London SC. This classification is not to be confused with type-I and
type-II SCs, which depend on the material and not the temperature.

While the Pippard nonlocal relation for the supercurrent addresses the excess pene-
tration depth that is not accounted for in the London theory, there are additional short-
comings of the latter that are not solved by the Pippard model alone. In particular, the
linear relation between the supercurrent and the vector potential, see Eq. (1.4), poses a
complication since it should be gauge-invariant, but is evidently not. Fortunately, this is-
sue can be fixed using a quantum-mechanical generalization of the London theory, which
was done by Ginzburg and Landau in 1950 [14].

In the Ginzburg-Landau (GL) theory, one works with the wavefunction of the super-
conducting charge carriers in a system. Essentially, Ginzburg and Landau applied the
Landau theory of continuous phase transitions to SCs, and the central idea in this theory
is that there is an order parameter which is zero in the normal state and nonzero in the

superconducting state. One takes the order parameter in this system to be the wavefunc-
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tion, 1 (7), of the superconducting electrons and the assumption is that n,(r) = v|¢(r)|?,
where 7 is a coefficient. Since the wavefunction is complex, we have ¥(r) = |1 (r)|e?(™),
and this additional degree of freedom resulting from the phase ¢(r) allows one to fix the
gauge invariance of the supercurrent.

In this approach, one obtains the supercurrent by taking the variational derivative of

the energy with respect to the vector potential:

The energy E = (H) is a functional of the vector potential, i.e. E = [ dr Y*Hvp, where

we take the Hamiltonian to have the form:

N 1 q 2
i-(pta)
2Mp c

In this last expression, M is the mass of the superconducting carriers of charge ¢, and

p = —ihV is the canonical momentum. It then follows that the supercurrent has the
following form:

= 2 (gt - (T - A

I omr M

which is similar to the usual quantum-mechanical expression for the current density.

Using the amplitude-phase representation for the wavefunction, we have:

2
. Mg q he 0p
Js ch(qar )’ (1.8)

where we have used the GL assumption that ~||> = n, in this last equality. In the
uniform case, Eq. (1.8) reduces to j, = —(nsq*/yMc)A.

Since the energy cannot change in a gauge transformation A — A + V f, where f is
a scalar function, it follows from the Schrodinger equation that in such a transformation,
the phase of the wavefunction must be twisted: ¢ (r) — ¥(7)exp(iqf/hc). Because of
this phase-twisting, one can easily check that the gauge invariance of the supercurrent is
restored in Eq. (1.8). While we have seemingly sorted out most of the kinks in the London
theory, we should note that one still cannot calculate ¢ and M from first principles, and
the remaining parameters of the theory must be obtained from experiments.

The flux quantization experiments [15] were performed in 1961 and provided, in ad-
dition to profound results, a confirmation for the BCS theory that was developed four
years prior. As we shall see, the results of these experiments can be directly derived from

the GL theory, if the superconducting carriers are Cooper pairs. A typical experiment
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involved a large superconductor with a cylindrical hole in it, in the presence of an external
magnetic field oriented parallel to the cylindrical axis. The field was turned on at T' > T,
and then the system was cooled in constant field to 7' < T,, where the sample becomes
superconducting, exhibiting the Meissner effect. Measurements of the flux trapped inside
the cavity revealed that it is quantized: |®/n®y| =1, i.e. & = ndy, where n is an integer,
and @y = hc/2e ~ 2.07 x 1077 G/cm? is the superconducting magnetic flux quantum.
We note that throughout the GL theory, e will denote the absolute value of the electron
charge.

To provide a theoretical foundation for the results of the flux quantization experi-
ments, one can calculate the flux ® that is captured in the cylindrical cavity when the
sample goes superconducting. We begin by integrating the circulation of supercurrent

around an arbitrarily large loop, C, enclosing the normal cavity, and from Eq. (1.8), we

nge? he O
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Since we are free to choose the contour, we can take it to be far outside the penetration
depth, where j, = 0. On the other hand, §, A -d€ = [, B -dS = ®, where S is the
surface whose boundary is C. It follows from Eq. (1.9) that the flux trapped inside the

have:

cavity takes the following form:

he
bd=— ¢ dl-Vo. (1.10)
q4 Jc
Since v is a single-valued function, when you wind the function around a loop and
return to the same point, 1) must stay the same. This can only happen if the phase ¢
changes by multiples of 27 as you wind the wavefunction. Consequently, we must have
$odl -V = p(r2) — @(r1) = 2mn, where n is an integer, and 7y = 1. We see that while
1 must be the same, ¢ is free to vary as explained, and this is one of the first topological
arguments in theoretical physics, i.e. that the topology of 1) may be non-trivial. It follows

from these arguments that the flux is indeed quantized:

o = nhe = n@o%. (1.11)

q q
Since we know from the flux quantization experiments that |®/n®q| = 1, we must have
lg| = 2e, where e is the absolute value of the electron charge. Furthermore, because the
current is carried by electrons, it directly follows that ¢ = —2e. It is natural to assume
if ¢ = —2e that M = 2m, where m is the single electron mass, and this is precisely

the result one would expect from the microscopic BCS theory. We can then calculate



1 INTRODUCTION 12

the constant 7 from the GL assumption, and we find that v = 2, and thus n, = 2|
When Ginzburg and Landau first developed this theory, nearly seven years before the
emergence of the BCS theory, they did not know about the existence of Cooper pairs.
Like other physicists at the time, they could only fathom that the charge carriers in SCs
were single electrons, and consequently they assumed that ¢ = —e, M = m and therefore
v =1= [1|* = n,. We now know from the BCS theory that the correct choice for the
parameters is as described above.

When the GL theory was first proposed, its importance was not generally appreciated
in the Western literature because it appeared to be of a purely phenomenological nature
[10]. It wasn’t until Gor’kov derived it microscopically from the BCS model in 1959 that
the GL theory started to gain wide acceptance [16]. In general, the power of the GL
theory manifests itself in the way it simplifies the understanding of nonuniform systems.

To determine the order parameter in this theory, one expands the free energy in
powers of 1, taking into account the symmetry requirements of the system. Since it is
assumed in this theory that T is close to T,, 1 is assumed to be small, and one can
neglect higher-order terms in the expansion. In the simplest case of singlet s-wave order
parameter (the precise definition will be introduced below) in zero magnetic field, the
GL free energy can be written as F' = [ d®r f;, where the free energy density is given by

the following expression:
o= fut alyl + Dol + K1V, (1.12)

Here f, is the free energy density in the normal state, « = a(T — T,) with a > 0, and
both 3 and K are positive constants. We note that K = h?/2M, where M = 2m is
the mass of Cooper pairs, and so the last term in expression (1.12) has the form of the
kinetic energy associated with the wavefunction . As we will show later in this section,
it is possible for a superconducting system to have a multi-component order parameter.
We will address the free energy expansions in more detail for these cases, particularly,
for the chiral p-wave pairing in Appendix A, and for the two-band singlet s-wave order
parameter in Appendix B.

In a uniform superconductor, the last term in Eq. (1.12) is zero, and thus f, does not
depend on the phase of the wavefunction. Consequently, the superconducting free energy
has an infinite degeneracy with respect to the phase. One can determine the magnitude
of the order parameter through variational minimization of the free energy with respect
to |¢|. In this case, one finds that the minimum in the free energy corresponds to
|| = o = Va(T.—T)/B, and the free energy difference between the normal and
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superconducting states then takes the form:

a*(T —T,)?
Af=fo—f,=—7"—" 1.13
f=tf-f % (1.13)
which is evidently less than zero, as expected. The expression above is nothing other than
the condensation energy, and from the definition of the latter, see Eq. (1.1), it follows

that one can relate the critical field to the parameters in expression (1.13) as follows:

H.(T) = 47T—aQ(TC —T). (1.14)
g
We note that this linear dependence is valid at least for the type-I materials near the
critical temperature. Furthermore, we should note that the results from the GL theory
are valid only near the critical temperature, where the order parameter is small, as it
grows continuously from zero at 7' > T, to a finite value at T' < T..
One can differentiate expression (1.13) with respect to temperature to easily reproduce

the jump in the specific heat at T' = T.. In this way, we find:

CL2

AC = (Cs = Cp)lpey, = ETC. (1.15)

As we shall see in Sec. 1.3, the BCS model leads to the same result, but after a much
more laborious calculation.

The real power of the GL theory comes into effect in the nonuniform systems, i.e.

1 = 1(r), and this is the topic we now address. In the general case, one can also include a

magnetic field into the GL theory by making the replacement —ihV — —ihV +(2¢/c) A,

and adding the magnetic field energy to Eq. (1.12). After variational minimization of the

resulting expression (the general GL functional) with respect to the wavefunction 1, one

obtains the following nonlinear differential equation, known as the GL equation:
a + Bly|* — KD*) = 0. (1.16)

In this last expression, D = V + i(2¢/hc)A is the long derivative. One can obtain a
solution for the pair wavefunction by solving the GL equation, subject to the appropriate
boundary conditions (see, for example, Ref. [10]).

Through the variational minimization of the general GL functional with respect to

the vector potential, one can recover the Maxwell equation V x B = (47/c)js, where
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the supercurrent is given by the following expression:

jo= K { (V) — 6" (V)] + %WA} . (1.17)
We see that this last expression has the identical form for the supercurrent calculated
earlier in this section. We note also that the total contribution to the current is indeed
only the supercurrent since excitations do not play a role in the GL theory, and it is the
excitations which are responsible for the normal current. One can recover the London
supercurrent, see Eq. (1.3), by using the phase-amplitude form for the wavefunction ¢ =
[ (r)|e®™), and taking [¢)(7)| = 100, where vy is defined above. Furthermore, neglecting
the variation in ¢, we find that the supercurrents have the same form if ny = 2¢3.

To gain more insight into the structure of the GL equation, it is useful to introduce
its dimensionless form. This is accomplished by defining the dimensionless order param-
eter f(r) = (r)/1o, where ¥y = /|a|/B is the order parameter in the uniform state
introduced above. In this way, we can rewrite the GL equation (1.16) in the following

dimensionless form:

2
—£2 (V +¢%A) f—f+1fI°f=0, (1.18)

£(T) = \/%: ,/ﬁ, (1.19)

is the GL correlation length. We note that, despite a similar notation, £ is not the same

where

as the Pippard coherence length &;. This can be understood by considering the fact that
¢ is temperature-dependent, while the size of a Cooper pair is essentially temperature-
independent. It does turn out, however, that {(T) =~ &, for pure materials in the limit
T < T, [10]. Physically, £(T") characterizes the response of the wavefunction, i.e. a small
disturbance of ¢ from 1y will decay in a characteristic length of the order of £(T') [10].
We see from Eq. (1.19) that at the critical temperature, £(T") diverges, which tells us
that fluctuations in 1) are felt over large distances in this limit.

One can also use the dimensionless formalism to rewrite the supercurrent in Eq. (1.17)

as follows:
¢ D

- ZE 4 \2

me? 8
= — 1.21
A \/ 8me? | (121)

is the GL penetration depth. Using the relation ny = 212 = 2|a|/3, we see that one can

Js F1(Df) = (Df) [, (1.20)

where
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reproduce the London penetration depth in the GL theory: A = A\p = \/m.
The penetration depth characterizes the response of the supercurrent. In fact, A is the
characteristic scale over which the magnetic induction decays inside a superconducting
material.

It turns out that one can use the ratio of the length scales, A and &, to understand the
distinction between type-I and type-II superconducting materials. We introduce the GL
parameter £ = A/£, and note that while both A and ¢ individually diverge at T'— T,
is temperature-independent and depends only on the material parameters.

One can determine the structure of the mixed state in a type-II SC by noting that,
since the phase transition is continuous at H.y, the order parameter is small, which allows
one to neglect the nonlinear term in Eq. (1.16) and solve it. This was done by Abrikosov

in 1957, and he determined that the upper critical field H., has the following form:

Po

Heo(T) = Ire?’

(1.22)
where @ is the superconducting magnetic lux quantum introduced previously. Using the
expressions (1.19) and (1.21), one can rewrite the critical field H.(T), see Eq. (1.14), in
terms of the GL parameters as H, = ®,/2/2r¢\. Taking the ratio of this last expression
with Eq. (1.22) we obtain:

H,
H2 = 2k, (1.23)

and so we see that if kK > 1/ V2 then H. > H,., and one will not be able to measure
H,, since the phase transition is pre-empted by H.. This allows one to make a clear

distinction between the type-I and type-II SCs as follows:

The last topic we review before describing the BCS theory are the results of specific
heat measurements on SCs. As we shall see in the next subsection, there is an energy gap
A in the spectrum of quasiparticle excitations in SCs, which leads to an exponentially-
dependent specific heat in the superconducting state, i.e. C(T) ~ exp(—A/kgT). In
contrast, the specific heat of a normal metal is described by the expression C(T) =
(72kpT)/2Tr, where T is the Fermi temperature, assuming a free electron gas with
no interactions. It is very hard to separate the electronic specific heat from the lattice

vibrations at finite temperatures, as one is searching for an exponentially small quantity
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in a huge sea of phonons. However, precise measurements of the specific heat by Corak et
al. [17] showed that well below T, a good fit to the specific heat is C'(T") ~ exp(—bT./T),
where b ~ 1.5. Such an exponential dependence implies that A ~ 1.5kgT,. is the minimum
excitation energy per particle, and can in fact be interpreted as an energy gap. If the
gap goes to zero at isolated points or lines on the Fermi surface (gap nodes), which is
the case in some of the novel SCs, then the specific heat exhibits a power-law behaviour
[18].

At around the same time of the thermodynamic measurements, the electromagnetic
absorption in superconductors was measured by Glover and Tinkham [19]. They found
that the Cooper pairs break up at the frequencies above the absorption edge w,, where
hwy = 2A, leading to the onset of real electromagnetic absorption. These results could
be interpreted as follows: the photons destroy the bound pairs of electrons and create
pairs of unbound excitations, corresponding to a minimum excitation energy of 2A.

We see that the spectroscopic measurement gives the total energy required to create a
pair of excitations, while the thermal experiments measure the energy per one excitation
[10]. As we shall see below, one of the key predicitions of the BCS theory is that there is a
minimum energy 2A(7") required to break a pair, creating two quasiparticle excitations.
This agreement with the electromagnetic absorption measurements provided one of the
most decisive early verifications of the BCS theory [10].

It is easy from this point for one to conclude that all of the experimental evidence
we have reviewed necessarily points to the formation of coherent pairs of electrons in a
superconductor. However, if this is the case, two questions immediately arise. Namely,
since electrons repel each other, what could possibly be the mechanism of attractive in-
teraction? Secondly, assuming that there is an interaction which overcomes the Coulomb
repulsion, can it create bound states? Both of these questions are answered in the next

subsection.

1.2 Cooper pairs

In 1956, Cooper developed an ingenious theory [20] which led the way for the fully fledged
many-body BCS theory. He demonstrated that it is indeed theoretically possible for two
electrons to form a bound state. It is well known in quantum mechanics that in three
dimensions, there is a threshold for the strength of the attractive interaction between
two particles in order for them to form a bound pair. However, Cooper realized that
the pairs are formed not in a vacuum, but rather in the presence of the Fermi sea. He

pictured this toy problem as a “frozen” Fermi sea, whose only purpose is to cut out some
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states from the momentum space, due to the Pauli exclusion principle. In this setup,
all states below the Fermi momentum pr = hkp (with kr the Fermi wavevector) are
filled, and all above are empty. Cooper considered what would happen if one were to
add two additional electrons which can interact only with each other. As we will see,
in the presence of an arbitrarily weak attraction, the Fermi sea is unstable against the
formation of bound states of electrons, or Cooper pairs.

To prove this, we consider the Schrodinger equation for a two-particle wavefunction,

which has the following form:

2 2 2
f (8 +a—2)¢+V(T1—T2)¢:E¢, (124)

2m \or? ' or3

where V(r; — 72) is an attractive interaction between particles 1 and 2. Because the
two electrons can pair in different ways, there are four possible “spin channels”, and the

wavefunction is in general a superposition of all four of them:

V(1,2) = (r101,m202) = s(r1,72)|S = 0,8, =0),
+ U m)|S = 1,8, = 1),
+ 4 (r1,m)|S = 1,8, =0),
+ TS = 1,8, = —1). (1.25)

Here the subscript s corresponds to the spin-singlet state with total spin S = 0, and
its z-projection S, = 0, and subscript ¢ denotes the triplet state with total spin S = 1.
There are three possible z-projections for S = 1, i.e. S, = —1,0, 1, and the amplitudes of
the triplet wavefunctions are labelled with a superscript to denote the value of S,. The
two-particle spin states can be expressed in terms of the eigenfunctions, | 1) and | ), of
the single-electron z-projection spin operator §, as follows:

1S=0,8, =0) = | Dal D2 — [ 1] T)z)

V2
|S = 1752 = 1> = | T)l’ T>27

| Dl b2+ 1 D1l T2
V2 ’
1S =1,5.=-1) = {1] )2

(1.26)

1S=1,5,=0) =

To proceed further, we use the anti-symmetrization exchange requirements for fermions,
namely ¢(1,2) = —(2,1). Since the singlet spin state (S = 0) is anti-symmetric, see
Eq. (1.26), it follows that the orbital part of the wavefunction is symmetric: 15(r1,72) =
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Ys(1re, 7). Furthermore, because the triplet spin states are symmetric with respect to
spin exchange, it follows that the orbital triplet amplitudes must be antisymmetric with
respect to coordinate exchange.

For simplicity, we assume that the interaction potential V' is spin-independent, and
also a local function of r; — 79, so that it is only nonzero when the two particles are
sufficiently close together. We expect the strongest interaction when r; = 75, and since
the triplet amplitudes are antisymmetric with respect to particle exchange, we have in
this case 1/),552)(7"1, r) = —¢t(52)(r1, r1), which can only happen if Qﬁt(SZ) = 0. Therefore it
follows that only electrons in the singlet pairing state form the bound pairs. We see that
the triplet pairing does not correspond to the lowest energy if the attraction is a localized
one; however, nonlocal interactions do exist in real materials, and so the spin-triplet state
can be realized.

In the absence of interaction between the two electrons, their minimum energy is 2¢p,
where ep = h?k%/2m is the Fermi energy. In the presence of an attractive interaction,
we can write the energy of the two electrons as E = h%k%/m + ¢, where € < 0 since the
electrons form a bound state. Because the potential depends on the difference between
the two electron positions, it is natural to change into the centre-of-mass coordinate
R = (r; + r3)/2, and the relative coordinate » = 71 — r5. Then we can represent
the wavefunction in terms of these coordinates, ¥ (ry,ry) — QZ(R,T), and rewrite the

Schrodinger equation (1.24) as follows:

———— +V(r)p = . (1.27)

R WO N AV
dm OR?2  m Or? m ¢

Since there is no R dependence in the interaction, the dependence of the wavefunction
on R corresponds to that of a free particle. We can therefore look for solutions of the
two-particle wavefunction which have the form ¢ (r, R) = e @By(r), where q is the
centre-of-mass momentum of the pair. Substituting this form for ¢ into Eq. (1.27), one
obtains a kinetic energy associated with the translational motion of the pair centre-of-
mass, given by h%¢®/4m. The lowest energy clearly corresponds to ¢ = 0, and in this
case we obtain ¢(r, R) = 1(r), along with the following Schrédinger equation:

v = (o) (1.29

m Or?

Since the Fermi sea, which is a momentum-space concept, plays a major role in the
theory of superconductivity, it is convenient to transform everything into the momentum

representation. The coordinate-space representation of the pair wavefunction is related
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to the wavefunction in the momentum space, g(k), as follows:

Ak ,
= k)e*r 1.29
v = [ o)t (1.29)
and the potential can be transformed in a similar manner:
d3q ,
Vir)= | —=V(q)e'9". 1.
= [ GV (@ (1.30)

Due to the Pauli exclusion principle, it follows that g(k) = 0 for |k| < kp, since all of
the states below the Fermi level are filled. We should point out that since r = r; — 7o,
Eq. (1.29) tells us that the momenta of electrons 1 and 2 are equal in magnitude and
opposite in direction. Furthermore, since the pair wavefunction 1(7) must be symmetric
with respect to particle exchange (r — —r), it follows that g(k) = g(—k).

After substituting Eqgs. (1.29) and (1.30) into Eq. (1.28), and manipulating the re-
sulting expression, we find that the Schrodinger equation in the momentum space takes

the following form:

K
[2¢(k) — €] g(k) + / (27)31/(16 — k')g(k') =0. (1.31)
Here we have introduced a new variable
h2k2 h2/{52
k) = o
¢(k) om om

which has the meaning of the kinetic energy measured from the Fermi energy.
To proceed further, we must know the analytical form of the pairing potential V' (k —
K'). We assume an isotropic system and then the potential can be expanded in terms of

the spherical harmonics as follows:

Vik—K) = S Vil K) S Yinl0, 0)Y5, (04, (132)

m=—/

where Yy, are the spherical harmonics corresponding to angular momentum ¢ and its
z-projection m, and 6, ¢ are the usual polar angles. In the anisotropic case, i.e. in the
presence of a crystal lattice field, the potential is expanded slightly differently, and this
is discussed in more detail in Sec. 1.4.

We substitute the expression (1.32) for the potential into the Schrédinger equation
(1.31), and seek solutions for g(k) of the form g(k) = g(k, k) = > em Gom (k) Yo (E). The
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parity of the spherical harmonics is given by the relation Yy, (—k) = (—1)Vin(k), and
therefore, from the symmetry requirement g(k) = g(—k), it follows that ¢ must take only
even values. Using this expansion for g(k) in the Schrodinger equation (1.31), along with

the orthonormality of the spherical harmonics, we obtain the following expression:

26(0k) = L gink) + 55 [ IRVl )gin (k) = 0, (13
We see from this last equation that different ¢ channels can be considered separately.
The orbital angular momentum ¢ = 0 corresponds to the s-wave pairing, which is the
case considered in the BCS theory, see the following subsection. To date, the only even
orbital angular momentum states which have been found in real-life materials are the
s-wave pairing, coined “conventional SCs”, and the d-wave pairing, found in the high-T,
SCs.

To make analytical progress, we make the assumption, following Cooper [20], that the
two electrons are attracted to each other only if they are sufficiently close to the Fermi
surface, and that the interaction is constant within this thin energy shell. The pairing

interaction can then be expressed as follows:

Vi, 0<&(k),E(K) < e
Ve = | Ve 0w <o
0, otherwise

where V;, > 0 is a constant, and €. < ep is the cutoff energy. Using this assumption,
it becomes evident that the Fourier-transformed particle wavefunction has the following

form:
1

251@ — 67
where gy, is a constant, O(z) is the Heaviside step function, and & = £(k). We substi-

9em (k) = 9em©O(Ek)O(ec — &) (1.34)

tute this form for g, (k) into the Schrodinger equation (1.33), and after calculating the
integrals, Eq. (1.33) yields

1 1 2¢,
=—-In|{—+1]), 1.35
w2 () 139
where Np = mkp/ 272h? is the density of states at the Fermi surface in three dimensions,
and € < 0 is the energy of the bound state of the electrons measured from 2ep.
In the “weak-coupling approximation”, the dimensionless constant NpV, is small.

This corresponds to a weak attraction, which happens to be an excellent approximation

in most superconductors. In this limit, we can analytically solve for e, and find the
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following result:
€ = —2ee 2NV, (1.36)

One can therefore conclude that there is a bound state, called a Cooper pair, at arbitrarily
weak attraction, since this last equation is nonzero for any value of V,. We also note from
Eq. (1.36) that the energy of the bound state is a non-analytic function of the coupling
constant, i.e. its derivative at V;, = 0 is divergent. This non-analyticity means that
one cannot treat the interaction as a small perturbation, and consequently it cannot
be reproduced from the perturbation theory. While Cooper’s theorem treats only two
interacting electrons in the presence of a Fermi sea, these conclusions survive even in the
more general many-body BCS theory.

We have now demonstrated that the Fermi system is unstable toward the formation
of Cooper pairs. Each of the different ¢ channels corresponds to a different bound state
energy, and the superconductivity is pre-empted by the channel with the strongest in-
teractive potential. In conventional (singlet s-wave) SCs, it is Vj which gives the largest
negative bound state energy. In contrast, in the high-7, SCs, the strongest attraction
occurs in the d-wave channel.

Now that we know that electrons can form Cooper pairs, one might wonder how to
quantitatively determine the spatial extent of these pairs. To estimate this quantity,
one can compute the root-mean-square displacement corresponding to the ground state

wavefunction ¥ (r) introduced above:

5 [ d3r r2y?
VI =\ T e

Using the Parceval theorem in the denominator of this last expression, as well as differ-
entiation with respect to k in the inverse Fourier transform of ¢(7) in the numerator,

this last relation can be written as follows:

2
_ S PR|F

%) = 1.37
<r > fd3k|g|2 ? ( )
where g(k) is defined by Eq. (1.29). Using the solution for the Fourier-transformed pair
wavefunction, see Eq. (1.34), and evaluating the integrals, we find that the size of a

Cooper pair is given by
) = 2 e
V3 |l

While the Cooper problem is not a many-body theory, it is indeed true that in the many-

(1.38)
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body system, |e| ~ kgT,. Consequenty, expression (1.38) tells us that the size of a Cooper
pair is of the order hvp/kgT, ~ &, where & is the Pippard coherence length.

One might ponder about the origin of the attractive interaction between electrons
that arises in superconductors, especially because this interaction must somehow over-
come the strong Coulomb repulsion between the two equivalent charges. It is important
to note that when we consider electrons in a metal, we need to focus not on the properties
of bare electrons, but instead on quasiparticles, or “dressed” electrons. A quasiparticle
is an excitation which results from an electron moving through a surrounding exchange-
correlation hole [21]. If two electrons have parallel spin, it is necessary from the Pauli
exclusion principle that the probability of finding the two electrons near each other is
zero, and this is known as the “exchange hole”. On the other hand, the Coulomb re-
pulsion necessitates a high energy cost associated with two electrons being near each
other regardless of their spin, and this is defined as the “correlation hole”. The physical
manifestation of the exchange-correlation hole is that, as an electron moves through a
crystal lattice, the other electrons must move out of the way.

If one considers an electron and its surrounding exchange-correlation hole in a metal,
it turns out that the effective Coulomb force on the quasiparticles is greatly reduced
by an exponential screening factor. While we direct the reader to standard references
such as Refs. [10] or [21] for more detail, we note that one can show that the Coulomb
interaction is never attractive, even in the presence of screening. This means that there
must be another mechanism of attraction between the electrons in superconductors.

One such mechanism can come from the interaction of electrons with the crystal lattice
vibrations (phonons), and can be understood by considering the following qualitative
picture. As an electron passes through a lattice of massive positive ions, the ions are
attracted to the electron’s negative charge, and consequently they are displaced from
their equilibrium positions. This forms a cloud of positive charge that remains long
after the electron has passed through because the massive ions move slowly compared
to the light electrons. When a second electron moves through the crystal lattice, these
ions will still be displaced from their equilibrium positions, and the second electron will
be attracted to the lingering cloud of positive charge. Since the first electron is long
gone, there is no Coulomb repulsion between the two electrons, and we see that it is the
retarded nature of the phonon interaction that allows for the suppression of the Coulomb
repulsion.

The phonon-mediated interaction can be thought of as being accompanied by an ex-
change of a phonon between the two electrons. Qualitatively, the ions in a crystal lattice

vibrate about their equilibrium positions in quantized modes, leading to a periodic modu-
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lation of the potential experienced by the electrons, which is characterized by wavelength
A = 27/|qun|, where gy, is the wavevector of the phonon [21]. This periodic modulation
of the potential causes the electrons to undergo diffraction, and so an electron is scat-
tered from the momentum state characterized by k into one with k' = k + q,,. This
extra momentum comes from the absorption of a phonon with momentum Ag,y,, or from
the creation of one with momentum —hg,,, and thus one can conclude that an electron
excites a phonon in a crystal lattice in this process.

Qualitatively, one of the electrons “emits” a phonon which propagates for a period
of time in the solid, until another electron “absorbs” it. The net effect is to transfer
momentum hqy;, from one electron to the other. One can say that electron 1 is scattered
from state ki to k} = ki — gpn, and the second electron is scattered from ks, to k) =
k2 + gprn. The phonon is then characterized by wavevector g, = k1 — k| = ki — ks, and
a frequency w(q).

While the full treatment of the effective interaction between electrons due to the
phonon exchange is too complex for analytical calculation, one can make progress by
using a simple approximation. Specifically, we neglect the dependence on the wavevector
gy, and the phonon branch, and approximate the interaction by one which effectively
averages over all the wavevectors [21]. In this way, we obtain the following expression for
the interaction:

1
Vet (g, w) = |genr|* — (1.39)

w? —w’
where wp is a typical phonon frequency, which we take to be the Debye frequency. We
see that the expression (1.39) is attractive for phonon frequencies w < wp, and thus the
electron-phonon interaction can indeed provide the mechanism for attraction beween the
two electrons.

Since only the electrons within +kgT" of the Fermi energy play a role at low temper-
atures, all of the typical energy or frequency scales are much smaller than Awp. This

motivates our final, simplified form for the interaction [21]:
Ve (g, w) = —lges|?, |w| < wp. (1.40)

As we shall see in the next section, this last expression has an equivalent form to the
BCS pairing potential. In the effective Hamiltonian corresponding to the “scattering”
interaction characterized by Eq. (1.40), it is important to note that one is concerned
only with electrons in which all of the kinetic energies (k) lie within +Awp of the Fermi
energy, where the interaction is attractive.

How the idea arose that lattice vibrations may play an important role in superconduc-
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tivity is an interesting topic in itself. Experiments [22] have shown that if one replaces the
atoms in a SC with their isotopes, the critical temperature T, will change with the mass of
the atoms due to a phenomenon known as the “isotope effect”. Since the frequency of the
lattice vibrations depends on the mass of the atoms [in particular wp ~ (k/M)Y/2, where
k is an effective spring constant, and M is the ion mass] the presence of the isotope effect
in a material suggests that phonons play an important role in the superconductivity.

While we have provided the foundation to explain many of the concepts behind super-
conductivity, we still do not have a complete self-consistent theory. The Cooper problem
provides significant insight into the behaviour of SC electrons, but as we have mentioned
many times, we require a microscopic many-body formalism which takes into account the
pairing interaction and correlation between all of the electrons. This was accomplished
by Bardeen, Cooper, and Schrieffer in 1957. The BCS theory [23] accurately describes the
materials that belong to the conventional (singlet s-wave) superconducting class. This
class includes elemental superconductors, such as Al, Nb, Pb, and their alloys, such as
Nb;Sn and Nb,Ge (the latter had the highest critical temperature before the discovery
of the high-T, cuprates in 1986).

1.3 The BCS theory

At the heart of the BCS theory is the formation of Cooper pairs and, in fact, all of the
evidence to date suggests that superconductivity is associated with the formation of pairs
of electrons [24]. As we shall see, the Cooper pairs, in a sense, behave similar to bosons
and condense into a coherent, many-body state. Consequently, in a qualitative picture
it is sufficient to focus on a single pair of electrons, whose wavefunction maintains all of
the appropriate symmetry found in the macroscopic state. Unfortunately, because the
Cooper pairs overlap, this qualitative picture is slightly misleading, and we must use the
many-body theory to develop a quantitative treatment of the problem.

In order to do this, it is convenient to work in the Fock space and use the oc-
cupation number representation. The Fock space for identical fermions is given by
Fr= JOVOiBI HE\C;), where ”Hg\?) is the antisymmetric sector of the N-particle Hilbert space.
In the second-quantization formalism, single-particle operators in a many-body Hamil-
tonian, such as the kinetic energy O = p?/2m, are transformed into the Fock space as
follows:

N
>0, = > (1|0l)d] d, (1.41)
=1

41,02

where N is the number of particles, and a, and &Z are operators in the Fock space,
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which annihilate and create a particle in the single-particle state |¢), respectively, where
¢ ={k,o}, for example.
Two-particle operators, such as those corresponding to interactions, are transformed
as follows:
%ZVU — % > (0b|Vets)a) a] ay,a, . (1.42)
ij 01,6o,03,04

In the coordinate representation, these inner products have the following form:

<€1€2|V|£4€3> = Z/d3T1d3T2¢Z(T1,51)¢Z2(7°2752>

1,82

X  V(ry, 1372, 89)00, (11, 51) 00, (T2, S2), (1.43)

where s1 o =7, | is the spin projection. If the single-particle basis is taken to be £ = {k, o},
then the functions ¢, are given by: ¢ (r,s) = eik'ras(,/\/?, where V is the system
volume.

Using this formalism, we can rewrite a Hamiltonian of the form H = ﬁo + ]:Imt, where
all of the interactions are taken into account through I:Imt, in terms of the Fock space

operators. The free-electron part of the Hamiltonian can be written as follows:

Hy =Y &(k)af, o, (1.44)
k,o

where &(k) = e(k) — 1, with e(k) the kinetic energy, and p the chemical potential, i.e. Hy
is an “extended Hamiltonian” measured from ,uN , Where N = Zk,a &L,od’w is the total
particle number operator. We neglect the difference between the Fermi energy and the
chemical potential, and do not specify the exact form for e(k), because in the presence
of a crystal lattice, the band dispersion can have a complicated form.

Guided by the Cooper theorem, see Sec. 1.2, we expect that the lowest energy state
corresponds to the two electrons posessing equal and opposite momenta k, —k, i.e. no
center-of-mass momentum. Through their interaction, the electrons are scattered into

the states k', —k’, and thus we expect an interaction Hamiltonian of the form:

A 1 e . R
Hiw = 3 > Vik, ki aly aowaw g, (1.45)

ke k'

where V(k, k') = (k 1,—k | |V|k’ 1, =K' ]). In the BCS theory, the matrix elements of
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the pairing interaction are assumed to have the following form [23]:

B N O RECETS 1o

0, otherwise

where €. is the BCS cutoff energy. From Eq. (1.40) and the discussion thereafter, it follows
that €. ~ hwp. This interaction is indeed attractive since the coupling constant V, > 0.
In contrast to the Cooper assumption, in which only two electrons in a small energy shell
above the Fermi surface are involved in pairing, the BCS assumption allows all electrons,
including those below the Fermi sea, to interact, as long as they are within the cutoff
energy. Similar to the Cooper problem, in the BCS theory the momenta and spins of the
pairing electrons must be equal and opposite, i.e. one electron with k = |k| > kp cannot
interact with another which has k < kr. We shall see that the Fermi surface is unstable
to these interactions, and thus the ground state of the interacting system will no longer
be a Fermi sphere, as in the case of a free electron gas.

To proceed with the theory, we introduce the pair creation and annihilation operators:

~

b, = byl bk = aorydng, (1.47)
and then the interacting part of the Hamiltonian can be written as follows:

. 1 ot
Hipy = v;sz,k )bl by (1.48)

This last form for the interacting part of the Hamiltonian is quite useful, allowing one
to focus on the scattering of a pair, and not individual electrons. In this equation, one
initially has a pair characterized by the momentum k’, and after interacting, the pair is
scattered into the state characterized by k.

We now wish to find the BCS ground-state wavefunction and its associated energy.
We note that in the absence of interactions, the ground state of the free electron gas can
be written as follows:

00) = T a1 (1.49)

|k|<kp
o=1,

where |0) is the vacuum state, in which there are no particles present. We can see that

all states below the Fermi energy are filled. It is easy to show from this last expression
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that the corresponding ground-state energy has the following form:

co = (Po|Hol®o) =2 > (k).

|k|<kr

To calculate the excitation energy, we look at the possible ways that single-particle

excitations can occur. For |k| > kp, one has the electron-like excitations:
[Pies) = s |P0),

and for |k| < kg, one has the hole-like excitations:
Do) = Gira| o),

where o =1,]. By calculating the energy corresponding to these excited states in the
non-interacting system (CIDkJ\HO\CI)kU), and (ékalﬁo@kg% we find that the energy of a
single electron-like or hole-like excitation in the normal state is |{(k)|.

The Cooper pairs that form the superconducting condensate are often referred to as
bosons in the literature because of their integer spin, and we would like to note that,
technically speaking, this interpretation is not quite correct. This can be understood
by checking the commutation relations of the pair creation and annihilation operators.

After doing the algebra, one finds the following:

[bre. bre] = [bf, bl ] = 0,
[k, b1, ] = O (1 — Fager — ). (1.50)

Although the first two relations are identical to the bosonic ones, the third relation is
not exactly the same as the corresponding one for bosons.

We are now in a position to include the interactions into the ground-state wavefunc-
tion, to find the celebrated BCS ground state. We seek the ground-state solution of the

form

@) = C [ o), (1.51)
k

where C' is a normalization coefficient, Ay is a variational parameter, which we will use
to minimize the energy, and the product is taken over all values of the momentum.
Expanding the exponential in a power series, one will see that the terms quadratic and

higher order in l;L cancel because they violate the Pauli exclusion principle. Therefore
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the BCS ground state becomes
@) = C T (1+Akz3;) 0, (1.52)
k

and we see that it is a superposition of states with arbitrary numbers of pairs. By
rewriting A\p = vg/ug, where u and v are complex functions, we find that wavefunction
is given by
o) = CTT (e + vwthyal sy, ) 10)
k

where C' = C//IIxug. From the condition (®o|®,) = 1, one can show that the normaliza-

tion coefficient C' = 1, and thus the normalized wavefunction has the following form:
k

This last expression illustrates that |ug|? is the probability that the state with momentum
k is unpaired, i.e. the pair state (k 1, —k |) is empty, and that |vg|? is the probability

that the pair state is occupied. Since the state is either occupied or not, it follows that
Junl® + vk = 1, (1.54)

and this gives us a constraint for the complex amplitudes u and vg.
To determine these amplitudes, one must use the constraint (1.54) to minimize the

ground-state energy, which has the following form:
Eq = (®o| H| o) = (Po| Ho|Po) + (Po| Hint|Po)-

Substituting expressions (1.44), (1.48), and (1.53) into this last equation, we find that

the energy of the system at 1" = 0 is a functional of ug and vg, which is given by

1 k ok
Eolug, v = 2 Z Erlvr)? + v Z V(k, k" ugviug, vk, (1.55)
k k k!
where & = £(k).
The next step is to minimize the free energy with respect to the amplitudes ug, vg.
We follow the original paper [23] and assume that uy and vy, are real. Equation (1.54)

suggests looking for solutions of the form

U = sin Qk, Vr — COS Gk, (156)
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and then we can minimize the ground-state energy with respect to the single parameter
0. After some lengthy but straightforward algebra, one arrives at the following non-

linear integral equation for the parameter 0y:

11
tan 20, = — — V(k, k') sin 20, . 1.57
an 260 2§kV; (k, k') sin 20 (1.57)

This equation can be solved by introducing the zero-temperature gap function according
to the following definition:

| , 11 .
Ak = —v ;V(kﬁ7 ki )uklvk/ = —59 ;V(k, k: ) Sin 29k/ (158)

In this way, Eq. (1.57) takes the simplified form:

A
tan 20, = ——k,
€k
whose solutions are given by
A
Sin20p = £———rt
Vi + AL
cos20, = S : (1.59)

" V& + AR

Using Eq. (1.56), we choose the following solutions to Eq. (1.59) for ug and vy based

upon physical arguments:

1 ﬁk)m
we = — (142}
§ \/5( B,

B 1 gk 1/2

where Ej = \/m Far above the Fermi surface, i.e. in the limit & — oo, it follows
from the above expression that uiy — 1 and v, — 0. One indeed expects such a state to
be empty since Cooper pairs exist only within a thin shell near the Fermi surface.

To find the gap function Ay, one must solve Eq. (1.58) self-consistently. By sub-
stituting the expression (1.60) into Eq. (1.58), one obtains the zero-temperature gap

equation:

11 Ay
Ap=—-=Y Vik k)= (1.61)
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To proceed further, we use the BCS assumption about the interaction potential V'(k, k'),
given in Eq. (1.46). In this way, one finds that the gap function can be written in the
form

where the constant A satisfies the following equation:

Vol A
A=—— ————0O(e. — |[&rr]), (1.63)
2V ; VA2 + &
and ©(x) is the Heaviside step function. Taking the thermodynamic limit ¥V — oo, and
introducing the density of states to rewrite the momentum sums in terms of the integrals

over the energy, we arrive at the following equation for A:

1 1 1
— = —sinh 1.64
A Ecsm (NFVO)’ (1.64)

where Ny is the density of states at the Fermi level. In the weak-coupling approximation
NpVy < 1, and thus sinh(1/NgVp) ~ exp(1/NgVy)/2, so it follows that the gap has the

following value:

A = 2e,e” YNV, (1.65)

This last expression has the same form as the bound state energy from the Cooper
theorem, see Eq. (1.36), which suggests that A is an energy. In fact, A is the binding
energy of the pair of electrons. Since €. ~ hwp, we see from Eq. (1.65) that the typical
energy scale relevant to superconductivity is much less than the Debye energy. This
explains why typical values of the critical temperature are much lower than other relevant
energy scales in metals, such as the phonon energies or the Fermi energy [21].

One can recover the normal state with no attractive interaction, i.e. the free electron
gas, by formally taking the limit 1y — 0, and thus A — 0. In this case, using Eq. (1.60),
we obtain ug — ©(&) and vy, — O(—E), and therefore one can write the BCS ground-

state wavefunction, Eq. (1.53), as follows:

|®o) = H &LT&TJ@JO)- (1.66)

|k|<kr

A comparison of this last expression with Eq. (1.49) reveals that this is nothing but the

Fermi sea of electrons, as expected.
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We make a note that from Eq. (1.60), it is evident that the quantity

provides a measure of the superconductivity in the system. Furthermore, one can show
from Eqs. (1.47) and (1.53) that (b.) = (®o|bl.|Bg) is given by the following expression:

<Z’L> = URU), = UkU, (1.67)

where the second equality holds for real vg. One can see that (IA),D can be interpreted as
the pair wavefunction.

To show that the system’s energy is indeed lowered in the superconducting state,
we calculate the condensation energy introduced in Sec. 1.1. In order to calculate this
energy change, we must first determine the ground-state energy in the BCS state. Using
Eq. (1.58) in Eq. (1.55), we can write the BCS ground-state energy in terms of the gap

function Ay as follows:

_ 52 1 A2
EU—;(’“‘E_Z)G;E_:' (1.68)

After summation of the second term in the last expression, and subtraction of the ground-
state energy of the normal state Ey, (with A = 0), we find the following relation for the

energy change per unit volume when the system goes superconducting:

By — By, 1 2\ A2

2

O e — I€el) — Vo (1.69)

[ {leel -~k

= — k s —
(2m)3 GENN
Here we have taken the thermodynamic limit V — oo, and used the expression (1.62)
for Ay in the second equality. Introducing the density of states allows one to rewrite
Eq. (1.69) in terms of an energy integral, and after integrating over the thin energy shell,

we obtain:

EO EOn 1 2
—7 —_—— . 1.

From this expression, it immediately follows that the superconducting state is lower
in energy than the normal state, confirming that the superconducting state is indeed

thermodynamically advantageous. The condensation energy is given by the absolute
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value of Eq. (1.70), and from Eq. (1.1) we can relate the condensation energy to the
critical field as follows: ) HAT = 0)

PRl
We see that by measuring the critical field, one can determine the gap A.

The next step in the BCS theory is to consider the effects of finite temperatures.
At a nonzero temperature, some of the Cooper pairs will be able to break up, forming
excitations. Bardeen, Cooper, and Schrieffer found that it is not feasible to construct
the excited states by using the BCS ground-state wavefunction acted upon by the single-
particle creation operators. In order to determine the excited states, a more tractable
option is to apply a mean-field decoupling of the interaction, followed by a Bogoliubov
transformation on the BCS Hamiltonian.

We begin by treating the interacting part of the Hamiltonian in the mean-field ap-
proximation, in which the fourth-order term is reduced to a quadratic one. Since the
Cooper pairs form a condensate, this leads to an average field and thus to an average
potential experienced by the unpaired electrons. In this approximation, we make the

following replacement in Eq. (1.48):
bl, = (bh) + 0bk; b = (bk) + Oba,

where (ZSL) plays the role of the wavefunction of the electron pairs that coherently prop-
agate through the system. The matrix elements of 5l;L (6l;k) are small in comparison to
(b1) ({bg)), since the fluctuations away from the mean field are assumed to be small. This
allows one to neglect the terms that are nonlinear in 5Z;k, and after a slight manipulation

of the resulting expression, one obtains the mean-field interacting Hamiltonian:

Fr(in 1 N /71 7 1 n/1t\T
My = =55 VKB bw) + 35 DV (k. k) (0 b
k. k' kK
1 aA A
+§ZV(k,k’)(bk/>bL. (1.71)
kK’

To simplify this Hamiltonian, we introduce the finite-temperature gap function:

Ap = == STV (K K)be), (1.72)
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and then we can rewrite Eq. (1.71) as follows:
A0 =3 Al - S Aubh - 3 A (173)
k k k

Including the free-electron part of the Hamiltonian, see Eq. (1.44), we can write the total

mean-field Hamiltonian in the following form:

A~

Hyp = Y &(k)(afan + af, axy)
k
— > (Aafpal ) + Aja_gae) (1.74)

k
+ Y Alal,aly,),
k

where we have replaced the pair operators with their definitions in terms of the single-
particle creation (annihilation) operators. We note that while this last Hamiltonian has
a quadratic form in the fermionic operators, it is not easily solved due to the fact that Ay
is not arbitrary and must be found from Eq. (1.72). The thermal average in Eq. (1.72)
is calculated with respect to H MmF, which as we see depends on Ay, and this leads to a
self-consistency equation.

To simplify the Hamiltonian further, we perform a Bogoliubov transformation on
the mean-field Hamiltonian (1.74). We take the set of operators (dkT,dLT, d—kb&im}’
and represent them in terms of the new fermionic operators (f/k,o,f/;;o,f/k,l,f/;rc,l)- As
shown independently by Bogoliubov [25] and Valatin [26], in the spin-singlet case, the

transformation has the following form:

A s ~ 1
Ukt = UpYk,0 T UkYp 1

&1@ = —UpYro + Ukﬂc,p (1.75)
where
1 & 1/2
— (1423
uk \/5( +Ek) ’
1 §k>1/2 A
= (1= 2k) 2k 1.76
. ﬁ( Be) 15w (1.76)

and for now we relax the condition that Ay is real. We note that the operator vy
participates in destroying an electron in a state corresponding to k, T, or in creating one

in the state —k, |. In either case, the net effect of this fermionic operator is to reduce the
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system’s momentum by k and spin by %/2 [10]. The operator ?Ll has similar properties
and thus Y1 has the net effect of increasing the system’s momentum by k and spin by
h/2. We note that these new fermionic operators do not definitely increase or decrease
the number of electrons, but rather create a linear superposition of these possibilities
[10].

Now we represent the Hamiltonian (1.74) in terms of the new fermionic operators
using Eq. (1.75). After some straightforward manipulation, the mean-field Hamiltonian

takes the form:
Hyp = Z Be(¥}0Vro + Vi1 Vi) + Ho, (1.77)
k

where

Ho =D (& — Er + Anfafal )]

k

is just a complex number, and recall that

B = /& + AP (1.78)

We see from expression (1.77) that the transformed mean-field Hamiltonian has the
form of a free-fermion Hamiltonian, with two distinct species of fermionic single-particle
operators (Y., Yk,1) (and their adjoints), and the ground state energy Hy. The fermionic
operators in Eq. (1.77) create single-particle excitations above the ground state, with
energies Fp > 0. We can see that the excitations are gapped because, according to
Eq. (1.78), the minimum excitation energy at the Fermi surface, i.e. at {(k) = 0, is given
by A = |Agl.

One can compute the thermal average in H by first rewriting it using the Bogoliubov

transformation, see Eq. (1.75):

<&L¢&T—k¢> = - uk“li(f’z,oﬁ’k,O) + “iﬁ’ltof/;cﬁ
— 0 Y Vio) + wetn (Ve Vi) (1.79)

Using the cyclic invariance of the trace and the anti-commutation properties of the
fermionic creation and annihilation operators ¥',¥, one finds that for the Hamiltonian
of the form (1.77), we have

<€’L,0f/k,o> = (?L,lf/k,ﬁ = f(Ek),
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where )
T = Gmy
is the Fermi-Dirac distribution with § = 1/kgT, and all other thermal averages in
Eq. (1.79) are zero. In this way, one obtains:
<d};TdT—k¢> = _UkUl:f(Ek) + UkUZ(l - f(Ek))a (1-80)

which can be used to rewrite the constant Hy in Eq. (1.77) as follows:
Ho =D {& — Er + Mwurvi[l — 2f(Ew)]}- (1.81)
k

At zero temperature f(Eg) = 0 for all k, and thus the mean-field Hamiltonian,
Eq. (1.77), takes the following form:

Hyr = Z Ee(¥hoVro + Vi Vi)
2

+ ) (€ — Bi+ Agugvp). (1.82)
k

Since there are no excitations present at zero temperature, it follows that ﬁ/L’O?k,O) =
ﬁ/;@’lf/kJ) = 0. At finite temperatures, one can create excitations by breaking up the
Cooper pairs. When the temperature is high enough, these excitations will eventually
kill the superconductivity.

A useful way to picture the results of the BCS theory is that at T = 0 all of the
electrons are paired. As one increases the temperature, thermal fluctuations destroy
more and more Cooper pairs, creating excitations. Above T, all of the Cooper pairs are
broken up and the superconductivity is completely destroyed. Since the Cooper pairs
break up into pairs of excitations, the minimum energy associated with this process is
2/, which is consistent with the optical experiments mentioned in Sec. 1.1.

We should note that the overall phase of the gap function A can be rotated by an
arbitrary amount since it is not measureable. In particular, it can always be made real
and positive, which we assume from this point on. Furthermore, the gap function depends
on temperature through the thermal average (bg), see Eq. (1.72), which is related to the
pair wavefunction, and thus one would expect that Ar — 0 for 7" > T.. Furthermore,
one can also expect that as the temperature increases excitations are created, and thus
the energy gap shrinks, making it easier to create more excitations.

We focus now on the temperature-dependent gap equation for Ag. Using Eqs. (1.47),
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(1.76), and (1.80), and the fact that (b) = <Z)L>*, it immediately follows that

<z§k>—2Abj;t h(@)

Using this last expression in Eq. (1.72) yields the following gap equation:

. 1 ’ Ak/ ,BEkI
Ak——V;V(k,k:)mEk/ tanh( > ) (1.83)

This is a nonlinear integral equation for Ay, which has at least one solution that is trivial,

i,e. A =0 at all k. This solution corresponds to the normal state at all temperatures
and clearly does not describe superconductivity.

We look for a nontrivial solution of Eq. (1.83), in which Ay # 0. To proceed fur-
ther, we make the BCS assumption about the pairing potential V (k, k') = —V,O(e. —
1€k])O(€c — |€x|), which allows us to look for a solution for Ag(7") which is a product of

the same terms as in the zero-temperature case, see Eq. (1.62):
Aw(T) = A(T)O(e. — &), (1.84)

i.e. all of the k-dependence is contained in the Heaviside step function. Substituting
these assumptions for V(k, k') and A into Eq. (1.83), we obtain the following nonlinear

integral equation:

Z@ — |&w]) Ltanh <5§’“’). (1.85)

Taking the thermodynamic limit and introducing the Fermi level density of states, we
can transform the momentum summation in this last expression into an integral over the

energy, and arrive at the BCS gap equation for A(T):

(1.86)

1 e tanh <\/§2 + A2/2k3T>
NrVy :/0 “ VE2+ A2 ‘

Here we have used the fact that the integrand is even to change the integration limits.
We point out that the analytical solution to Eq. (1.86) is unknown. To make progress,
we note that there is a temperature above which A = 0, defined as the critical tempera-
ture T,.. We make the assumption, which is justified by the subsequent calculation, that
A is continuous at T' = T,, and thus A = 0 near the critical temperature. One can
therefore evaluate the integral in Eq. (1.86) at 7" = T, and A = 0 to obtain the critical
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temperature, and this is facilitated by making the change of variables z = £/2kgT.. In

1 2¢7 €
S Y 1.
NeVy n( - k;BTC)’ (1.87)

where v /= 0.577... is the Euler constant. One can see that the BCS cutoff cannot be

this way, one finds that

replaced by infinity due to the logarithmic divergence of the integral in Eq. (1.86). By
inverting Eq. (1.87), we obtain the following expression for the critical temperature:

2 2
kpT, = 25 e e tNFVo ~ 1 13¢,6~ 1 /NEVD (1.88)
T

which has a similar structure as the bound-state energy in Cooper’s theorem, see Eq.
(1.36). Both expressions are non-analytic in Vj, and thus cannot be calculated perturba-
tively in the pairing interaction.

We note that €. is of the order of the Debye frequency, and if the electron pairing is
due to phonons, then €. = fiwp ~ M~2, where M is the mass of the lattice ions. Thus
the BCS theory reproduces the isotope effect, in particular the transition temperature

varies as T, ~ M~1/2

. We note that in the effective interaction in Eq. (1.40), one can
show that the coupling constant |geg|* ~ 1/(Mw?), which is independent of M [21].
Thus the coupling constant in the BCS theory, see Eq. (1.46), is independent of the mass
of the ions, and the isotope effect arises in the BCS theory because the thickness of the
energy shell around the Fermi surface is fiwp, which is mass-dependent [21].

By taking the ratio of the gap function at zero temperature, Eq. (1.65), and expression

(1.88), one finds

A(T=0) =
k?BTC n e

This is the celebrated “universal BCS ratio”, which is the same for all conventional

~ 1.76. (1.89)

superconductors. As discussed previously, one can experimentally measure both A(7T" =
0) and the transition temperature, and the deviation of their ratio from 1.76 tells us how
“non-BCS” the superconductor is.

Although the derivation is beyond the scope of this work, we give the result for A(T")

near the critical temperature, which has the following form [10]:

S5 () () a0

where
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is the Riemann zeta function. We see that expression (1.90) is indeed a continuous
function of temperature, vanishing at T" > T...

One can use the general theory above to calculate the thermodynamic quantities.
Specifically, we calculate the electronic contribution to the specific heat of a BCS su-
perconductor. The specific heat C' is related to the entropy S and temperature T of a

system as follows:

05
Since all the pairs are condensed into the same coherent quantum state, their contribution
to the entropy of the system is zero at all temperatures. The entropy is determined by
thermally excitated quasiparticles, which form an ideal Fermi gas. This allows us to write

the entropy of the system as follows:
S = —2kp Yy {[1 - f(Ex)]In[l = f(Ex)] + f(Ex)In f(Ex)}, (1.92)
k

where the factor of 2 arises due to the fact that we have two species of fermionic excita-
tions, see Eq. (1.77). We note that from this last expression, the total entropy at zero
temperature is zero. After substitution of Eq. (1.92) into Eq. (1.91), we find that the
specific heat takes the following form:

C:Q;Ek%, (1.93)

where Ej, = /& + Ai. Since A is temperature-dependent, this makes all the difference
from a regular metal, in which the excitation energy does not depend on temperature.

After carrying out the differentiation in Eq. (1.93), one finds the following:

_ of OA,
C = 2k36¥ (—a—Ek) (E,z - TAka—T> . (1.94)

The second term in this last expression arises only in the superconducting state.

We first examine the specific heat in the case of low temperatures. It follows from the
gap equation (1.86) that A(T") is nearly flat for 7" < T, which allows one to neglect the
derivative of Ag in Eq. (1.94). Furthermore, in the thermodynamic limit, we can rewrite

the summation as an integral over k, and introducing the density of states, as an integral
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over the energy as follows:

NF +o0o 52 —|—A2
O(T) = V—E_ de . 1.95
) 2kpT? /—oo cosh? <\/§2 + A2/2k:BT> (1:99)

The function 1/ cosh?(...) is sharply peaked, and thus only energies /€2 + A2 < kpT
contribute significantly to the integral. Since T" < T, ~ A(0)/kp, see Eq. (1.89), it
follows that kg7 < A(0) and we can therefore replace Ej with A in the argument of

cosh2(. ..). In this way, we arrive at the following expression for the specific heat:

C(T) ~ %e—ﬁ/’ﬂBT, (1.96)
which has the characteristic exponential dependence on the temperature, as observed in
thermal experiments. We see that, while the first factor 1/72 diverges at low tempera-
tures, this divergence is cancelled by the much quicker decaying exponential function.

At the transition temperature, according to experiment, C'(T) is not defined because
there is a jump here. This jump separates the low-temperature exponential behaviour
from the normal Fermi-gas linear behaviour that occurs at 7' > T,.. We can calculate
this jump by considering the specific heat immediately above and below the transition
temperature.

We note that slightly above T., A = 0A/0T = 0 and this allows one to neglect the
second term in Eq. (1.94). Using Eq. (1.95) with A — 0, the normal-state specific heat

then takes the following form:

Cy Np [ & 2r?
- = d = —kyNpT, 1.97
Y QkBTQ/ 5Coshz(f/QkBT) 3 "BE (1.97)

immediately above T,.. This linear dependence is exactly what we expect for the specific
heat of an ideal Fermi gas.
Slightly below the critical temperature, the energy gap A is small, allowing one to set
A =0, ie FEj — & in the first term in Eq. (1.94), and then this term is equivalent to
the expression we obtained in Eq. (1.97). We then find that the difference in the specific
heat between the normal and superconducting states is given by
I6] 1 0Ag

Co(T) = Cu(T) = =5 ; IR /Q)Ak T (1.98)

By observing that the jump in the specific heat comes from the derivative of the gap



1 INTRODUCTION 40

function [i.e. 0Ag/OT is infinite at T' = T, as seen from Eq. (1.90)], one can set A =0
in the argument of cosh?(...) in Eq. (1.98). Furthermore, we take the thermodynamic
limit and change the momentum integral to one over the energy. In this way, one obtains

the following expression for the jump in the specific heat:

Co—Cn _ BN [T, 1 0(AY
V.o 4 ) Teosh’(Bg/2) OT

(1.99)

Since 1/cosh?(...) is sharply peaked within the width ~ kgT, and €. > kpT,, most
of the contribution comes from within the peak, which allows us to safely extend the
integration limits to +o00 in Eq. (1.99). Evaluation of the resulting integral then allows

one to rewrite the jump in the specific heat as follows:

o 2
C, Cn:Np< 8A>

~ o (1.100)

T—T

Using Eq. (1.90), we can evalulate the derivative of the energy gap, allowing one to write
the jump in the specific heat in the following form:
8e?7 A2%(0)

e @) T (1-101)

AC  C,—C,
VY

Using this last expression along with Eqgs. (1.89) and (1.97), we can recover another

universal BCS ratio: AC 19
= — ~143. 1.102
c, ~wE P (1.102)

This result has been confirmed by measurements of the specific heat in many conventional

superconductors [10].

The BCS model of superconductivity is a revolutionary theory because it was ca-
pable of fully describing all of the superconducting materials known at the time of its
development. Bardeen, Cooper, and Schrieffer were awarded the Nobel Prize in physics
in 1972 for this theory, which allowed one to finally understand what is happening in
SCs at the microscopic level. The BCS theory enables one to theoretically explain the
experimental properties exhibited by these so-called “conventional superconductors”, in
which the electrons pair in the singlet s-wave state.

It turns out, however, that conventional SCs represent only a fraction of known su-
perconductors, and that most newer materials belong to the class of unconventional SCs,
in which the pairing is not of the singlet s-wave form. These materials include heavy-

fermion SCs (UPt,;, CeColng, etc.), organic SCs, alkali-doped fullerenes (Cg,), as well
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as the high-T, superconductors (the copper oxides and iron pnictides). Since the late
1970’s there has been an explosion in the number of known superconductors, and mate-
rials of particular current interest include strontium ruthenate (Sro,RuQ,), ferromagnetic
superconductors, non-centrosymmetric SCs, and multi-band SCs [27].

Most of the fundamental research currently focuses on the unconventional supercon-
ductors. Consequently, in the next subsection we will give an overview of the important
concepts used to characterize the different pairing possibilities in these systems. Specifi-
cally, we discuss a two-particle wavefunction in which the Cooper pairs have zero center-
of-mass momentum, but with a non-BCS pairing. Then, in Sec. 3, we will apply these
symmetry insights to general nonuniform states in the many-body problem, to derive the

Bogoliubov-de Gennes (BdG) equations for the quasiparticle excitation spectrum.

1.4 Unconventional pairing

In general, since electrons with opposite momenta (k, —k) sufficiently close to the Fermi
surface form Cooper pairs, we can represent the wavefunction of a pair of electrons in
the form W,.;, = (k,K'|¥) = 0p 1V (k), where (k) = gi(k)| 171) + g1, (k)| 1) +

gir(k)| 1) + g (k)| J4). This expression can be reformulated in a short-hand matrix

G= <gﬁ(k) gr1(K) ) 7 (1.103)

gir(k) gy (k)

notation as follows:

&y

where we have explicitly renamed the matrix to stress that ¢ is not literally the wave-
function of the pair. In a superconducting material with multiple Cooper pairs, the order
parameter is related to the pair wavefunction, and will be mathematically introduced in
Sec. 3.1. For now, we focus on the single-pair case to lay the foundation of our explanation
of the spin-matrix basis functions ¢, (k).

Since in the BCS theory only electrons near the Fermi surface with opposite momenta
form Cooper pairs, exchanging particle momenta is equivalent to setting k — —k. The
exchange of particle labels is accomplished by interchanging both momenta (or position)
and spin. Therefore to preserve the condition of anti-symmetry of the wavefunction, if
the spin state (matrix) is anti-symmetric with respect to spin exchange (electrons that
pair in the singlet (S = 0) spin state), then we must have g even in k, i.e. §(—k) = g(k).
In this case, g can be written in terms of the antisymmetric Pauli matrix: ¢° = g(k)ids,
where we have only one distinct function g(k) since the weighting of the | 1), | }1) states
must be equivalent for .S, = 0.

In an isotropic system, we can expand the functions g(k) in terms of the spheri-
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cal harmonics Yy, with orbital angular momentum ¢ and its z-projection m as g(k) =
Zi@:_z agmYym, and then § takes the form:

4

m=—/{

Here ¢ = 0,2,4, ... corresponds to the traditional atomic states labelled by the letters
s,d, g, ..., and k=k /kp is a unit vector. The coefficients ag,, represent the supercon-
ductor order parameter, and in non-uniform cases are functions of position. In the case
of conventional singlet s-wave pairing, the order parameter is a single complex function,
whereas for d-wave pairing the order parameter consists of five complex functions.

For electrons that pair in the symmetric spin-triplet state (S = 1), we can express ¢
in terms of the basis of symmetric spin matrices iG55 as §' = i(665) - d(k) = (d,(k)d, +
d,(k)&a + d.(k)&s3)ioy, where d(k) is the single-pair spin vector, and & is the vector of
Pauli spin matrices. The single-pair spin vector must be odd in k, d(—k) = —d(k),
and it is related to the components of g as follows: gy = —d, + z'czy, gty = gy = d,,
gy = dy + z'a?y.

As in the spin-singlet case, we can expand the components of the spin vector in terms
of the spherical harmonics in an isotropic system: do(k) = an:—e b Vi (k), where

the coefficients b, represent the superconductor order parameter for a given value of

quantum number ¢. We can then express the matrix g for the triplet pairing state as

" (1.105)
= Y Yiu(k) (b],,01 + b,,02 + b},,03) 62,
m=—/{
and for the odd spherical harmonics, one has ¢ = 1,3, ..., corresponding to p, f,...-wave

states. For the simplest triplet pairing (p-wave orbital), the order parameter is a set of
nine complex functions, labelled by a = x,y,2z and m = —1,0,1. This pairing state is
realized in 3He, see, for example, Refs. [28] and [18].

In general, the spin component of the wave function of a Cooper pair can be a super-
position of the states with spin S =0 and S = 1, and hence § = a,¢° + a,§", where a,;,
are arbitrary complex coefficients. This can happen if there is no inversion center in a
crystal [18]; however in a centrosymmetric crystal only a definite spin state is realized.

In view of Egs. (1.104) and (1.105), the choice of reference frame is arbitrary since the
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spherical harmonics obtained after a rotation of the reference frame in three-dimensional
space are related to the spherical harmonics with the same orbital angular momentum /¢

as follows:

)4
Yom(K) = D R Yo (K), (1.106)
m/'=—/{

i.e. it is simply a linear superposition, and here R,,,, are components of a 3 x 3 matrix
which characterizes the rotation. In general, a set of functions ¢, (r) forms a basis of an
irreducible representation (IREP) T" of a certain spatial symmetry group G if any ¢, (7) is
transformed under any symmetry operation of G to a linear combination of the functions

belonging to the set [18]:

a(gr) = a(r’) = caspp(r), (1.107)

where in this last expression, gr — 7’ corresponds to reflections, rotations, inversions
and combinations of these three operations, and dr is the dimensionality of the set {p,},
i.e. of the irreducible representation I'.

Recall that for an isotropic system, the matrix g can be expanded in terms of the
spherical harmonics, Egs. (1.104) and (1.105). Thus in the isotropic case, i.e. when the
system is invariant under all spatial rotations, forming the group SOs, I is labelled by the
orbital angular momentum ¢, and for each type of pairing (i.e. for each value of ¢), there
is a one-to-one correspondence with the IREPs of SO3. Consequently, the dimensionality
dr is given by the degeneracy of the orbital angular momentum states, dr = 2¢ + 1, and
the basis functions are nothing but the spherical harmonics. For example, if ' = ¢ =1 (p-
wave pairing), then the basis functions are given by Y1 1(6, ), Y10(0, ¢), and Y1 _1(6, ¢),
where 6, ¢ are the usual spherical polar angles of the unit vector k. Alternatively, we
can take a linear combination of these spherical harmonics and use as the basis functions
the components of the unit vector k: /%x, /Acy, and k,.

One can still use this classification procedure when the normal state is anisotropic,
which is generally the case in a crystal lattice. In this case, there is still a direct cor-
respondence between the IREPs of the point group G of the crystal and the types of
pairing states. In fact, superconducting states with different values of T, are described
by basis functions belonging to different IREPs I" of the point symmetry group G of the
solid, that is T, = T,(T"). It is the superconducting state corresponding to the highest
critical temperature which is actually realized in the crystal [18].

In the anisotropic case, the components of the pair matrix ¢ are expanded in terms
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of the basis functions of the irreducible representation I'. In the case of singlet pairing,

we have:

g(k) =Y naphe(k), (1.108)

where 7, are complex coefficients, and superscript I'; denotes the fact that the basis
functions are even in k. Recall the form for the matrix g corresponding to a pair in the
singlet state: §° = g(k)ios. We introduce the spin-matrix basis functions for the singlet
pairing ¢ (k) = (i62)pn’ (k), and from Eq. (1.108), it then follows that

dr
P = naoi(k). (1.109)
a=1

For the triplet pairing, we can expand the single-pair spin vector d(k) in terms of

the odd basis functions of T, ¢, *(k). In the case of negligible spin-orbit coupling, the

appropriate expansion is given by

d(k) => na.ph(k), (1.110)

where n, are complex vectors, and superscript [',, denotes the fact that the basis functions
are odd in k. In this limit, the pair states are degenerate with respect to rotation of spin

vectors, i.e. they correspond to the same energy. Under a spin rotation, we have:
3
ne = ile =D Rogd. (1.111)
p=1

where a = 1,2, 3 label the vector components of n,, and here superscript s denotes the
rotation in spin space characterized by the 3 x 3 matrix Re.
In the case of strong spin-orbit coupling, which occurs in materials containing chemical

elements with large atomic numbers, it is convenient to expand d(k) in the following way:

d(k) => napy(k), (1.112)

where @l (k) = % (k)@ + ¢ (k)j 4 2 (k)2 are the vector basis functions which are odd
in k. Due to the strong spin-orbit coupling, the basis in spin space is defined by the axial
unit vectors z, g, £ which are uniquely determined by the crystal axes [29, 18]. Although

electron spin is not a “good” quantum number in the case of strong spin-orbit coupling,
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electron states are doubly degenerate as a result of the Kramer’s degeneracy due to time
reversal symmetry. This allows one to classify electrons in terms of a pseudospin, and
so in this limit “spin-singlet” and “spin-triplet” should be understood in terms of this
pseudospin.

We can use the expression introduced previously for ' in terms of the spin vector,

§' = (ied9) - d(k), along with Eq. (1.110) to obtain:

dr
=Y wu(k)(i62) - ., (1.113)
a=1
in the limit of weak spin-orbit coupling. Analogously, we obtain the following expression

for g':
§' = na(i66s) - i (k), (1.114)

in the limit of strong spin-orbit coupling. In this case, it is convenient to introduce a
spin-matrix basis function for the triplet pairing given by ggg(kz) = (i603) - 905“(12:), and
then Eq. (1.114) takes the form:

dr

A} (1.115)

a=1

The set of coefficients 7, or 1, in the expansions of g(k) or d(k) play the role of
the order parameter in crystalline superconductors. One can therefore conclude that it
is possible to have states with one-component order parameters n = |n|e’® (with ¢ an
arbitrary phase), as well as states described by multicomponent order parameters. The
number of components in the order parameter is related to both the dimensionality of
the particular IREP, dr, as well as the structure of the complex coefficients (1, or n,)
themselves. For example, in the case of a scalar 7, and a two-dimensional irreducible
representation one has a two-component order parameter. In the case of complex vector
coefficients [Eq (1.113)] in a two-dimensional IREP, one has a six-component order pa-
rameter, since 1), is a vector in three spin dimensions. In this work we primarily focus
on the pairing corresponding to the irreducible representation F, of the group Dy, in
the strong spin-orbit coupling case. While there are different kinds of order parameter
vectors, we assume that d(k) = 1 (k,/kr)2 +n2(k,/kr)Z (for a cylindrical Fermi surface
characterized by the Fermi wavevector kr). Due to the structure of the basis functions,
the two-component complex order parameter vector n = (1, 7,) transforms like a vector

in real space.
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The symmetry group G of the normal state contains, in addition to the point symme-
try group G, also the operation of time reversal R and the gauge transformations U(1),
i.e. G =G x Rx U(1). Since the Cooper pairs exhibit phase coherence, the states with
different phases are distinguishable, and this is often coined “breaking of gauge symmetry
U(1)”. Breaking of other symmetry properties of a system under the operations of G is
also possible as a result of the transition into a particular superconducting state, and this
additional symmetry breaking is the defining feature of unconventional superconductiv-
ity or superfluidity. Due to this additional symmetry breaking, only invariance under
symmetry operations of the subgroup H (associated with the particular superconducting
class) of the symmetry group G persist in the superconducting state, see Refs. [18] and
[30].

We can therefore reduce the problem of determining all the possible superconducting
states to the determination of the superconducting classes corresponding to different
types of the normal-state symmetry breaking. The conventional superconducting state
(singlet, s-wave pairing) has the full point symmetry of the crystal lattice, and therefore
belongs to the identity representation A;,. In other words, the wave function of the
pair remains invariant under all operations of the point symmetry group. As a result,
this type of superconductivity is described by trivial superconducting class H = G X
R, i.e. only the gauge symmetry is broken. For other superconducting states, which
belong to non-identity representations (or odd identity representation Aj,), the point
symmetry properties are broken, and these states are called nontrivial or unconventional

superconducting states.

1.5 Chiral p-wave superconductivity

The s-wave superconducting state is appropriately called conventional because it is, in
many senses, the simplest pairing state. As we have seen, there is a relationship be-
tween the binding state of the Cooper pairs and the symmetry-breaking properties of the
condensate [31], and thus the order parameter of the superconducting phase transition is
related to the gap function A(k). In the s-wave pairing, the phase of the order parameter
is constant for all directions of k; however, there may be anisotropy in the magnitude of
the order parameter depending on k [31]. This is related to the gauge-symmetry break-
ing that occurs at the transition temperature, while no other symmetry is broken in the
conventional state.

When the Cooper pairs have a finite orbital angular momentum (i.e. non s-wave

SC), other symmetries of the system are necessarily broken, as briefly discussed in the
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previous subsection. Since the first experimental observation of superfluid phases of
3He [32], which have p-wave (¢ = 1) pairing, interest in “unconventional pairing” has
persisted as we continue to discover new exotic materials. This is because, in contrast to
the conventional SCs, the mechanisms behind the Cooper pair formation in these systems
are not well understood, despite considerable efforts from both theory and experiment.
Currently, the most studied examples of unconventional superconductivity are the singlet
d-wave pairing (found in the high-7. SCs) and the triplet p-wave pairing. The triplet
pairing, in particular the chiral p-wave state, is not only one of the simplest examples of
unconventional pairing, but it also possesses nontrivial topological properties associated
with interesting potential applications.

Recent years have seen an increase in interest in topological superconductors and su-
perfluids from both experimental and theoretical facets. This is due to the fact that, while
the fermionic excitations in the bulk are fully gapped, topological superconductors and
superfluids support gapless quasiparticle excitations localized near inhomogeneities of the
order parameter, such as Abrikosov vortices, domain walls, and sample boundaries [33].
Among other things, the quasiparticle excitations protected by topology determine the
static and dynamical properties of topological defects, such as domain walls, in these sys-
tems. Specifically, the chiral p-wave state has received notable consideration because the
quasiparticle excitations (Majorana fermions) and non-Abelian winding statistics associ-
ated with half-quantum vortices in this state are potentially useful as a route to quantum
computing [34].

The chiral p-wave triplet state, whose order parameter is proportional to k, &+ ik,, is
experimentally realized in the A-phase (Anderson-Brinkman-Morel, or ABM, state [35])
of superfluid *He, see Ref. [28], as well as the superconducting state of Sr,RuQ,, see e.g.
Refs. [31, 34]. The helium atoms are fermions since they contain an odd number of spin-
1/2 particles. Thus, in contrast to the Bose-Einstein condensation, which is responsible
for superfluidity in *He, the superfluidity in 3He results from the formation of Cooper
pairs of composite fermions (i.e. the helium atoms), which is largely mediated by van
der Waals interactions. This is quite different from the formation of Cooper pairs in
superconductors, which are comprised of point-like electrons, with zero orbital angular
momentum in the conventional case. Consequently, this superfluid exhibits a rich array
of physics, with many nontrivial properties.

The order parameter of a triplet fermionic superfluid is a 2 x 2 spin matrix which has
the following form: A(k) = i6,6 - d(k), where & are the Pauli matrices and d is the spin
vector (the derivation will be given below in Sec. 3.1). In superfluid *He, the spin vector

d is expanded in terms of the spherical harmonics, or equivalently, the components of
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the wavevector k as follows: d, (k) = Aa’il%i, where A, ; comprise a 3 X 3 complex matrix
[18], and the Einstein summation convention is assumed. It is assumed that the basic
ideas of the BCS theory, namely that the superfluidity is due to the formation of pairs
of atoms with equal and opposite momenta (k,—k), can be applied to *He. We can see
that in this system the order parameter is characterized by nine complex components, in
contrast to the single-component order parameter that describes conventional pairing.
In an arbitrary reference frame, the A-phase of superfluid *He is described by the
order parameter of the form A,; = VL, (A, + A7) [18, 28], where V' is a unit vector in
the spin space, and A’ and A” are mutually orthogonal vectors in the coordinate space.
Neglecting the weak spin-orbit interaction, in the absence of external magnetic field and
far away from the container walls [28], the direction of the quantization axis of the orbital
moment £ = A’ x A”, and of the unit vector V are arbitrary. The simplest choice is
V =(0,0,1), A’ = (1,0,0), and A” = (0, 1,0), and then the spin vector has the form

d(k) ~ (0,0, k, + ik,). (1.116)

It is easy to see that in this case the orbital quantization axis is directed along 2.
One can alternatively choose, for example, A” = (0, —1,0) and then the corresponding

spin vector has the form

d(k) ~ (0,0, k, — ik,). (1.117)
In contrast to the previous choice, in this case the orbital quantization axis is directed
along —2. It turns out that these spin vectors (1.116) and (1.117) correspond to opposite
chiral states, which are obtained from each other by time reversal. Consequently, both
states correspond to the same energy in the absence of an external field.

From the form of d it is clear that the neutral helium atoms in superfluid *He-A pair
in a state with S, = 0, and there is no nuclear magnetic moment associated with the spin
of the Cooper pair. Interestingly enough, electronic-rotational coupling in the Cooper
pairs in *He-A results in a charge distortion in the nucleus, leading to a weak orbital
magnetic moment for each pair, which is of the order of 107! Bohr magnetons per atom
[36]. Because the superfluid is in a coherent state described by the same ¢ for all pairs,
there is a resulting weak macroscopic orbital magnetic moment, and this ferromagnetic
behaviour has indeed been confirmed in experiments by Paulson and Wheatley [37]. In an
external magnetic field, the two chiral states correspond to slightly different energies, and
thus the “liquid ferromagnetic behaviour” lifts the energy degeneracy. While the charge
distortion in the Cooper pairs leads to a weak ferromagnetic behaviour in this system,

the Meissner screening is still absent, as one would expect in a neutral superfluid.
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In contrast to the superfluid 3He, it is the electron pairing which is responsible for the
superconductivity in Sr,RuQO,. This compound has a layered tetragonal crystal structure
similar to high-T, cuprates, as illustrated in Fig. 6. As measured by Bergemann et al.,
strontium ruthenate is described by a quasi-two-dimensional, multiband Fermi surface
[38]. The NMR Knight shift experiments, which measure the spin susceptibility, support
the Cooper pair formation in the spin-triplet (S = 1) state with S, = 0 in this compound
[39, 40]. According to uSR measurements, at 7' < T, an internal magnetic field emerges,
suggesting that in the superconducting state the time-reversal symmetry (TRS) is broken
[41]. While there are conflicting experimental results from scanning Hall [42] and scanning
SQUID measurements [43], the pairing state is believed to be described by the following
parameters: S =1,5, =0, =1,¢, = £1, as illustrated in Fig. 7.

Of the allowed p-wave states on a cylindrical Fermi surface for a tetragonal crystal,
there is only one triplet pairing state which is unitary (i.e. d x d* = 0) and also breaks
time-reversal symmetry [34]. It is the chiral p-wave state, with d ~ 2(k, £ ik,), which is
equivalent to the ABM state of superfluid 3He. This state is fully gapped at the Fermi
surface, as illustrated in Fig. 8. We see that the spin vector in this state is oriented along
the z-axis, which is chosen to be the c-axis of the crystal, and this corresponds to the
equal-spin pairing in the zy (or ab) plane. The two chiralities (positive and negative)
correspond to the + signs in the above expression for d, and to the orbital angular
momentum projection ¢, = %1, respectively. What makes Sr,RuQO, such an interesting
compound is that it exhibits the same rich physics as the ABM state in 3He-A, but with
a charged superfluid in a crystalline material at temperatures 1000 times higher than for
SHe [34].

In the systems described above, the ground state is two-fold degenerate in the ab-
sence of an external magnetic field, and this gives rise to the possibility of superfluid
or superconducting states with opposite chirality, separated by a domain wall (DW), to
form in different parts of the system [30, 29]. There is in fact experimental evidence
of the existence of DWs in Sr,RuQO, from Josephson measurements [44, 45], and also in
thin films of 3He-A from torsional oscillator measurements [46]. In general, pairing states
in other unconventional superconductors can also exhibit discrete degeneracies of the
ground state [30, 29], which leads to the possibility of DW formation in these systems.

The formation of a DW costs gradient energy to the system due to the spatial variation
of the order parameter. Unlike in ferromagnets, which break up into domains in order
to minimize the net magnetic moment, in a neutral superfluid there is no analogous
energetic rationale behind the formation of DWs. One possible explanation is that the

DWs are spontaneously formed due to sample inhomogeneities during cooling across
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Figure 6: The tetragonal crystal structure of Sr,RuO, compared to that of LBCO. Image
reproduced from Ref. [31].

Orbital angular momentum
Electron

|

Py

Figure 7: The electron pairing state in superconducting Sro,RuO,. The large arrow
denotes the direction of £, and the small arrows the spins of the electrons in a pair. The
spins lie in the xy plane, and all £ lie along the z-axis. Image reproduced from Ref. [31].
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Figure 8: Isotropic excitation energy gap on a cylindrical Fermi surface [31].

the phase transition into the superfluid state. Alternatively, the creation of low-energy
quasiparticles bound to the DW may compensate for the increase in gradient energy; this
is expected to be particularly effective in one-dimensional systems [47].

In a charged superconductor, on the other hand, the intrinsic rotational motion of
the Cooper pairs can result in a nonzero magnetic moment. In a p-wave superconductor,
it is given by M ~ i(n* x 1), where n is the complex superconducting order parameter
vector. It is easy to verify from this last expression that the two chiral p-wave states in
Sro,RuO,, n o« (1,+i), correspond to opposite orbital magnetic moments, analogous to
a uniaxial ferromagnet. Similar to a ferromagnet, domains are formed in zero external
field to reduce the energy of the stray magnetic field outside the sample.

One can make progress in the theoretical treatment of superconducting DW textures
using the Ginzburg-Landau formalism introduced in Sec. 1.1. The structure of a single
DW was studied in Refs. [30, 48, 49, 50, 51, 52, 53, 54, 55]. From the GL calculation, see
Appendix A, we have found that there are no stable two-DW solutions, and, consequently,
there must be some form of interaction between the DWs. Therefore, either an attraction
between two DWs must cause an effective collapse of the DWs to a single domain; or
a repulsion between them pushes one of the DWs to infinity, leading to the effective
formation of just two domains. It is this interaction which has stimulated our current
work.

The purpose of this thesis is to develop a general formalism for calculating the in-
teraction between superconducting DWs at an arbitrary temperature. We introduce the

two-DW configuration in Sec. 2, for which we will ultimately determine the interaction
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energy. In Sec. 4.2 we compute the quasiparticle spectrum of this texture using the semi-
classical (Andreev) approximation. Then, using the transfer matrix method, we relate
the interaction energy to the scattering matrix of the Bogoliubov quasiparticles in Sec. 5.
Finally, we obtain an analytical expression for the interaction energy in the limit of large
DW separation. The method developed in this work can also be applied to any planar
texture of the SC order parameter. To illustrate this, we apply it to the interaction be-
tween phase solitons in a two-band s-wave superconductor, such as MgB, [56, 57] or the

iron pnictides [58], in Sec. 6. From this point on, we use the units in which h = kg = 1.
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2 The model

We consider a neutral isotropic two-dimensional chiral p-wave superfluid. Any external
fields and disorder are neglected. The order parameter of a triplet fermionic superfluid
or superconductor is a 2 x 2 spin matrix which has the following form: A(k, r) =100 -
d(k,r), where & are the Pauli matrices and d is the spin vector, which for unitary states
defines the normal to the plane in which electrons paired at (k, —k) are equal spin paired
[31]. In our case, d has only Z-component, and its momentum dependence is given by
[18]:

Mksz + n2ky .
= —Z’

ke

where 7; and 7, are components of a complex order parameter vector  and kg is the

d (2.1)

Fermi wavevector.

We focus on planar superconducting textures describing one or more DWs perpendic-
ular to the x axis, therefore only x-dependence is retained in the order parameter com-
ponents. The DWs separate states of opposite chirality, and thus the order parameter
alternates between k,+ik, and k, —ik, states. The spatial dependence of 1 can be studied
using, e.g. the Ginzburg-Landau formalism, see Appendix A. There is no exact analytical
solution for the DW structure, even in the case of a single DW, and a variety of approx-
imations have been proposed in the literature (Refs. [30, 48, 49, 50, 51, 52, 53, 54, 55]).
Most important qualitative features of the DW textures can be illustrated using the
constant-amplitude model introduced by Volovik and Gor’kov in Ref. [30]. In this model
the order parameter has the form n(z) = Ag(1,e @)e®®) where ¢ is the common
phase, and 7 is relative phase, of the order parameter components.

The phases ¢ and v are not independent: conservation of current requires V,j, = 0
and, since the transverse current is therefore constant and fixed by external sources, one
may set j, = 0, which results in a linear relationship between the gradients of ¢ and
~v. Thus the DW texture can be described in terms of a single variable — a spatially-
dependent relative phase (). Variational minimization of the Ginzburg-Landau free
energy functional with respect to v leads to a sine-Gordon equation, whose simplest
nontrivial solution corresponding to a single DW has a kink-like form, connecting the
asymptotics y(+o00) = £7/2 and varying within a region of thickness &; (which has the
meaning of the DW thickness).

In general, different models give different expressions for n(x), but the condition
v(£o00) = +7/2 always holds without reference to a specific profile of the order parameter
near the wall. Furthermore, the common phase difference between the two domains is

fixed by the condition of vanishing supercurrent across the DW, see Appendix A for
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Fx + iRy Fx - iky fx + iky

Figure 9: Alternating chirality states in the two-DW model.

details. Thus, one can write the order parameter asymptotics far from the single DW as

follows:

n(x) = Ao(1,4), (2.2a)
at r - —oo, and

n(z) = AoeX(1, —i), (2.2b)

at x — +o00. Here x is a parameter depending on the microscopic details of the system,
satisfying the condition 0 < x < 7. One can make analytical progress by considering
the sharp DW model, in which case £; — 0 and the order parameter changes abruptly
at x = 0 between its asymptotic values. In accordance with Eq. (2.2), the domain in the
region x < 0 corresponds to the k, + ik, chiral state, while the > 0 region is comprised
of Cooper pairs in the k, — ¢k, momentum state.

We now consider two DWs at fixed separation L, with the first DW positioned at
x = 0, and the second at x = L. Using a similar setup as in the single DW case,
now the chirality alternates between the three domains, and we analogously impose the
constraint of vanishing supercurrent along the x axis, which leads to a non-zero common
phase difference between the domains. The outer left region (x < 0), and the region on
the far right (x > L), correspond to k, + ik, state, while the middle domain (0 < z < L)
corresponds to the k, — ik, state, as shown in Fig. 9.

As in the single DW case, we focus on the sharp DW model to obtain an analytical
solution for the interaction energy of the two DWs. Then the order parameter for both
of the outer domains is given by the expression in Eq. (2.2a), and a non-zero global

phase factor appears in the order parameter of the middle domain, which is given by the
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1x)

Figure 10: The relative phase between the order parameter components for two sharp
DWs separated by distance L.

expression in Eq. (2.2b). In accordance with the sharp DW model, v(x) changes abruptly
between its asymptotic values in the three domains, as illustrated in Fig. 10. The explicit

expression for the order parameter for two DWs is discussed below in Sec. 3.2.
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3 Derivation of the BdG and Andreev equations

In this thesis, we focus on the effects of the quasiparticle excitations in nonuniform
textures in chiral p-wave superconductors. The spectrum of quasiparticle excitations can

be found by solving the Bogoliubov-de Gennes (BdG) equations.

3.1 Derivation of BdG equations

We begin our derivation of the BAG equations for a centrosymmetric BCS-like supercon-
ductor by first considering the BCS Hamiltonian. This Hamiltonian can be written in the
form H BCS = I:IO + ﬁmt, where ﬁo is the non-interacting Hamiltonian, and ]:Imt accounts
for the interactions between electrons. Neglecting disorder and external magnetic field,

in the second quantization formalism this Hamiltonian has the general form:

HBCS - Z §<k) a;rc,g k.o + W Z Vaﬁa’yé(k? k ) aL+q,a aik:,ﬁ a—k/,'y ak’—i—q,é? (31)

k.o kK a

a,B,7,6
where £(k) is the kinetic energy measured with respect to the chemical potential (we
neglect the difference between the chemical potential and the Fermi energy), ak » (CLL,U)
is the single particle annihilation (creation) operator corresponding to momentum k and
spin o, and V is the system volume. In this last expression, V,s.5(k, k') is the pairing
potential, which describes the scattering of a Cooper pair, mediated by, e.g., interactions
with phonons or spin fluctuations [18]. In this mechanism, a Cooper pair in the arbitrary
two-particle state |k + g, «; —k, ) is scattered to the state |l<:/ +q,v;, -k, (5>, where q

is the centre-of-mass momentum of the pair.

The Hamiltonian must be Hermitian and as such must be equal to its Hermitian
conjugate. The first term in Eq. (3.1) is manifestly Hermitian, and so we check the

Hermiticity of H;pe, whose adjoint is given by the following expression:

. 1 "o . A N

HiTnt = ﬁ Z (;B,'yé(k? k ) a’;rc’+q,5 a’ik’ﬁ a—k,8 Qk+q,a- (32)
K.k q
afyé

We require that ﬁmt - H Z-Tnt, and rename the variables in the previous equation as follows:
k< k' a < 0,3 < ~. In this way, we obtain the Hermiticity condition for the pairing
potential: Vios.s(k, k) = V5 5,(k k).

Using the anti-commutation relation that holds for single-fermion creation operators

{al, &;} = 0 (there is an analogous expression for the fermionic annihilation operators),
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we can rearrange the terms in ﬁmt, see Eq. (3.1), as follows:

Hip = Z Vapro(k k)il y 5@k yg oy Gy iq s (3.3)

k,k g
afBvydé

By renaming the summation variables o <+ (3, and setting —k =p+q = k+q = —p,
we find: .
Hint = _w Z Vﬁaﬁ&(_p —dq, k ) LJrqa Tpﬁ a_g’ Y ak +q,6° (34)

!
p.k ,q
aBvyé

and finally renaming p — k, it immediately follows that

k, K ,q
afyé

By comparing this last expression with the interacting part of the Hamiltonian in Eq. (3.1),
we have the condition Vos5(k, k') = —Viars(—k — q, k).

To proceed with the derivation, we make the physical assumption that the typical
values of the centre-of-mass momentum of Cooper pairs q are of the order of ¢!, the
inverse correlation length. This assumption can be justified by considering the follow-
ing argument. The wavefunction of the Cooper pair is modulated in the presence of
nonzero q: V,q, (1) ~ Ued” which leads to a nonzero supercurrent. There is a max-
imum supercurrent at which superconductivity can be sustained, and this corresponds
t0 |@maz| ~ & ! where & is the coherence length. In comparison, since the electrons
involved in pairing have energies within a small shell around the Fermi surface, typi-
cal values of the momentum of individual electrons are |k| ~ kpr. Taking the ratio of

~1 and since & ~ vp/T., it follows that

the two momenta, we see |@maz|/|k| ~ (kr&o)
|@maz|/|E| ~ T./er. However, typical values of the transition temperature 7, ~ 1 — 100K
[12], while the Fermi energy e ~ 10*K [59], and thus |gma|/|k| < 1.

This allows us to neglect the argument q in the pairing potential, and then we have
the relation Vs 45(k, k') = —Vjas(—k, k). Note that we have not completely neglected
the center-of-mass momentum of the Cooper pairs, since it is still present in the single-
particle creation/annihilation operators. Following an analogous procedure using the
anticommutation relations of the particle annihilation operators, and appropriately re-
naming the summation variables, one finds: Vos.s(k, k) = —Va.ps,(k,—k — q). For
the reasons mentioned above, we can again neglect the centre-of-mass momentum of

the Cooper pair here, and then we find that the pairing potential satisfies the following
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anti-commutation relations:
Vigrs(k, k) = —Vians(—k k) = —Vagsy (k, —k). (3.6)

Now recall the discussion of the single-pair wavefunction given in Section 1.4. To
derive the pairing interaction in the many-body problem, we use insight from the sym-
metry analysis of single-pair wavefunctions. In the case of strong spin-orbit coupling, the
interaction potential can be expressed in terms of the 2 x 2 spin-matrix basis functions

(k) introduced in Section 1.4 as follows:

!/

Vago(k, k) ———Z%ﬁ & 5(K), (3.7)

where V' > 0 is the coupling constant in the I' pairing channel. Here, I' labels the
irreducible representation (IREP) of the point group G of the crystal of dimensionality
dr. By inspection of this last expression, it is clear that the spin-matrix basis functions
must satisfy certain conditions for the interaction potential to retain the necessary anti-

commutation relations (3.6). It directly follows that:

~

Paas(k) = —dupa(=k) = —d,(—k) = 0a(k). (3.8)

Recall that in the limit of strong spin-orbit coupling, spin is not a “good” quantum
number, and so any reference to spin from this point on should be understood in terms
of the pseudospin introduced in Section 1.4.

For electrons that pair in the singlet (S = 0) spin state, the spin-matrix is antisym-
metric with respect to particle exchange, i.e. {«, 5} — {5, a}, whereas the momentum
exchange is symmetric: ¢5(—k) = ¢°(k). In this case, we find from Eq. (3.8) that the
singlet spin-matrix basis functions satisfy the condition ¢X (k) = —¢,(k), where we have
dropped the superscript s. The spin-matrix basis functions for the singlet pairing were
previously defined in Section 1.4, and have the form: ¢(k) = (id2)ps’ (k), where r,
denotes the fact that the basis functions of this IREP are even in k. For the conventional
singlet s-wave case, I' corresponds to the identity representation A;, for any point group,
with dimensionality dr = 1 and the basis function ¢(k) = (e, — |&&|), where 6(z) is the
Heaviside step function and €. is the BCS cutoff energy. Thus, in this case we see that

the pairing potential, Eq. (3.7), has the simple form

V

Vagas = =5 (102)ap(—102)55 0ec — [&])0ec — |&w]).
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In the case of triplet (S = 1) pairing, the spin-matrix is symmetric with respect
to particle exchange, and so the exchange of momentum is therefore anti-symmetric:
¢t(—k) = —¢t (k). From Eq. (3.8), it then follows that the triplet spin-matrix basis
functions satisfy qu(k) = an(k), dropping the superscript t. Recall from Section 1.4 that

the triplet spin-matrix basis functions have the form
L(k) = (i662) - i (), (3.9)

where I', denotes the fact that the basis functions are odd in k. For example, in the
triplet p-wave case that occurs in Sr,RuQO,, described by point group G = Dy, the
two-dimensional (dr = 2) IREP I" = E,, and the basis functions are given by

ky

pr(k) = 275 palk) = 27 (3.10)

Please note that we did not explicitly include the BCS cutoffs in these expressions. The
cutoffs will be included in the final expressions as needed.

Due to the complexity of the interacting system described by Eq. (3.1) it cannot be
solved exactly. In order to make progress, we apply the mean-field approximation to the

BCS Hamiltonian. To this end, we introduce the bosonic pair fields:

Ba(Q) = V Z ¢a aﬂ a’*k/ya &k‘HLﬁ’

) (3.11)
B(];(q) = Z ¢a aﬁ a'k;+q «a aik; B

where a = 1...dr, and then we can rewrite the interacting portion of the BCS Hamilto-

nian as follows: ]
T
Hipy ==V Y VY Bi(g)Ba(a). (3.12)
a=1 q

The paired electrons form a condensate which leads to an average field, and this
introduces a mean-field potential that is experienced by unpaired electrons. We evaluate
Hiny in terms of this mean field by setting B, = (B,) + 6B, (and Bl = (BI) + §BI),
where 6B, and 53}; are treated as small operators since the fluctuations away from the

mean field are weak. After direct substitution, it follows that:

Hipy = —vi vy (<B;> + 5@;) (<Ba> + 5Ba) , (3.13)
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and up to the linear order in 0B, and 6B}, we have:
dr
Ho = -VY VY [(Ba>*5Ba 4 OBHBL + (B (B,)] - (3.14)
= q

Next, we replace the small operators with their expressions in terms of the bosonic pair
field operator B, and its mean value, namely 6B = Bi — (B,)* and 6B, = B, — (B,)
and find:

mt_—vaZ[ (Ba)"(Ba) + (Ba)* Ba + Bi(B)] . (3.15)

The next step is to introduce complex functions 7,(q), which physically play the role
of the components of the order parameter. They are related to the expectation values of

the bosonic pair field operators as follows:

na(q@) = —=VV(Ba(a)), m.(q) =—VV(Ba(q))". (3.16)

The order parameter components 7,(q) introduced above are proportional to the coeffi-
cients in the expressions (1.108, 1.112) for the single-pair wavefunctions. By substitution

of this last expression into Eq. (3.15)), it is immediately clear that H;,, takes the form
Hi = 5 Z Z! na(@)l +ZZ ;) Ba(@) + Bi(a)n(a)] (3.17)
a=1 gq

and after using the definitions of the pair field operators, see Eq. (3.11), in this last

equation, we obtain the mean-field expression for the interacting part of the BCS Hamil-

tonian:

. 11 )

Hint = V Z ? Z ’na(Q)
o=t a (3.18)
dr

1 1 . R R R R
+ 52y [na(Q>¢Z,a5(k) (-t it g5 + 10(@) Paas (k) sy o aik,g] -
a=1 k,q
ap

To proceed with the derivation of the BAG equations, we introduce the gap functions



3 DERIVATION OF THE BDG AND ANDREEV EQUATIONS 61

A,p, which are the entries of a 2 x 2 gap matrix A:
04,6’ k q Z 77a ¢a 04/3

Zna aa,B

(3.19)

where the second expression denotes the a3-component of the Hermitian conjugate of A
in the 2 x 2 spin space. For example, in the singlet isotropic s-wave case (the original

BCS case), the gap matrix has the following form:

Alk,q) = ( —no(q) 77(0‘1) ) '

In this case the superconductivity is described by a single complex function 7, which is
the order parameter. For the triplet pairing, inserting Eq. (3.9) into Eq. (3.19), we obtain

the following expression:

dr
Alk,q) = ) nu(q)(i66s) - 1 (k)
a=1
(3.20)
= (i607) - d(k, q),
where we have introduced the spin vector order parameter
dr
d(k,q) = na(q)ps* (k). (3:21)
a=1

This spin vector is similar in structure to the single-pair spin vector d defined by Eq. (1.112).
Using the definitions of the gap functions, see Eq. (3.19), we can further simplify the

interacting part of the BCS Hamiltonian as follows:

]:Iint - ZZ |77a

4 o= (3.22)

11 . R . .
|:A045<k7 q) aJIE:—&—q,oz a“Jr—k:,B + Alﬁ(k7 q) A—k,a Ok+q,B| -

2V <

apB
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From here we introduce the 4-component Nambu spinor operators:

gy
i g, | i oAb .
A= | AL =(aky aly aier aoe ). (3.23)
Akt
.
Akl

Below we will express the mean-field Hamiltonian in terms of these operators.
We begin with the non-interacting Hamiltonian Hy, which in the general case can be

written as follows:

Z akzl @ 60&5 k17 k2) ks, 35 (324)

kl kz

where Eu5(k1, ko) = (K1, oo|(h — €r)| ko, B) comprise a 2 x 2 matrix &(ky, k). Here, h is
the single-particle Hamiltonian, which in general takes the form h = (h%/2m)k2+U(r) +
upB -, where pup is the Bohr magneton, B is an arbitrary magnetic field, and & is the
Pauli spin matrix vector.

Since the summation in Eq. (3.24) runs over all wavevectors (positive and negative),

we can split it into two sums and rewrite the equation as follows:

A

Hy = 2),252 aklagaﬁ<k17k2)akmﬁ'+ j{: 'y, 5 &pa(—Ko, —k1) Gopya,  (3.25)

ki,kg k1 kg
af af

where we have interchanged the summation labels ki <> ko, @ <> . Using the anticom-
mutation relation of the single-particle creation and annihilation operators {a;, d}} = 0ij,

and neglecting the constant resulting from the delta function, we find:

A 1 . X R A
HO = QV Z |:aL1,a gaﬁ(kl, k2) akQ,B - a—kl,oc ggﬂ(_kg, —kl) aik%ﬁ s (326)
k1,ko
aB

where we have invoked the identity for 2 x 2 matrix transposition, fgﬁ = {3q. Using
the Nambu operators introduced in Eq. (3.23), we can rewrite the expression (3.26) in a

more compact form:

. 1 [ &k k) 0 A
Ho= QVZA ( 0 &7 (—ky, —ky) )Ak” (3:27)

k1,k2

where the matrix in this last expression has the dimensionality 4 x 4, since f (K1, ko) is a

2 X 2 matrix.
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We now focus our attention on the interacting part of the BCS Hamiltonian. First,

we represent Eq. (3.22) as follows:

with
H) = ZZ!% : (3.29)
q a=l1
and .
(2 . . . .
H = 550 [Baslke @) gl + ALy (@) G g (330)
k,q

As in the non-interacting Hamiltonian, we wish to express the interactions in terms of a

summation over kq, ko, and we do so in the following way:

(2
Hl(nz = 2V Z Z [ 046 k q 5k1 k+q5k2 k O/Tkl « T—kg B

k. ki.k
512

(3.31)
+ Alg(k, q)Ok k1 Ok +q ks Akt dkz,ﬁ] :

We use the delta functions in this last expression to remove the summation over k,q,
then H® takes the form

int

b2 1 b X X
Hz(mz = w Z [Aaﬁ(kg, ktl — kg) aLha (lik%ﬁ + Alﬁ(kb kg - kl) [y, ak%ﬁ] . (332)
k1,ka
apB

Utilizing once again the Nambu spinor operators, Eq. (3.23), we have:

R 1 N 0 A(kQ kl — kg) N
q® = Al ’ Ag,, 3.33
nt =9y ,;2 k1 AT(kh ko — k) 0 k2 ( )

where the matrix in this last expression has dimensionality 4 x 4 since A is a 2 x 2 matrix
in spin space.
We are now in a position where we can express the BCS Hamiltonian Hpes = Hy +

H;ny in a compact form. From Egs. (3.27, 3.29, 3.33) it follows that, in the mean-field

approximation, the Hamiltonian can be expressed in the following form:

ZZ| Nla % Z A}::lﬁ(kla k) Ay, (3.34)

q a= 1 kl,kg
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where 7:[(k1, ks) is the 4 x 4 BAG Hamiltonian in momentum space, given by the expres-

sion:

(3.35)

. B E(key, k2) Alky, ey — ko)
H(kla kZ) - < AT(kth _ kjl) —gT(_kj% _k1> ) .

We wish to transform our expression for the mean-field Hamiltonian into position
representation. Recall from Eq. (3.19) that the entries of the gap matrix are defined in
terms of the order parameter components, and thus we must first transform the order

parameter components into coordinate space. This amounts to the Fourier summation:
1 i g
mr) =5 Y ml@er, n@ = [ e (3.36)
q

We see that a uniform order parameter n,(r) = 7, has as its Fourier transform 7,(q) =
Na f dre™'07" = VT]a5q,o-
We begin with the first term in Hyp. Using expression (3.36), we have:

dr dr
11 11 . B
VﬁZZ\%@!Q = VvZZ/dm/drg N (r1)na(ry)e’ e

q a=l q a=l (3.37)

dr
1 1 )
- d d * o - iq-(r1—r2)
Vagl/ "“1/ T2 na(ﬁ)?? ("“2) v Eq € ],

where the term in parentheses can be written as an integral over continuous variable q,

d"q iq-(r1—72)
) = (e — 3.38

/ (27T)n€ (7'1 7‘2) ( )
in the limit ¥V — oo, where n is the dimensionality of the momentum space. In this limit,
Eq. (3.37) takes the following form:

dr dr
Sy e = %Z [y [ drastr = raitronrs)

q a=1

(3.39)
dr
= X [

To transform the second term of expression (3.34) into the coordinate representation,
which we shall call H = I:IO + %

wnt)

we recall that a one-body operator O = >0

(with the summation over single-particle operators 6, e.g. p*/2m) is represented in the
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second-quantized form as follows:

O — > (Lol yata,, (3.40)

where O now acts in the Fock space for identical fermions Fy. In this last expression {|¢) }
is an orthonormal basis in 7 N 1, (£|6]¢') denote the matrix elements of 6 in this basis, and
a;, ap are single-particle creation and annihilation operators, respectively, corresponding
to the state ¢. This form is analogous to the second term in Eq. (3.34) if we take the
basis {|¢)} to be {|k,o)} (i.e. momentum-spin representation), but note that we have
suppressed the summation over spin states via the Nambu spinors. Here, our single-
particle operator is the BAG Hamiltonian 7:[, and one can see from its matrix elements in
|k, o)-space, Eq. (3.35), that it is a 4 x 4 matrix. In each of the 2 x 2 blocks of this matrix,
{o,0'} =t1,11,11, 11, and the fact that there are a total of 16 entries is a reflection of
the particle-hole symmetry of the Hamiltonian.

We will first perform the transformation into coordinate space using the bra-ket no-
tation, then show that we obtain the equivalent expression by a direct Fourier transform
of the Nambu operators. Inserting the resolution of unity in terms of the single-particle
basis {|r)}, 1 = [ dr|r)(r|, twice into H, we obtain:

. 1
H= 2V/dr1/dr2 > AL Rl (ry, o Hra, o) (ralka) Ay, ) (3.41)

k1,ko
(70"

where we have restored the summation over the spin states. Note that o =1, |, 1, ] labels
the rows of the spin matrix, and ¢ =%, ], 1, ] labels the columns, which gives the 4 x 4

matrix. Rearranging slightly this last expression, we have:

H= v /drl/drgz; (ZAkla kilry) ) (r1,0|H|rs,07) (Z<r2|k2>Ak2""> ’

k2
(3.42)

where the terms in parentheses are simply the single-particle Nambu field operators:
U, (r) = S (k|r) A, Ul(r) = Zk(kz|r>*fl;fw, which annihilate or create a particle at

position r with spin . We can then rewrite this last expression as:

1 ) A o
= ﬁ/d'l"1/dTQZ‘PL(T‘l)(T’l,U|%|T2,O'>‘Ifgx(r2)7 (3.43)
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and suppressing the spin indices we obtain:

- %/d'rl/drzlﬁT(rl)(m[?ﬂrg}\il(rQ). (3.44)

An alternative way to arrive at this expression is to directly consider the Fourier trans-

forms of the Nambu spinor operators, which are written as follows:

. . . . . T
where U(r) = [‘I!T(r), U (r), \Iﬂ(’r), @I(T)} are the 4-component Nambu field operators
introduced previously. After substitution of these last expressions into the second term
in Eq. (3.34), we find:

~

1 . . . . .
H = 2—]/2 Z /drl/dm @T(Tl)ezkl'rlﬂ(kl,kz)\Ij(’f’Q)@_ZkQ.TQ

k1,k2
(3.46)
1 ~ ~ A
= W/drl/drg U (r)H(ry, )W (1),
where )
H(ry,m) = 5 kzk efrm—ikaragy (o o)) (3.47)
1,R2

are the position-space matrix elements of the 4 x 4 BAG Hamiltonian 7—2, which acts on
functions of 7o, see Eq. (3.44). We can arrive at the same result from Eq. (3.44) by
inserting the resolution of unity in terms of the momentum eigenkets into the matrix
elements of H in coordinate space, since the eigenfunctions of the momentum operator
in position space are “normalized” plane waves.

We now focus our attention on calculating the matrix elements of the 4 x 4 BdG
Hamiltonian, Eq. (3.47), and to do this we first introduce a shorthand notation for the

gap functions that appear in the momentum-space matrix elements of H:

D(ky, ky) = A(ky, by — ko),  Df(ky ky) = Af(ky, ey — ky). (3.48)
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In this manner, expression (3.35) takes the form:

H(ky, ko) = < z“ z” ) , (3.49)
21 22

where each of the entries in the above matrix are 2 x 2 matrices given by: Hiyy =
E(ky, ko), Haa = D(ky, ky), Haor = Di(ky, ki), and Hyy = —E7(—kg, —ky). Here, the
Hermitian conjugation and matrix transposition are taken in the 2 x 2 spin space.

In k-space, the BAG Hamiltonian acts on 4-component Nambu spinor functions

) = (k) o (k), V3(k), va(k)]"

and so the eigenvalue problem 7:[@/12 = FE;1;, where ¢ labels the eigenstates, takes the form
ka Hmn(k1, k2)in(ke) = Eithipm(ky), where m,n = 1...4. Similarly, the action of
H on some arbitrary single-particle state ket [1): |¢) = H|¢)) can be represented in the

coordinate space as follows:

o(r) = (m]o) = (m|HIY) = / iy ([ F ) (). (3.50)

where the summation over the spin states is assumed, and has therefore been supressed
in the above expression. Recall that the matrix elements of # in the coordinate-spin
space can be expressed in terms of the k-space elements, see Eq. (3.47).

We look at the matrix elements of 2 x 2 blocks, see Eq. (3.49), and consider first the
clement Hi;. Assuming that the single-particle Hamiltonian Hy is diagonal in k and o,
i.e. in the absence of external field and disorder, the kinetic energy operator has matrix
elements &,5(k1, k2) = Vi, ky00,5€(k2), and thus ﬁll(kl,kg) = V0k, k,00&(k2). Using
Eq. (3.50) along with Eq. (3.47), we find:

qb(Tl) = /dTQ?'lll('f’l,'f'Q)?L(rz) = % Z /dT’QV(Skl,k,Qf(kQ)eikl‘m—ikz.mJ}(TQ)7 (351)

k1,k2

where 1;(7'2) is an arbitrary two-component function of o (labeled by o =7, ). This last
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expression can be further simplified and manipulated as follows:

S) = X [t i)
k1

= > / dry € <_iair1) k(=g (1) (3.52)
k1
= /d"“2§ (_Zﬁiﬁ> [Zeikl.(rl_m] h(ry),

k1

where the term in square parentheses in the final expression is simply Vé(r; — ry), see

Eq. (3.38). We can therefore write this last expression as follows:

Sr) = Ve (—iai) / drad(r — 72)ib (1), (3.53)

1
and carrying out the integration over ry, we have:

. ~ .0 ~
<Z5("“1) = /d’r27’l11(7‘177‘2)¢(r2) =V <_237) w("“l)- (354)
1
From this we conclude that the matrix elements of 7:[11 in the coordinate representation

are given by

N R 0
7‘[11(’)"1,7"2) = VO'of (—Za—> 5(1"1 — ?"2), (355)
1

where we have restored the reference to spin indices in this last expression.

One can use this result to immediately find the 2 x 2 matrix 7:[22(7“1,1“2). Since
S sk ky) = Epa(ky k), we have —£1 5(—ka, —k1) = —Vok, x,05.6(—k1). Taking
into account the symmetry of the kinetic energy in k, {(—k) = &(k), it follows that
Hao (K1, ko) = —Vik, 1,006 (ko) = —Hai (K1, ko). Consequently, it is clear that the matrix

elements of o in position space have the form

N R 0

HQQ(Tl,'rQ) = —VO'0€ <—Za—) 5(T1 - ’l"2>' (356>
1

We can now consider the off-diagonal elements of the BAG Hamiltonian, beginning

with ’}:[12. Proceeding in the same fashion as above, we look at the action of 7:[12 on an

arbitrary state in the coordinate space:

o(r1) = /dr2ﬂ12(T17T2)7;<7'2) = % Z /dr2€ikl'rlik?r?ﬁ(khkz)?&(ﬁ)a (3.57)

k1,k2
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and using Eqgs. (3.48) and (3.19), we have:

S dmZna B — k)b (R)e™ 7 R () (358)

k1 k2

Recall that ¢,(k) are the spin-matrix basis functions, see Eq. (3.9). Renaming k; =
ks + q, it follows that

ZZ / dry 0a(@)da(ka)e™> 7T (7y), (3.59)
a=1 k2,q

and then using the expression (3.36), we replace 7,(q) by its Fourier transform to obtain:

dr
o) = Y malr) ) / dry Gulka) e 1T ()
! k2 (3.60)

dr . 9 . 5
— Z T]a(’r’l) /d’f‘g ¢a (—Za—rl> Z 6“62.(7'1—1“2)77[](7-2)‘
a=1 k2

To obtain the second equality, we have used the facts that the derivative of the exponential
function pulls down the constants in the exponent, and that gga(k) is a 2 X 2 matrix
comprised of analytic functions of k. We can rewrite the summation over ks in terms of

a delta function, see Eq. (3.38), and then the above equation takes the form:

B = VS nr)d (—ai) [ rsstr = w2t
(3.61)

From the above expressions, it can be concluded that the matrix elements of H,5 in the

coordinate space have the following form:

0
ng ’l"l, ’l"g =Y Z 77a ’l"l (—Za—rl> (5(7'1 - 7‘2). (362)

We now consider the remaining element of the BAG Hamiltonian, 7:[21, via its action
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on an arbitrary two-component function in coordinate-spin space:

d(ry) = /dr27:[21(""1,"“2)7;<7‘2 v Z /d"“ ekt Dl (kg Ky )ib(r).  (3.63)

k1 ko
Using Eqgs. (3.48) and (3.19), it follows that
y 2 [ Zna ks — k)0 (ke TR (). (3.64)
k1 ks
Renaming again k; = ks + q, we find:
Z S [ nan-adlte + @t m ). (309
a=1 ka,q

Since the derivative of the exponential function pulls down the constants in the exponent,
and ¢ (k) is a 2 X 2 matrix comprised of analytic functions of k, this last expression can

be written as

3 13 P . L
r) =5 3001 (=ige ) S [dram(-q)etan i), (o0
k2,q

dr
&(w% o (‘a_>/ drzZna Jeiam 3" ey (3.67)

k2

and then it becomes apparent that we can replace n}(—q) by its Fourier transform, see

Eq. (3.36), and the summation over ky with a delta function, to obtain:

o(r) = Viﬁgi (—Zairl) 772(”‘1)/05"“2 (71— 72)ib(12)
! (3.68)

dr 5 i
= VY il (i ) mri).
a=1

From the last expression, we conclude that the matrix elements of ’Hgl in coordinate
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space have the following form:

dr
Hor(r1,m2) =V h (—ia%) 0 (r)d(ry — 7). (3.69)
a=1

Now we collect everything together, and from Egs. (3.44, 3.55, 3.56, 3.62, 3.69), it
follows that Eq. (3.34) takes the form:

e = 530 ) (3.70)

q a=l1
56 (0 dr ar
for oo | S0 s C)
S o (<) mir)  —og (—ig)
X0(ry — 7‘2)@(7“2),

which can be written in the more condensed form:

Hyp = %% > 2 1a(@)]” + %/dr@*(r)ﬁ\if(r). (3.71)

q a=

In this expression, we have renamed r; = r, and

L [ € A
(5 2) o

is the 4 x 4 BdG Hamiltonian, which is a Hermitian differential operator. In Eq. (3.72),

E— oyt (—z%)

A= imméa (—aﬁ) | (3.73)

A

We should point out that the matrix elements of the gap function operator A in

and

Eq. (3.72) in {k, o }-space were first introduced in Eq. (3.19). For singlet pairing, the ath
spin-matrix basis function has the form ¢, (k) = (i62)¢a(k), where ¢, (k) is an even basis
function of I'. In particular, for the conventional singlet s-wave pairing, dr = 1 and go(fc)
is independent of k, i.e. 30(12:) = 1 (neglecting cutoffs), thus A= ioon(r). Recall that

for triplet pairing with strong spin-orbit coupling, ¢.(k) = (i6:63) - @a(k), where @, (k)
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is a vector basis function belonging to I' which is odd in k. In the p-wave case, dr = 2
and the basis functions are given by @y (k) = 2k, /kr and py(k) = 2k, /kp. Since in the
coordinate space the arguments of the basis functions take the form k — —iV, the gap
function operator for the p-wave pairing is given by

“ . —tVy =AY
A = 7]1(7")0'1 —|—772(T)0'1 y.
kr kr

(3.74)

Next, we will relate the energy of quasiparticle excitations to the eigenvalues of 7:[,
and this is accomplished by performing a Bogoliubov transformation on the mean-field
Hamiltonian, Eq. (3.71). To facilitate the transformation, we first prove an important

property of the BAG Hamiltonian:

H = —KHK, (3.75)
where
0010
. 0001 016
K= (20 (3.76)
1000 601 0
0100

where the dashed lines separate 2 x 2 blocks. The second equality in this last expression

allows us to easily calculate the right-hand side of Eq. (3.75), which is given by

7 o SR N N
(o)) 0 AT —5 (o) 0
A R (3.77)
(&
= A ¢ )
To prove that Eq. (3.75) holds true, one must therefore show that
&=¢ (3.78a)
A* = —AT, (3.78b)
At = —A. (3.78¢)

Relation (3.78¢) follows directly from relation (3.78b), since A = (A*)* = (=Af)* =
—At*. To prove equation (3.78a) we consider the following argument: the kinetic energy

operator is given by & = 0&(—iV), so £ = Go&* (1V). Since the kinetic energy must
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be real, it follows that & = 6,¢(iV), and furthermore because £(k) = £(—k), one has
{"=060€(—iV) =&
To prove the relation (3.78b), we consider Eq. (3.73), whose complex conjugate is

given by A* = Y n;(r)QEZ(zV) Furthermore, it follows from the complex conjugate of
Eq. (3.8) that ¢7(iV) = —¢!(—iV), and thus one has

Ar= =S (r)dl(-iv). (3.79)

From Eq. (3.70), it is clear that At = Y QASL(—Z'V)U;(T), and, using the product rule of

differentiation, this last expression takes the form

A= (S=i9m(m)) + mi(r)dh(~iv)| (3.80)
The central assumption in the theory of superconductivity is that only electrons suffi-
ciently close to the Fermi surface are involved in pairing. Consequently, in the interacting
part of the Hamiltonian, Eq. (3.2), the summation is taken over wavevectors such that
|k|,|k'| ~ kp, and thus the typical values of q are much smaller than |k|, |k’|. In the
coordinate space this translates into a slowly varying order parameter, i.e. 7,(r) varies
on the scale of |g|™ ~ &, where £ is the correlation length. Since the Nambu field op-
erators vary on the scale of |k|™' ~ k', the terms containing the derivatives of 7,(r),
see Eq. (3.80), can be neglected compared to the derivatives of ‘i’('r) in the mean-field
Hamiltonian. As a result, the adjoint of the gap function operator takes the following

form:

A = Y nméi(-iv). (3.5)

and thus it immediately follows from Eq. (3.79) that A = —AT, and we can therefore
conclude that Eq. (3.75) holds true.

An important symmetry of the spectrum of the BAG Hamiltonian follows from Eq.
(3.75). To obtain this symmetry we consider the eigenfunctions of this Hamiltonian. If
(1) = [ur(r), uy(r), vr(r), v (r)]" is an eigenfunction of H corresponding to eigenvalue
E, then ¢(r) = K¢*(r) = [v?(r),vj(r),u?(r%uj(r)f is also an eigenfunction of #
corresponding to the eigenvalue — E. This can be proven by considering the BAG equation
Hyp = Evp. We have Hyp = 7:1(1%1/1*) = (ﬂk)@b* Using Eq. (3.75), along with the fact
that K2 = 1, it follows that HK = —KH*, and thus He¢ = —IA((’;':[QM* Furthermore,
because the energy eigenvalues are real, we have Hi) = —F (K V*) = —E@Z.

We use the fact that the energy eigenvalues of the BAG Hamiltonian always come in
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pairs (E, —F) to proceed with the Bogoliubov transformation of the mean-field Hamil-
tonian, via focusing on the upper half of the energy spectrum. We associate fermionic
operators y; and ﬂ with each state from the upper half of the spectrum, i.e. with E; > 0.
We can now introduce the Bogoliubov transformation, where we take the components of

the Nambu field operators, see Eq. (3.45), to have the following form:
byir) = 3 [ihlr+ ot
W) = 3 [y ol ]

) b | _ (3.82)
Wir) = Y |oir)vi+ o (m)vl]

Vi) = ) |ojr)yi+ " (r)¥]]
where the sum runs over the upper half of the energy spectrum only. By writing this in a
vector form, it becomes apparent that the 4-component Nambu spinors are transformed

as follows:
b(r) = Y [vilr)vi+ dilrvl]

W) = Y[l elel].

i

(3.83)

in terms of the eigenfunctions of the BAG Hamiltonian, (r) and (), which were
introduced above.

Substituting expression (3.83) for the Nambu field operators into the second term of
Eq. (3.71), we obtain:

% / bt (r) () = % / dz LV + L] H s (r)3 + G

= 5 X 3t [l +313] [ arvinie
+ Vi, / drip] (r)HY; (r) + V1V, / dr@(r)%(r)]- (3.84)

Due to the orthonormality of the eigenfunctions of H, it follows that the integrals in the
second and third terms in this last expression are identically zero (since the eigenfunctions

1; and 152 correspond to different eigenvalues). Evaluating the remaining two integrals,
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we arrive at the following expression:

1 . SN 1 A A
5 /dr\IJT(r)”H\If(r) = 3 ZEJ-%' (Yh’j —YND )

i?j

1 (3.85)
= 5B (V- v).

Using the anti-commutation relation for the fermionic operators, {f/z,f/j} =1, it follows

that this last equation takes the final form:
1 / b () HI () = -2 S B+ S Bl (3.86)
9 2 i 7 i AERE

Therefore, we can rewrite the mean-field Hamiltonian, Eq. (3.71), after the Bogoliubov

transformation as follows:
Hyp = (e-number) + Z Ev.. (3.87)

Here we recall that the sum is taken over the “upper half” of the energy spectrum of the
BdG Hamiltonian, where E; > 0.

From the Hamiltonian (3.87), we can see that E; > 0 are the energies of the elemen-
tary excitations in the superconductor. Physically this means that at zero temperature,
all states with energies in the lower half of the BAG spectrum (E; < 0) are filled, and
all of the states in the upper half of the spectrum are empty. At nonzero temperature,
quasiparticles with energies F; > 0 will be thermally excited, resulting in these states be-
ing filled according to the Fermi-Dirac distribution. These excitations become important
when considering thermodynamic quantities, such as the specific heat, spin susceptibility,
or thermal conductivity [29, 18].

One can obtain the eigenenergies E; by solving the BAG equation Hy¢ = Ei. How-
ever, even for the simplest kinetic energy in the effective mass approximation, (k) =
(k?* — k%)/2m*, the differential equations are of second order, and there is no standard
method to solve these equations. Luckily there is a more practical option for obtaining
the eigenenergies, provided by the semiclassical, or Andreev, approximation. In this ap-
proach, the second-order BAG differential equations are reduced to a set of two linear
first-order differential equations. In the following section we will apply this approxima-

tion, and derive the corresponding Andreev equations for the quasiparticle spectrum.
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3.2 Semiclassical (Andreev) approximation

Since in this work we consider a neutral superfluid, the interaction between the DWs can
only be due to their effect on the Bogoliubov fermionic quasiparticles. Recall from the
previous subsection that the quasiparticle spectrum for a non-uniform superconductor is
determined by the BdG equations, with the 4 x 4 BAG Hamiltonian given by Eq. (3.72).

In this work, we focus on the quasiparticle properties in the chiral p-wave states, in
which the gap function operator has the form given by Eq. (3.74). This form for A allows
the BAG Hamiltonian in Eq. (3.72), which operates on a four-component quasiparticle
wavefunction, to be written as a direct sum of two identical 2 x 2 matrices, denoted
by H Bdg- The four-component wavefunction is thus decoupled into 2 two-component

wavefunctions, which satisfy H BicVY, = EV,, where 0 = £, and H BdG 1s given by

Hpac = ( §=iv) d ) , (3.88)

i —¢(-iV)
with - -
—iV, —3
dz = 771 (,r‘) kF 772(7') kF . .

We should point out that o does not denote the spin projection of the two-component
wavefunction; in fact, the components of both spinors have mixed spin projections. From
this point, we may drop the label o and restore it where necessary in final expressions.
As mentioned in Sec. 2, we consider superconducting textures in two dimensions in
which the order parameter depends only on z. For a DW parallel to the y-axis, the
y-dependence of the quasiparticle wavefunction is equivalent to that of a free particle
(i.e. plane wave). It can be written as e*#¥W(x), where ¥(z) satisfies the two-component,

BdG equations for a given k,:

1.2 1.2
B AW
2m 22 | V=BT (3.89)
Af(x) _tz 0
2m*

with k, = —iV,, ko = (/k% — k2, and A(z) = d.(z) = ni(2)(ke/kr) + 12(2) (ky/kp).
To obtain Eq. (3.89), we made the assumption that the band dispersion is isotropic and
given by (k) = (k* — k%)/2m*, where m* is the effective mass. Note that k, is not an
operator here, and this reflects the fact that the system contains only x-dependence.
The DW order parameter A(z) varies slowly on the scale of 1/kr. Consequently, we

can apply the semiclassical (Andreev) approximation [60] and seek solutions of Eq. (3.89)
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in the form W (z) = e*=%¢)(z), where ¢(z) = (u,v)T is a slowly varying “envelope” func-
tion with electron-like (u) and hole-like (v) components. Due to the circular symmetry of
the Fermi surface in the zy plane, we have k, = k¢ for a given k,. It thus follows that
ko U(2) = exp(ikox) (ko — iV, )1h(z), and also k2W(z) = exp(Fikox)(—iVy £ ko) 20 ().
Substituting ¥ (z) into Eq. (3.89), from the first row of the Hamiltonian we obtain the

following equation:

1 ikox .
%ei ot [(—iV, & ko) — kg u(z)
+771_ [eizkoxv(x>] +n2_y [eizkoxv(x>] — Eeilko‘”u(:c),
k‘F kF

and there is an analogous expression that follows from the second row of the Hamilto-

nian. Simplifying this last expression by performing the differentiation and canceling the

exponentials, we obtain:

k.

v [-2iku(e) ~ Vo) + (m +mi ) ole) = im

2m*

(Vao(z))
kg

nlE o = Fu(x), (3.90)
where we have used the fact that k, = k.

As a consequence of the cylindrical symmetry of the Fermi surface, the direction
of semiclassical propagation of quasiparticles is defined by the Fermi wavevector kr =
(ky, ky) = kp(cos@,sind). It follows that k,/kr = cos@ and k,/kp = sinf, and since
cosf,sinf ~ 1 and ¥(z) is a slowly varying function, |V, ¢ (z)|/kr < ky0(x)/kp. This
allows us to neglect the terms containing the gradients of ¥)(z), and then Eq. (3.90) takes
the form:

— g Veu(x) + (m cosd + nesinf) v(x) = Eu(x), (3.91)

where vp, = vpcosf and vp = kp/m*. A similar manipulation of the equation obtained
from the second row of the 2 x 2 reduced BdG Hamiltonian, Eq. (3.89), will show that

1 (x) satisfies the Andreev equations:

(—ivF@Vx Ak, ()

Ay, () ivp,mv,,c) v=Ey, (3.92)

where Ag,. () is the DW order parameter for a given kg, which has the form
Ar, = 1m1(x) cos @ + ny(z) sin § = |Ap,. ()] @, (3.93)

F

In this last expression, |Ag, (x)| is the magnitude, and ®(x) is the phase, of the semi-
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classical order parameter.

The asymptotics of Ag,. for the chiral p-wave state are fixed by Eqgs. (2.2a) and (2.2b);
however, different models for the DW structure (see Sec. 2) lead to different forms for
the order parameter in the vicinity of the DW. While the exact shape is unknown, the

chiral p-wave order parameter far from the DW can be written as

A— = Akp(x << _€d> = AOGZH?

o 3.94
A+ = AkF(x > fd) = Aoezxe_w. ( )

In the single sharp DW model, the order parameter is uniform within the domains of
opposing chirality, changing abruptly at the boundary x = 0. Thus we have the following

form for A, in terms of its asymptotic values above:
Ak, = A_O(—z) + A, O(x), (3.95)
where ©(x) is the Heaviside step function. For two DWs, we have
Ag. () = A_O(—2) + A O(x)O(L —x) + A_O(x — L). (3.96)

There are two types of solutions supported by the Andreev equations: discrete bound
states (Andreev bound states, or ABS’s), for which |E| < Ay; as well as a continuum
of scattering states, where |E| > Aj. In the next subsection we will discuss the formal
properties of the Andreev scattering states. Subsequently, in Sec. 4, we will analyze the

bound and scattering states for the DW configurations introduced above.

3.2.1 Formal properties of the Andreev scattering states

We consider a single-DW setup as described in Sec. 2, with a DW of thickness &;, whose
order parameter asymptotics are given by Ag,.(z — +o00) = AL. At given energy, there
are two solutions ¢y (z) and g(x), corresponding to left- and right-incident scattering,

respectively, which have the following asymptotic form:

are' +rpfre i 1< =&
Yr(r) = C(E) 4
tL’YLequa T > gd

(3.97)

tryRe ", T < =&
Vr(z) = C(E) :

are " 4 rpBre'?®, x> &y
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where o), 8,,7, (p = L, R) are two-component constants which depend on energy, ¢ =
VE? — AL/|vp,| > 0, and C(E) is the normalization coefficient.

We see that there are two sets of the Andreev equations, corresponding to p) =
[uR(L), UR(L)]T, i.e. two directions of scattering. Let us temporarily rename Ay, (z) = A,
and then substitution of ¢, (p1 = R, L) into Eq. (3.92) gives

d
VgL 4 Av,, = Euy,, (3.98a)
dx
* . d/Upl
A U’pl + ZUF@% = EUpl. (398b)

We take the complex conjugates of the analogous expressions for 1, to obtain:

. du;z * % *
Z’UF,x_d:U + A UPQ = Eupz’ (399&)

* . dv;2 *
Auy, — Wrg— = = EBuvy,. (3.99b)

Subsequently, we multiply Eq. (3.98a) from the left by u; , and subtract from the resulting
expression Eq. (3.99b) multiplied from the right by v,,, to obtain:

d dvy,
—VF, <u* e s W vp1> = E(uy, up, — v, Up, ). (3.100)

In a similar manner, we multiply Eq. (3.98b) from the left by v7 , and subtract from the
result Eq. (3.99a) multiplied from the right by u,,, to find:

d du?
(o (U* e R “m) = E(v,,vp, — U, Up, ). (3.101)
Adding together Eqs. (3.100) and (3.101), it becomes evident that there is a conserved

quantity, i.e.

d
-
We define a new quantity W, ,,(z), which plays the role of the Wronskian of states
[E,p1) and | B, pa), where (z]E, p) — t,(x):

wr t,, — 05,0y, ) = 0. (3.102)

Wp17p2 = u;um - UzlvPZ =tr <w;1 &3wp2) ) (3103)

and since, according to Eq. (3.102), dW,, ,/dz = 0, it follows that W, ,, does not
depend on z. Furthermore, since W, ,, = const for all values of x, continuity of W,, p,

on either side of the DW for the four possible combinations of pi,p, leads to a set of
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conditions for the reflection and transmission coefficients.

The exact expressions for o, 5,,7, in terms of oz((]i) are derived below, see Eqgs. (4.5)
and (4.6) and the discussion thereafter. To facilitate the calculation of the four elements
of W,, p», We impose an additional factor of 1/ v/2 on the vector coefficients 0, Bps Vp-

After calculating the expressions (3.103) for all combinations of p;, ps, we have:

,
2
vpag | L= el € g

WL,L(QJ) = Oz(E) ) (3.104&)
E 2
L ’tL| 3 T > gd
_ltR|27 T KL —fd
Wer(z) = 02(E)Ung : (3.104b)

\|TR|2_17 .75>>§d
—ritr, T <K =&
Winp(z) = C2(E)2d : (3.104c)

FE
|fL7R T > &a
VE2q _t*RTLa VESS _fd
Werl) = C(E)— (3.104d)

\TEtL, x>y

Since W, ,, is constant for all x, we now invoke continuity across the DW in each of the

above four expressions to obtain:

Irpl® + [t2)* = 1,
Ire)* + |tel® = 1,

(3.105)
thR + t*LTR = 0,

t*RTL—FTEtL:O,

where there is a direct correspondence between the order of the expressions in Eq. (3.104)
and this last set of relations. It is clear that these relations are satisfied if |t,| = |tg| =
t,|rr| = |rr| = r = V1 —t2, and thus the scattering matrix defined by

/
S:( L rR) (3.106)
L tR

Further manipulation of the Andreev equations for the left- and right-incident scat-

is unitary, i.e. ST = S71.
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tering states reveals that there is another conserved quantity. We take the complex
conjugate of Eq. (3.99a), then multiply it from the left by v,,, and finally subtract it
from Eq. (3.98a) multiplied from the right by v,,, to obtain:

LUF, Um% dr vpz) = E(uplvm - Uplum)' (3107)

Similarly, we multiply Eq. (3.98b) from the right by u,, and subtract from it Eq. (3.99b)

complex conjugated and multiplied by wu,,:

: dvy, dvy,
Whz (d_;um — Up, d_;) = E(Uplum - up1vp2)' (3.108)

After adding Eqs. (3.107) and (3.108) together, the other conserved quantity presents
itself:

d
dr (tpy Vpy — Up, i, ) = 0. (3.109)

Consequently, we introduce

Wi pe () = Up, Vpy — Up, Up, = UtT (wz;la'ﬂ/}pz) ) (3.110)

and since dW,, ,,/dz = 0, this new quantity is constant for all values of z. Note that
because u,, v, are just functions, their order can be interchanged in Eq. (3.110), and
thus W,, , is by definition the Wronskian of the vector states |E, p;) and |E,p,). Quick
inspection of Eq. (3.110) reveals that W r(z) = —W;, g(z), and furthermore Wy, 1,(z) =
WR r(z) = 0, since the state | E, p;) is itself linearly dependent, necessitating a Wronskian
which is zero for all values of .

We calculate the element WR, 1, on both sides of the DW to find:

Wei = _02(E)%‘q sgn (E) AO : (3.111)
+
—~t, ®>&
Ag

and since Wg 1 (z < —&;) = Wrp(z > &), we recover another property for the trans-

mission coefficients:
tr Ay

tp A
We note that while relations (3.105) hold for an arbitrary DW configuration, this last

identity holds only in the case of a DW configuration with an even number of domains,

(3.112)
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i.e. one with Ag,.(z — £o0) = Ay, where Ay are defined in Eq. (3.94). For the two-DW
configuration considered in Sec. 2, for example, this exact identity does not hold because
Ag,.(x — £o00) = A_. As a second note we point out that the identities (3.105) and
(3.112) are independent of the exact profile for the DW in the region —¢; < x < &, , i.e.
of the model considered. In particular, these relations hold for the sharp DW models

considered in subsequent sections throughout the work.
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4 Quasiparticle properties of DWs

4.1 Quasiparticle spectrum for a single DW

In this section we apply the general results from Sec. 3 to obtain the quasiparticle spec-
trum of a single planar defect in the semiclassical approximation. We will calculate both
the bound state spectrum and the properties of the scattering states.

4.1.1 ABS energies for a DW

For a single DW the semiclassical order parameter in Eq. (3.92) is given by the expres-

sion (3.95). The solution of this equation corresponding to the bound states is given

by: A
+
Q :
W(z) = e Uel/lvral [ B F4Q sgnop, |, (4.1)
2’UF,33| 1

where Q = /A2 — E2, the upper (lower) sign corresponds to x > 0 (z < 0), Ay are de-

fined in Eq. (3.94), and the coefficient in this last expression arises from the normalization

condition:

| @i - 1

[e.e]
By equating the wave functions at the boundary between the two domains, we obtain

the characteristic equation for the bound state energy:

E+1Q sgnvp, A
E—iQsgnup, AL

(4.2)

To solve this last equation, we first introduce E = E sgnuvp,. Now E? + Q2 = A2
(a constant), and we use this identity to seek solutions for the energy in the following
form: E = Agcos© and Q = Aysin©. We also impose the restriction on the values
of © such that € is real and Q@ > 0. From Eq. (4.2), one can see that © satisfies

2i© i(20—x

e =e ), and consequently © = § — x/2 +7n, where n is an integer. Thus we have

E = Ag(=1)"cos(f — x/2), and the value of n is found from the condition mentioned
above (€2 > 0), which yields

sgn(sin®) =1 = (—1)" sgn [sin (6 — x/2)].

Taking everything into consideration, we obtain the following expression for the ABS
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energy [61]:
Eo(6) = Aos(8) cos (e - g) , (4.3)

with s(f) = sgn [sin (6 — x/2) cos@]. This expression is valid for an arbitrary phase
difference across the DW and it should be noted that, in general, the ABS energy is not
a continuous function of #. There are certain directions of semiclassical propagation at
which discontinuities occur: at § = +7/2, corresponding to a “grazing trajectory” where
the quasiparticles move parallel to the DW (in this case the Andreev approximation
is actually not applicable); and also at § = x/2 and § = x/2 + m, in which case the
quasiparticles do not “see” the DW, since A, = A_.

Fig. 11 depicts the structure of the ABS energy for several values of the common phase
difference x. In particular, if x = 7, then Eq. (4.3) yields £ = —Agsinf = —Aok,/kp
(see also Ref. [49]), which vanishes at k, = 0. The presence of zero modes is in fact
generic: the ABS energy vanishes at § = (x £7)/2, resulting in low-energy quasiparticles
bound to the DW. Taking the spin into account, we have two pairs of spin-degenerate

zero mode branches.

4.1.2 Andreev scattering states for a DW

We proceed in the standard fashion to obtain the reflection/transmission coefficients for
the Andreev scattering states in the sharp DW model. We consider the general form of

the quasiparticle wavefunctions on each side of the single DW:

Y_(x) = ASL_) ( gi— )€iq:r LA ( gs— > i

vi(z) = Af) @1t eiar 4 A a2+ et
B Bay

where the subscripts on the coefficients correspond to directions of propagation (left or

(4.4)

right), and the subscripts on the wavefunctions and the superscripts on the coefficients
“~7 (4) correspond to the region z < 0 (z > 0). After substitution of these expressions
into the Andreev equations (3.92), we find that the quasiparticle wavefunctions take the
form:
v_(z) = Ag:)a(([)eiqx + A(:)a(_;)e’iq""",
(4.5)

Yi(z) = Aﬁ)@éﬂeiq“”—l—A(_Ha(_J;)e_iqx,
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Figure 11: The ABS energy for a sharp DW as a function of the direction of the quasi-
particle propagation 6, for selected values of the phase difference across the DW: y =«
(top), x = 7/4 (middle), and y = 0 (bottom).
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where ¢ = \/E? — A2/|vg.| >0,

A:I: qUF 1/2
2+ (4 _> E
o [ B HTE) e
g =

qUF 1/2
1——’)
(-

and oz(_ﬂ;)

results from replacing ¢ — —¢q in this last expression.

Inspection of Eq. (4.5) reveals that the amplitudes of the waves incident on the DW
correspond to coefficients A(g) and A(f), while the outgoing wave amplitudes are given
by AD) and AS:F). Thus in the case of left-incident scattering, it follows that AS:) =1,
AT = rL, AS:F) = tr, and A = 0, where 7, is the left-incident reflection coefficient and
tr is the corresponding transmission coefficient. For the right-incident scattering, one has
AS:) =0, AD = tr, A(j) = rg, and AP = 1, where tz and rg are the right-incident
transmission and reflection coefficients, respectively. By equating the wavefunctions at
the boundary x = 0 (i.e. the location of the sharp domain wall) separately for each of
these cases, we find that the reflection and transmission coefficients have the following

form [61]:
; A_t B 2A_qupy,
E AT (A A qupe + (AL — ADE

Ay
Ag(Ay — A_) sgn(E)
(Ap + A )que. + (Ay —A)E

(4.7)

rr = Trrp=—

It’s easy to see that these coefficients satisfy the general properties (3.105), which are
independent of the DW configuration.

4.2 Quasiparticle spectrum for two DWs

It will be shown below that all quantities of interest, including the interaction between
the DWs and also the ABS spectrum, can be expressed in terms of the properties of
the bulk scattering states, encoded in the scattering matrix S, Accordingly, we begin
the analysis of the quasiparticle spectrum for the two DWs with the calculation of the

scattering matrix.

4.2.1 Scattering matrix for the two DWs

The scattering matrix S relates the amplitudes of the incident wavefunctions to the out-

going amplitudes, i.e. the amplitudes of the waves that are reflected/transmitted by
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the DW configuration. To facilitate the calculation of S, we perform a gauge transfor-
mation on the wavefunctions ¢ (z) to remove the phase in the order parameter Ag,., see
Eq. (3.93), that appears in the off-diagonal elements of the Andreev Hamiltonian. For the
two-DW setup described in Sec. 2, we can adopt a more convenient notation to describe

the order parameter in each of the three domains:

Nge'er, r<0, x>1L
e ={ N (4.

which can be further simplified to A, () = A¢e'®® | with ®(z) = ¢s = x — 0 in the
middle domain and ®(z) = ¢; = € in the outer two domains.

We denote the gauge-transformed wavefunctions by ¢ and define ¢ = U ¥, where U

. ) i®/2 0
_ ib(2)as/2 _ [ €
U=e < 0 6_@/2) . (4.9)

Note that this choice for the gauge-transformed wavefunctions is consistent with the order

is given by

parameter asymptotics far from the DW, i.e. 1(+00) = ¥(—00), in accordance with the
gap equation since Ay, (4+00) = Ag,(—00), and it is easy to show from this boundary
condition that ¢(+00) = 9)(—00).

Continuity of the original wavefunctions at the boundaries x = 0, L implies that
(+0) = ¥(—0) and (L + 0) = (L — 0); however, removing the phase from the order
parameter causes the gauge-transformed wavefunctions 1; to suffer a discontinuity in
the phase at the boundaries. In fact, one can easily verify that ¢ satisfy the following

boundary conditions:

Y(+0) = e 74(—0)
(L +0) = e7)(L — 0), (4.10)

where § = Ap/2, with Ap = vy — @1 = x — 26.
Although we have removed the phase ® from the off-diagonal terms in the Andreev
Hamiltonian, its derivative ® appears in the diagonal elements after the gauge transfor-

mation, so that 1; satisfies the equation

(-i%vx +vpa ' (2)/2 Ay

A, 108V + 0pa (1) /2) Y = Ev, (4.11)

with the same energy eigenvalues as the original wavefunctions. Due to the delta-function
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singularities of ®" at x = 0, L, we apply the gauge transformation separately in each region

ie. at all x # 0, L, where & = 0), and obtain:
(

. A - B
( wraVe  Bo )w — EY (4.12)
A0 “)F,arvx

in each domain. This last equation has the form of the Andreev equation in a uniform
superconductor, and as such can easily be solved. The solution must satisfy the “twisted”
matching conditions given by Eq. (4.10).

We focus on the scattering states, and for now we drop the tilde on the gauge-
transformed wavefunctions. For the continuum of scattering states, the quasiparticle

wavefunctions are linear combinations of plane waves:

P(a) = Age™® (u“> : (4.13)

1

where

E + qUF z ’
and ¢ = \/FE? — A2/|vp.| > 0. The subscript on the amplitudes of the wavefunction in
Eq. (4.13) corresponds to the direction of quasiparticle propagation (i.e. left or right).

We also introduce a superscript on the amplitudes of the wavefunctions in the outer two
domains (z < 0,z > L) to identify each particular region. Let the “—" superscript denote
the region x < 0, and the “+” superscript correspond to the x > L region. Then the
amplitudes of the waves incident on the DW configuration are given by AS:) and A(f),
while the outgoing (reflected and transmitted) waves have the amplitudes AS:L) and A7)

We then define the scattering matrix S as follows:

(A
=35 . (4.15)
A(—) A(+)

The scattering matrix is calculated by using the matching conditions in Eq. (4.10)
to eliminate the wave amplitudes in the region 0 < z < L and relate the amplitudes of

incident waves to those of the outgoing waves. In this way we find that our scattering
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matrix has the following entries:

(E? — A?)
(E? — Af) — Aj(e?a: — 1) sin* 0’
(E? — A2)[sind(icos§ — psind)(o — 1)] (e~24F — 1)
(E? — A3) — Af(e¥ak —1)sin’ § 7
(E? — A?) [sind(icosd + psind) (o + 1)] (e** — 1)
(B2 — A2) — AZ(e?ial — 1) sin?§ ;

Sll = S22 =

Sip =

(4.16)

521 =

with ¢, L, and § defined previously, and o = E/qup,.

From the Andreev equations it immediately follows that &5 is conserved, see
Eq. (3.102), and so this combination plays the role of the probability current density in
our time-independent system. Using the wavefunctions in Eq. (4.13), we can calculate the
probability current density in the outer two domains (z < 0, z > L), and imposing the
condition of continuity across each region, we find that our scattering matrix S satisfies
the following relation: St S = W, where W is given by

W 1—uf 0
0 wr —1)’
with uy defined in Eq. (4.14).

To conclude this subsection we note that, by considering scattering from the left and
right separately, one can relate the scattering matrix to the reflection and transmission
coefficients of the Bogoliubov quasiparticles in the presence of the order parameter tex-
ture. If, for example, there is a wave incident on the DW located at x = 0 from the left,
then we can set the incident amplitude AS:) =1, and we must have A =0, A(f) =t
and A(:) = ry, where t;, and r, represent the left-incident transmission and reflection co-
efficients, respectively. The right-incident transmission and reflection coefficients tg and
rgr can be introduced in a similar way, by considering right-incident scattering on the DW

at x = L. Then one can relate the scattering matrix to the reflection and transmission

S = (tL TR). (4.17)
rr IR

We should point out that since we have applied the gauge transformation to the quasi-

coefficients as follows:

particle wavefunction before calculating the scattering matrix, the reflection and trans-
mission coefficients obtained by this method are not equivalent to the ones obtained from

the direct Andreev calculation (without the gauge transformation).
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4.2.2 Reflection and transmission coefficients from direct Andreev

calculation

In this section we calculate the reflection and transmission coefficients by directly solv-
ing the Andreev equations, without gauge transformation, analogous to the calculation
in Sec. 4.1.2 for the single sharp-DW model. The sharp two-DW configuration consid-
ered here was introduced in Sec. 2, and has the order parameter distribution given in
Eq. (3.96).

We proceed as in Sec. 4.1.2 to determine the scattering states (|E| > Ap) for the
two-DW configuration, and find that the quasiparticle wavefunctions in each of the three

domains have the analogous form of Eq. (4.5):

U (z) = Agr_)oz((]_)eiq‘t—|—A(:)a(:q)e_iqz,

Ua(z) = B+ag+)eiqz+B_a(_J;)e‘iqz, (4.18)
s(a) = Afafenm 4 AP oo

where subscripts 1,2,3 correspond to the domains x < 0, 0 < x < L, and = > L,
respectively. The subscripts on the coefficients correspond to the directions of propa-
gation (left or right), and the coefficients are labelled by superscripts “—" (“+”) in the
regions z < 0 (x > L) to denote their relation to the reflection and transmission coeffi-
cients as in Secs. 4.1.2 and 4.2.1. In Eq. (4.18), ¢ = \/E? — A2/|vgp,| > 0, and ol are
two-component functions given by Eq. (4.6).

We consider again the left- and right-incident scattering separately to arrive at a
matrix equation for the reflection and transmission coefficients in both of these cases. For
the left-incident scattering, we have A(g) =1, AD) = rL, AP = 0, and A(:) = t;. Using
the matching conditions 11 (0) = 12(0), ¥o(L) = 13(L) for continuity of the quasiparticle
wavefunction, we obtain a set of four equations for the four unknowns ry, t;, By, and

B_. These equations can be written in the matrix form as follows:

A+ 1‘}"}/ &

-1 = 0 1+~
A_T—7~ A " VI—7
1 —v
—1 1 0 B, T—~
VIt
0 e A B
A A_ T+~ - 0
1 A
0 1 Y e g t 0
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where v = qup,/E. We solve this linear system using the mathematical software Maple,
and find that the amplitudes of the left-incident reflected and transmitted waves are

given by the following expressions:

. Ag (e — 1A A [A_(1+7) — AL (1 —7)]
4A+A,"}/26_2iql’
tL = )

D

(4.20)

where

D=[(Ar+A)% = (Ay A ) e + (Ap = AP (1 =97

Substituting the definition of ¢ into 7, we see 7 = sgnuvp, \/m /E. Consequently,
for large values of the energy, |E| > Ag, v — Sgnvpvx\/ﬁ/E = sgnup, sgnk, and
V1—=72 = A/|E| — 0. As a result, the numerator of 7, goes to zero, and since
D — [(Ay + A )*y2 — (A, — A)?] e 4] which is nonzero, it follows that r;, — 0 as
E — oo. This is intuitively expected since in the limit |E| > Ag, the quasiparticle is
moving so quickly that it does not “see” the DW configuration.

For the right-incident scattering, it follows that AS:) =0, AD = tr, AP = 1, and
AS:F) = rg. Using the matching conditions at the boundaries x = 0 and * = L, we
obtain again four equations for the unknown amplitudes rg, tg, B., and B_, which can

be arranged in a matrix form as follows:

0 _B+vity _B+ 1 TR 0
A_/1—~ A
1=
0 ] 1 -1 || B 0
I+~ o
AN ALVT—~v a L=y o1
—1 —_r I —2iqL 0 e~ 2iq
A A Vit B- VI+o
—1 1 1+76—2iqL 0 " 1+’7672iqL
1—7 R I
(4.21)

The solution to this last equation was again obtained using Maple, and the corresponding

right-incident reflection and transmission coefficients are given by:

Do DA A [A (L)~ A (1-1)]
R ‘E‘ D )

(4.22)
tr = 1,
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where D is defined above. It can be shown that these scattering coefficients satisfy the
formal properties in Sec. 3.2.1, namely, the relations in Eq. (3.105). Furthermore, we
note that tg/t, = A_/A_ =1, in accordance with the order parameter asymptotics at
x — £o00, see Eq. (3.112) and discussion thereafter in Sec. 3.2.1. One can further check

that ’TR|2 = ‘TL|2.

4.2.3 Bound state spectrum from the scattering matrix

We now proceed with the calculation of the bound state energies in the two-DW model.
Rather than using the direct Andreev calculation similar to that performed for the single-
DW case, we begin with the scattering matrix for the two-DW setup, see Eq. (4.16). This
expression will ultimately be used to evaluate the interaction energy between the DWs in
Sec. 5.3. The ABS energies are obtained from the poles in the scattering matrix entries,
after analytical continuation to the real energy axis within the interval |E| < A,.
Consequently, we begin by determining the poles of the entries in the scattering matrix
to recover the bound state energy for our two-DW setup. We must analytically continue
¢ in the complex energy plane to the energies in the subgap region |E| < Aj. Defining

the dimensionless energy e = F//A,, we rewrite

P /= R R/ | (4.23)

 |opg ~ wp|cos|

We also introduce the correlation length £ = vp /A (recall that we use the units in which
h = 1) and define dimensionless distance L = L/¢ to rewrite gL = L\/e2 — 1/| cosf)|. For
the bound state energies with |e| < 1, we have ¢L = +iLv/1 — €2/| cos 8], and so we have
to choose the correct branch of ¢ before proceeding further. To this end, we consider the
function w(z) = v/22 — 1, which has two branch points: one at z = 1, and the other at
z = —1. We choose the branch to ensure that w(z) is real and w(z) > 0 if z is real and
|z| > 1, in accordance with the definition of ¢, see Eq. (4.23). One can select the branch
cuts to run parallel to the imaginary axis, from +4 to £Aq F 700, and then the correct
choice is w(z) = +iy/1 — 22 for z along the real axis within the interval [—1, 1].
To simplify the denominator in Eq. (4.16), we define a new variable a(¢) = e*4l =
e~2LV1=€/lcosbl  Then from the poles in the scattering matrix entries we derive the

following equation for the bound state energies:

€ —cos’§ — asin?§ = 0, (4.24)

The presence of € in & makes obtaining an analytical solution for the energy nearly
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impossible. Consequently, we solve this equation numerically to obtain a profile for the
ABS energies. To illustrate the effect of L on the spectrum, we present the results for
x = 7 in Fig. 12.

To make analytical progress, we can consider Eq. (4.24) for small values of &, which
physically corresponds to large DW separation. Expanding this equation in powers of &

up to linear order, we obtain the following result:
a.
€ = %] cos | 1+§tan J). (4.25)

The two DWs become decoupled at & — 0, which occurs for either the grazing trajectory
0 = +7/2, or for the DW separation L — oo. This is because, if a particle travels on a
path which is nearly tangential to the first DW or if the DWs are infinitely separated, by
the time the particle reaches the second DW it will have no memory of the first one. In
this case, we recover the same shape for the ABS energy Ey(6) associated with the single
DW configuration, see Eq. (4.3), but the dependence on s(f) has been lost. The DW
located at = 0 is associated with bound state energies corresponding to Fy(f), while
the anti-wall at = L corresponds to —Fjy(f), and consequently, our energy curves for

the two DWs have two branches, as shown in Fig. 12.

4.2.4 Bound states from the direct Andreev solution

We briefly review the DW configuration under consideration in this section. Recall that
in the semiclassical approximation the order parameter can be written as Ag,(z) =
A_O(—x)+ A 0(x)0(L —x)+ A_O(x — L), where O(x) is the Heaviside step function.
We consider the bound state wavefunctions separately in each of the three domains: (1)
x<0,(2) 0< 2z < L,and (3) x > L. The total x-dependence of the quasiparticle
wavefunction in this approximation takes the form ¥(z) = e®*+%¢(x), where k, = £k
and ¢(x) = (u,v)’ is a slowly varying two-component envelope function which satisfies
the Andreev equations (3.92). In region (1) with Ay, = A_ = Age®, we seek solutions
which are bound to the DW: ¢, (x) = C}(ay, £1)Te*1® where O is an energy-dependent
normalization constant, a; and (; are components of a constant spinor, and k; = ik,
where k1 < 0. Solving the Andreev equations for this expression, we find that the

quasiparticle wavefunction is given by:

( ) Aoeiﬂ
< i x) ) =Cy | E+iQsgnog, | e el/lonal (4.26)
1
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Figure 12: Bound state energy for the sharp two-DW model with x = , for varying
dimensionless DW separation L = L/¢. From the top: L =5, 1, 0.5.

where Q = /A2 — E? > 0, and thus £, = —Q/|vp].
In the second region 0 < z < L, we do not have to worry about the quasiparticle

wavefunction blowing up, and we can therefore seek solutions to the Andreev equations

which are linear combinations of positive and negative exponentials (

eFh27) - Solving

the Andreev equations in this region with Ay, = A, = AgeXe ™ we find that the

wavefunctions have the form

Aoez‘xe—ie
= Cy1 | E—1iQsgnvp,
1
AgeXe= "
+ Cho | E+i€d sgnup,
1

where Cy; and Cy o are energy-dependent constants.

o 0/lvr]

GQI/lvF,z|7

(4.27)

In region (3), we again seek a solution comprised of a single exponential function to
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keep the quasiparticle localized to the DW. In this region we find

( ) Aoel
( o 1’) ) =0y | E—iQsgnup, | e el/loral, (4.28)
1

Now we are in a position to discuss the bound state energies. In the sharp-DW
model we consider here, the DW thickness £; — 0 and thus the order parameter changes
abruptly at the boundary between the domains, i.e. at x = 0, L. Therefore, for the
quasiparticle wavefunction to be continuous across all of the domains, we must have the

following conditions hold:

¥1(0) = 1(0) —>{
(4.29)

VYo(L) = 3(L) —>{

Substituting the wavefunctions (4.26), (4.27), and (4.28) into this last set of relations,
we obtain four equations for the bound state energy, which can be arranged in a matrix

form as follows:

E +14Q sgnvp,

1(20—x) -1 0 C
‘ E —1Q sgnvp, !
1 ~1 ~1 0 Coa | 0
0 1 E —iQ SENVE x eQQL/‘vFYZ‘ _ei(gg_x) 02 5 '
E +1iQ sgnvp, ’
0 | ¢20L 0| 1 Cy
(4.30)

To obtain a nontrivial solution of this last equation, the determinant of the matrix must
be zero. To facilitate the calculation of the determinant, we introduce a shorthand
notation:

E +1iQ sgnvp,

E —iQ sgnvp,’

= 2/l (4.31)

B = ei(29—x),
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and then the matrix in Eq. (4.30) takes the form:

6 — —1 0
1 -1 -1 0
M(E) = 0 1 o 5 (4.32)
€
0 1 a -1

By setting the determinant of M (F) to zero, we find that the ABS energy satisfies the

following equation:

(B—1)2+a(§—62—1+66) =0. (4.33)
In the limit of large domain wall separation L — co, we have @ — oo and so the first
term in Eq. (4.33) can be neglected. Consequently, in this limit we recover the following

equation for the bound state energy:

(B - é) (c—p)=0, (434)

which has two solutions: one for each single domain wall, as the two DWs are essentially
decoupled at L — oo. The first solution, € = f3, is equivalent to the equation obtained
for the bound state energy of a single DW located at x = 0, see Eq. (4.2), and the other
solution corresponds to the anti-wall located at © = L, and is given by ¢ = 1/5. We
can further employ an analogous approach to the one used in obtaining Eq. (4.2), to find
that the bound state energy for the second DW is indeed given by E = —FEy(6), where
Ey(0) is defined in Eq. (4.3).

We now consider the case of arbitrary L and introduce a new variable & = 1/a.

Rearranging Eq. (4.33), we then arrive at a quadratic equation for e:
Be* — [(1+B%) —a(l—B)*le+B=0, (4.35)
and applying the quadratic formula, we find
e=y+iv1—y2 (4.36)

where y = [(1+ 8%) — a(1 — 8)?] /28. Recall that ¢ is a function of E and as such, we
use Maple to isolate E in the left-hand side of this last equation, to obtain the following
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implicit expression:

A
E =+ sgn(vpy)—= [(1 4 &) + (1 — &) cos(20 — x)]"/2. (4.37)
V2
As in Sec. 4.2.3, we introduce a dimensionless notation by defining ¢ = E/A,, as well
as a characteristic length scale £ = vp/Ay, which determines the spatial extent of pair

correlation. We can then introduce the dimensionless distance between the DWs, L =
L/¢, and so & takes the form:

G = ¢ 2LV leostl, (4.38)
Due to the presence of & in Eq. (4.37), obtaining an analytical expression for the bound
state energy is not feasible, and consequently we use Maple to solve it numerically. The
results are equivalent to those obtained in Sec. 4.2.3 (see Fig. 12 for the effects of L on
the bound state spectrum in the case x = ), which is not surprising given the fact that
expressions (4.24) and (4.35), each obtained through different approaches, are the same.

By appropriately manipulating Eq. (4.35), i.e. substituting the definition of € in terms

of E and carefully rearranging thereafter, we find that this implicit expression can be
written as follows: )
»  (1+5)

1 — 2
€ — + 54( b)
4p 4p
where we recall that € is the dimensionless energy. From the definition of 5, Eq. (4.31),
it is easy to show that (1 + 3)%/48 = cos?(6 — x/2), and (1 — 3)?/43 = —sin®(0 — x/2).

Thus we recover the same equation for the bound state energy as the one obtained from

—0, (4.39)

the poles in the scattering matrix entries, Eq. (4.24).
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5 Interaction between DWs

In this section we calculate the interaction between domain walls, which is mediated by
the scattering of quasiparticle excitations. The free energy of an arbitrary nonuniform
superconducting texture can be expressed in terms of the Fredholm determinant of the
BdG Hamiltonian, and for a system with a two-component order parameter in zero

magnetic field, it has the following form:

— Hpac 1 / 2 2N 2
=T In Det — d 5.1
E nDe ( P >+V (’771\ + 12| ) T, (5.1)

where F is the total free energy of the system measured with respect to the normal
state with A(z) = 0, Hpag is the BAG Hamiltonian defined by Egs. (3.88) and (3.89),
Hy is the normal-state BAG Hamiltonian, w, = (2n 4 1)7T is the fermionic Matsubara
frequency, and V' is the coupling constant in the chiral p-wave channel. The derivation
of Eq. (5.1) is presented in Ref. [62].

We introduce the free energy difference between the nonuniform and uniform super-
conducting states 0F = Fponuniform — Funiform, Where the nonuniform state has two DWs.
From Eq. (5.1), we have:

= —TZ In Det

1
by [P =Py 52)

— Hpac

o O
Wn HBdG

where n© and H gﬁG denote the order parameter and the BAG Hamiltonian corresponding
to the uniform chiral state. The total free energy in the two-DW system depends on the
separation between the DWs L via the eigenvalues of H Bda, and thus the expression (5.2)
varies with L. Since the DWs are decoupled at infinite separation, 6.F (L — oo) gives the
self-energy of two DWs, measured with respect to the uniform superconducting state.
We are now in a position to introduce the interaction energy between the two DWs, F,
which is simply the difference between the free energy at arbitrary DW separation L and
the self-energy of the two-DW configuration, i.e. Fy = 0F (L) — 6F (L — 0).

For the sharp two-DW model introduced in Sec. 2, we have |n|? = 2A2 in each of
the three domains. Furthermore, the order parameter for the uniform state n(® is also
independent of the DW separation, and consequently the second term on the right hand

side of Eq. (5.2) vanishes. Then the interaction energy takes the form

Fint = F(L) = F(o0), (5-3)
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where

= —TZlnDet

The logarithm of each of the Fredholm determinants in Eq. (5.3) can be written as follows:

_g] i [_E

Wy, BIG E )

(5.4)

HBdG@)]
a2k y
~ 03

In Det (5.5)

where 7 is a set of quantum numbers labelling the eigenstates of the 2 x 2 BdG Hamil-
tonian, see Eq. (3.89), at given DW separation L, E; are the corresponding eigenvalues,
and Ei(o) are the eigenvalues for the uniform chiral state.

The sum over the BAG spectrum in Eq. (5.5) can be expressed in the semiclassical
approximation as a sum over the eigenvalues of the Andreev Hamiltonian H A, defined by
Eq. (3.92), as follows:

Sy = 2eNety [T o] Y (5:6)

i

where Np = m*/27 is the density of states at the Fermi level in two dimensions per
one spin projection, ¢, is the length of the DW, kr defines the direction of semiclassical
propagation of the quasiparticles, and j labels the eigenstates of the Andreev Hamiltonian
at given kr. Recall from Sec. 4.2.1 that the quasiparticle wavefunctions satisfy ¢ (400) =
1(—00) in accordance with the gap equation, so we have appropriately placed our system
in a box of dimensions ¢, = ¢ and ¢, (with ¢ — o0), and imposed the periodic boundary
conditions.

It follows from Eqgs. (5.3, 5.4, 5.5, 5.6) that the interaction energy per unit DW length
is given by:

Fiu(L) = —QWNFTZ/ —]vm\ [In D(iwy; L) — In D(iw,; 00)] (5.7)

with

D(z) = H 2o b (5.8)

where E; are the eigenvalues of the Andreev Hamiltonian at given kp for given DW

separation L, and EJ(O)

are the eigenvalues of this Hamiltonian corresponding to the
uniform chiral state.

As in Sec. 4.2.1, we perform a gauge transformation on the Andreev wavefunctions
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to remove the phase ®(z) from the order parameter, with the corresponding eigenval-
ues unaffected. After the transformation, the Andreev Hamiltonian can be written as
HA = I:II(f) + (51':[, where ﬁﬁlo) = —WF; V403 + Aoy is the Andreev Hamiltonian for the
uniform chiral state, which now has A, (z) = Ag, and 6H = vp, P (x)60/2 is a local-
ized perturbation, see Eq. (4.11). Adiabatically switching on the perturbation, there is
a one-to-one correspondence between the eigenvalues of H,4 and ]flﬁ,o).

We should note that the gauge-transformed wavefunctions satisfy 1)(c0) = ¢h(—00),
which is consistent with the periodic boundary conditions imposed above. Furthermore,
these boundary conditions are compatible with the Hermiticity condition for the gauge-
transformed Hamiltonian H 4. To illustrate this, we consider the matrix element (ﬁ )12

in some arbitrary basis |1)) (not necessarily the eigenkets of the Andreev Hamiltonian),
which can be written as follows:

2 42 —1 a:vz 0 ~
(0 |[fa] 0 ) = / ot o) [( “’g v ) +i(x) () (5.9)

where w(x) is a Hermitian matrix which contains no derivatives. Multiplying through

the matrices, this last expression takes the form:

—t/2

. /2 y
(Ha)iz = / dx [_iUF,zUT(VxUQ) + 1pL v (Vavz) + (u] v7) () (UQ)] 7
2

and after integrating by parts we obtain:

. /2

. . . 0/2 . . .
(Ha)12 = — tvp, (ujug — vjvg) {—/4/2 + p, /e/ dz (usV u] — voV,07)
02

+ (¢ [@] o) - (5.10)
Equation (5.10) can be further simplified as follows:
¢/2

<zZJ1 ‘ﬁA)¢2> = S+/_£/2 dz (uy vo) HY (Z:lj) , (5.11)

1

where § = —ivp, (ujuy — vivg) ‘E_/;/? If H, is to be Hermitian, then <1/11 ﬁA‘ 2/12> * =
<1p2 H A‘ w1>, and since w is Hermitian this can hold only if § = &* = 0. Thus we

have the property tr (1@631&2) ’11/22/2 = 0 for any 11, 5. Then it follows that the peri-

odic boundary conditions are consistent with the Hermiticity property of the Andreev

Hamiltonian.
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Now we will evaluate the Fredholm determinants in Eq. (5.7). To this end, we in-
troduce the 2 x 2 transfer matrix M (z; E) which acts as an z-evolution operator for the

quasiparticle wavefunctions at given energy E: ¢(z) = M(x; E)(—¢/2). We define the

transfer matrix to satisfy the following conditions:
(ﬁA . E) M(z; E) =0,

\ (5.12)
M (—£/2; E) = 6.

These conditions hold for arbitrary values of E. It follows from the periodic boundary
conditions that the quasiparticle wavefunctions satisfy [69— M (£/2; E)]t)(—£/2) = 0, and
this quantization condition leads to the characteristic equation for the eigenvalues of H A,
given by det |69 — M (¢/2; E)| =0, where det (---) is a 2 x 2 determinant.

We also define another transfer matrix Mo(x; E), and this matrix satisfies the same
conditions as M (z; E) in Eq. (5.12), but for the uniform state Hamiltonian f[j(f). From

here we can introduce a new quantity d(z), which is defined by the following expression:

B det [&O—M(E/Q;z)}

d(z) (5.13)

et [0 — Mo(t/2:2)|

Both D(z) and d(z) have zeros at z = Ej, as well as poles at z = EJ(»O). For |z| — oo,
which physically corresponds to large values of E, the quasiparticles are not affected by
the superconducting order parameter. Consequently, Hy — I:Igo), and both D(z) and
d(z) — 1. Due to these properties, we have

D(z) = d(2), (5.14)

see, for example, Ref. [63] for review. This is a significant result because we have been
able to express an infinite dimensional Fredholm determinant in terms of the determinant

of a 2 X 2 matrix.

5.1 Relating the determinants

To present a general derivation of Eq. (5.14) we start with the general Andreev Hamil-

b <_wF,xvx Al) ) | (5.15)

tonian, given by

A*(z)  ivp,V,
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Note that, compared to Eq. (3.92), we have dropped the subscript in the semiclassical
order parameter in the above Hamiltonian, i.e. Ag,(z) — A(z). Applying a gauge
transformation as in Sec. 4.2.1 with U = ¢i®@)%/2 the gauge-transformed Hamiltonian
takes the form H = U HU. Since the matrix U is unitary;, Ut = Uﬁl, it follows that
H = U'HU. From now on we drop the tildes, and after the gauge transformation, we can
rewrite the Andreev Hamiltonian as H = ng)) +6H , where PAII(L‘O) = —Up03Vy + Do0y
is the uniform-state Andreev Hamiltonian, and 6H = vp,® (2)60/2 + (|A(z)| — Ag)dy
is a perturbation. This expression holds without reference to a particular profile for
a configuration of planar defects running parallel to the y-axis. Since |A(x)] — Ag
for |z| — oo regardless of the model considered, §H is indeed a localized perturbation.
Furthermore, ®(z) changes only in the vicinity of the defect, and for a physically realistic
profile of the DW | it is a smooth continuous function without singularities. In the sharp
two-DW model, 6 H = vp, @' (2)60/2, and &' () takes the form of a delta function centered
on the DW, where the phase of the order parameter changes abruptly.

To proceed with the derivation, we now introduce the following Green’s functions:

~

G(z) = (z — ]:IA>_1 , Go(z) = (z — I:IS))>_1 : (5.16)

and we will show that these functions can be related to the Fredholm determinant D(z)
and to d(z). The Green’s function is a 2 x 2 matrix in the electron-hole space, whose

matrix elements in the x-representation have the following form:

(z, afi) (il2", B)

Gop(z,2';2) = (z,0|Gl2’, B) = Z (5.17)
Here a, f = 1,2 label the electron and hole components and (x, ali) = ¢; o(z) are the
two-component eigenfunctions of the Andreev Hamiltonian, satisfying H Alt) = Ej|i),
with ;1 being the electron-like (u) component, and ;2 the hole-like (v) component.

The expression (5.17) can be written as follows:

. b
Goplz,2';2) = Z —Q/J‘Yfszﬁ (x ). (5.18)

We are now in a position to make the connection between the matrix Green’s function

and the Fredholm determinant D(z). The trace of the Green’s function is simply the sum
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of the diagonal entries given in Eq. (5.18) for all values of x:

. £/2 1
TIG:/ deGaa(%ZL’;Z):ZZ_EA

—1)2

0/2

dr Y via(@)yl (z).  (5.19)

—t/2

By imposing a standard normalization condition on the quasiparticle wavefunctions

/ e [Vl @)i()] =1,

-

we ﬁnd
T § - E — 2

and the trace of Gy is given by an analogous expression, in terms of the eigenvalues of

the uniform-state Andreev Hamiltonian I:IEXO).

Now we consider the Fredholm determinant, Eq. (5.8), noting that

nD(z) =Y [m (:— E)—In <z . Efm)] ,

)

and therefore

0 1 1
From this last equation, and in view of Eq. (5.20), it immediately follows that
o .
S-D(z) = Tr (G - GO> . (5.22)
z

We are now in a position to relate the Green’s functions to d(z), which reduces the
calculation of an infinite determinant to the determinant of a 2 x 2 matrix. From the
definition of G(z), Eq. (5.16), it is clear that (z — H4)G = 1. Using the spectral form of

the Green’s function, given by
- i) (i
G = _—

one can easily see that (z — H A)G acts as the identity operator in the coordinate and

electron-hole spaces, and therefore it follows that

(z,0|(z — H)G|2', B) = 6(z — 2')04p. (5.23)
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Inserting the resolution of unity [dz"3"_ |2",7)(z",~| = 1 into Eq. (5.23), we find

[ S wale = Bl ) Goala ) = 6 = Vs, G20

~

The first matrix element on the left-hand side can be written as follows:
(,al(z = Ha)la",7) = 28(z — 2")0a — (@, al Hala”,7) = 20(z —27)0u, — (@l Haanla”),

where |x) are the eigenkets of the position operator and H A~y are the matrix elements

of the Andreev Hamiltonian. The latter form the following 2 x 2 matrix:

1
: 0p e TlBal2) + Sopa (0l (2)| ') EINGIS
(ol ala’) = T T
(el A) 1) ~vra{elpele’) + Loraal® () la")

(5.25)
For the matrix element of the momentum operator, we insert the resolution of unity

in terms of the momentum eigenstates |p) twice into the expression to find

(alpal’) = / dp / a2 |p) (plpelp') 7|

_ / dp @)y (5.26)
0 , ) 0
= —— pr(x_z) = —7— — !
Za$/dp$e Zaxé(m x').

Similarly, for a function which depends only on the position operator, such as V' (z), it
can be written in the spectral form V(2) = [ daV (z)|z)(z|, where |z) are the eigenstates

of the position operator. Thus we have

|V (2)|2"y = /de(x)(S(m’ —z)0(z — ")
(5.27)
= V(o' —2"),

and therefore (z|®'(x)|z') = ®'(x)d(x — ') and (z||A(z)||2") = |A(x)]d(x — 2').
Using the above expressions for the matrix elements of H4, Eq. (5.24) takes the
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following form:

1
2+ ivp Ve — —vp, P (x) —|A(x)]
/dm” " 2" 1 §(x — ")
—|A(x)] 2 — sV — Evp,x(I)’(a:)
XG (2", 2';2) = 600 (x — ). (5.28)

We perform the integration in this last equation and obtain:

1
2+ ivp Ve — zvp @' () —|A(x)]
2 1 G(x,2';z) = 6od(x — a').
—|A(x)] 2 — gV — 51)]:‘7;,;@/(27)

(5.29)
Using a similar treatment with the uniform-state Andreev Hamiltonian yields an analo-

gous result:

( zZ+ ivF,xvx _AO

Go(z, 2’5 2) = 600(x — 7). 5.30
—A, z—z'vp@Vx) o(@,2) = 6od(z — ) (5.30)

We then conclude that the matrix elements of the Green’s functions satisfy the following
identities: R
(z — Ha)G(x,2';2) = 69 6(x — '),

. (5.31)
(z — H?)GO(:E, x5 z) =69 0(x —a').

From the periodic boundary conditions, along with Eq. (5.18), it follows that the

matrix Green’s function satisfies the condition
G()2,2';2) = G(—L/2,2; 2), (5.32)

and so does the Green’s function for the uniform-state Andreev Hamiltonian, Go(x, z'; z).
Of course, this periodicity holds for 2’ as well, but we focus on the z-dependence only.

From Eq. (5.31), it becomes apparent that one can seek G(z,2’; z) in the form

M(x;2)A(z'; 2), = <a

~

G(z,2';2) = A
M(z;2)B(2';2), x>,

(5.33)

where M(x;z) is the transfer matrix defined in Eq. (5.12). We seek an analogous ex-

pression for the uniform-state Green’s function. In this way, we satisfy the condition
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(z — Hy)G(x,2';z) = 0 for all  # 2/. Note that because of the delta-function in
Eq. (5.31), it follows that G(z,2’; z) is discontinuous at = = 2/, and this discontinuity
must be addressed.

Substituting the gauge-transformed Andreev Hamiltonian into Eq. (5.31), we obtain

the expression
. ~ a ~ 2 / ~ /
[z + U Aoy — 5H] G(z,2';2) = 6pd(x — 2'), (5.34)
x

with 6 H defined earlier in this section. We can write this last equation as

5 ” A .
{% — Z)Z‘i <z AN §H>} G(x,2';z) = —ZZZ’C&(Q: — ), (5.35)
and integrate over the discontinuity to determine the nature of the singularity in G(z, 2’; 2)
as follows:
' +e o - A ' +e€ R
/ dx [—G(:B,x’; z)} _ 19 / dx [z — No61 — 0H | G(z,2';2) =
o e ox Vrz Jor—e

6y [T 5.36
203/ drd(x — ). (5.36)

UF,J,‘ [

This last expression can be simplified to
' 4€ ’L

G@' +ea';2)— G —ea';2) + / dr[---]G(x,2';2) = ———03, (5.37)

z'—e Vpa

where the terms in parentheses in the above integral are nonsingular. Taking the limit
e — 0, the integral on the left-hand side vanishes, and we find that the discontinuity in

G(z,2'; 2)|p—u is given by:

?

G2’ +0,2";2) = G(a' — 0,2";2) = ———03. (5.38)

VF g
Note that while G(z,2’; 2) is discontinuous at = = 2/, tr G(2/, 2’; 2) is continuous since
traog = 0.

We would like to quickly address the vanishing integral in Eq. (5.37), in the sharp
two-DW model. In this case, the integrand is in fact singular due to the delta-function
behaviour of ®'(z) in 6H at z = 0,L. We therefore apply the gauge transformation
to the Andreev Hamiltonian for all  # 0, L, i.e. where ®'(z) = 0. Consequently, we
assume both z, 2" # 0, L when evaluating the integral and taking the limit € — 0 in this
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calculation.

Now that we have addressed the discontinuity in G(x,z’; z), we can proceed with the
remainder of the derivation. Using the boundary condition, Eq. (5.32), we can relate
A(2'; 2) to B(2'; ) in Eq. (5.33) in the following manner. First, we consider the Green’s

function at the boundaries of the system:

G(+0/2, 2 z) = M(+£/2; z)B(z'), '
where we have suppressed the energy argument z in Aand B. Recalling that M (—0/2;2) =
09, and introducing a shorthand notation for the transfer matrix from —¢/2 to ¢/2,

M((/2; z) = 1n, we arrive at the relations

~ ~

A(z') = mB(x'), B(z') = m tA(z), (5.40)

using Eq. (5.39) in the boundary condition (5.32).

From the expressions for G(z,2;z) in terms of the transfer matrix, Eq. (5.33), we
can rewrite the expression for the discontinuity in the matrix elements of G, Eq. (5.38),
as _

~ ~ i

M(z"B(z') — M(2')A(z') = ———63, (5.41)

VF

where we have suppressed the argument z in M (x;z). The relations between B and A,

Eq. (5.40), can now be used with this last expression to obtain the following results:

l

A@) = ——— (1 — ) Y M (263,
VF
Bla') = = (1 — 1) ' M (2") 6.

VFx

(5.42)

Since one can write

[(1 =) " (1 +m) —1]

N | —

(1 =) ' =

and
(1) = 21— ) (L4 i) + 1],

2
we substitute Eq. (5.42) into Eq. (5.33), arriving at an expression for the matrix elements
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of the Green’s function in terms of the transfer matrix which is valid at all x, 2':

G(z,2';z) = _QUi?xM(x; 2) {1 —m(2)] 7 1+ m(2)] + sgn(z — 2')}

X M~Y(2'; 2) 63, (5.43)

where we have explicitly restored the z-dependence. We should note that from the
presence of the signum function, this last expression is not defined for x = 2.
It is now possible to express the trace of the matrix elements of G in terms of the

transfer matrix in the following way:

trGa, 2’ 2) = — U;wtr {M(:{;; AL — ()] L+ ()] ML z)&g}
— 21;3@ tr {M(l’, 2)M (2 2)63} sgn(x — '), (5.44)

and one can again see that the trace is continuous at x = 2/, since

~

tr {M(x, )M (x; 2)63} =trosz =0.

We can therefore represent Eq. (5.44) as follows:

7 ~

tr Gz, 7 2) = ———tr {M(:g; 2) [ — ()] (L + ()] M o z)&g} . (5.45)

VF .z
and using the cyclic invariance of the trace this last equation becomes

i

tr G(z,z;2) = — tr {M_I(x; 2)GsM (z;2) [1 — m(2)] 7 [1 + m(z)]} . (5.46)

Vra

We have an identical expression for tr Go(z,z; z) in terms of the uniform-state transfer
matrix Mo (z; 2).
Using Eq. (5.46), the relation (5.22) can be written in the form:

i

f% InD(z) =— Sors /_i/; dx [tr {M—l(x; 2)asM (z;2) [1 —1m(2)] " [1 + m(z)]}

—tr {Mgl(m; 2)GsMo(x; 2) [1 — 1ng(2)] ' [1 + mo(z)]}] , (5.47)
where we have introduced another shorthand notation, for the uniform-state transfer

matrix from —¢/2 to £/2: My(¢/2; z) = 1.

Now we can relate Eq. (5.47) to d(z). To do this, we consider again the equation



5 INTERACTION BETWEEN DWS 109

defining the transfer matrix: (z — H4)M(x;z) = 0. For now we suppress the arguments

of M (x; z), and then differentiation of this expression with respect to z gives

M+ (z - HA> %]\j 0, (5.48)

After manipulating this last equation, in particular, inserting unity in the form of MM -1

we find

<z . HA> MM %Aj — M. (5.49)

Substituting the Andreev Hamiltonian into this last expression, we obtain:

= —M, (5.50)

@a —AoUl—(SH) MM_

<z + ZUFxO'g

and a quick calculation will show that this can be written as follows:

[(2 — [:IA> M] M~ 1%—]\5 + meagaa [M 18(9]\2/[] —M. (5.51)

Invoking the definition of the transfer matrix, the first term in this last expression is

identically zero, and therefore

0 LOM .
wpmagMa—x [M‘ 3z] —M, (5.52)

which can be manipulated into the following form:

0

ox

L MM (5.53)
VFz

0z |

From the right-hand side of Eq. (5.53), we begin to see a relation to our most recent
expression for D(z), Eq. (5.47). Integrating both sides of this last equation and restoring

the arguments in the transfer matrix, we find:

)2 R A 0/2 oM
! / dx M (z;2)63M (z; 2) = / dx 9 M‘la—
VFa J—t/2 —0/2 ox 0z

0/2 (5.54)
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Recall from the definition of the transfer matrix that M(—¢/2;z) = &, = const, and

thus: -
. ) A o
! / dx M~ (x; 2)63M (z;2) = m o

J
VFz J_e2 0z

(5.55)

where we have used the shorthand notation introduced earlier in this section. Since m
and My are independent of x, we can immediately evaluate the integral in Eq. (5.47)
using Eq. (5.55) and an analogous expression with Mg(x; z). In this way, the equation
for D(z) takes the form

9 IR OO YN,
&IHD(Z)— 2{tr[m P (1—1n) (l—l—m)}

L om o R (5.56)
— tr |:mala_z0 (1 —mo) 1(1+m0)} } .
Using the cyclic invariance of the trace we have
om om
Wl (L—m) (L m) | =tr | (1 =) (1 +m)m
tr |m aZ( m)~ ( —i—m)] tr[az( m) (1+m)m |,
and since (1 —m)™ (1 +m)m ' =m ' +2(1 —m)"", Eq. (5.56) becomes
0 1 om om
D) =— =t | T 42t | 28 (1 — )
5, (2) 2{tr{azm ]+tr{az( m) }
e o o (5.57)
— tr {8_207”011 — 2tr [ 820 (1 —1ny) 11 }

From Eq. (5.55), using again cyclic invariance of the trace, it immediately follows that

o . £/2
tr [—mm—l] = / da tr 65 = 0, (5.58)
0z VFaz J—¢)2

and thus we can eliminate two terms from the expression (5.57) to obtain:

% InD(z) = —tr [%—T (1- m)l} +tr {% (1- mo)l] : (5.59)

Lemma 1. The following property holds for any matriz function F(m):

itr F(m) = tr {F’(m)d—m} .

5.60
dz dz ( )
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Proof. Since m is a 2 X 2 square matrix, we begin with diagonalizing it : m =

R [diag (m)] R, and then we can rewrite the above equation as follows:

4 Pl = ditr [1% [diag (F(17))] B~

_Zdle

d
= ZF’ m;) mz (5.61)

On the other hand, one can rewrite the right-hand side of Eq. (5.60) as

tr {F ’(m)%} — tr {R (diag (F"(1))] &~ 16;’:]

=32 (m) ]

113

(5.62)

where we have used the cyclic invariance of the trace. By considering the

diagonal term in parentheses in the last expression, we find

~

d . . d .
R R = L [ R(diag( ))R*l]R

dR d AR .
o 1 NPT ~ . A
=R - diag(mm) + e [diag(m)] + diag(m) R

Now from the definition of matrix multiplication, it follows that

= Z [diag(m)]ij

i J

H—1

. ,.\d
[dlag(m) B

dR™! .
r R

R
dz

Jt

dz

=my; )

0

since [diag(r)];; = m;d;;. Furthermore, because m; and [(d]%_l / dz)f%] _are just
numbers, we can interchange their order in Eq. (5.64), and then expression
(5.63) takes the form:

dR7! .
dz i

m; —
dz

m;. (5.65)

0

dm
1— —
{R dz R] i
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To simplify this last equation, we use the fact that R'R =1, and hence
d(R™'R)/dz = 0. Invoking the product rule in this identity, one can eliminate the
two terms containing R and R~! in Eq. (5.65), and then Eq. (5.62) immediately

takes the form:

= Fm) ™™~ L pim), (5.66)

tr{ﬁﬁhﬁ)%gq

where we have used Eq. (5.61) to obtain the final equality in this last

expression. O

From the definition of the matrix inverse, it follows that (1 — ) '(1 — ) = 1. If
we consider the Taylor expansion of function 1/(1 —m) =14+m+m> +--- =3 m"
(the geometric series), quick inspection reveals that (1 + 7 + m? + ---)(1 —m) = 1,
since all powers of m higher than zero vanish, and thus the matrix inverse (1 — )™}
is identically equivalent to 1/(1 — 7). We can now apply identity (5.60) to Eq. (5.59)
with F'(m) = —1/(1 — ), and therefore F(m) = In(1 — m) + ¢, with an arbitrary
constant c¢. This choice for the antiderivative becomes clear from a comparison of the
Taylor expansion of In(1 —7m) = —m —m?/2—m?/2+--- = =3 > m"/n! with the one

for —1/(1 —m), and differentiating term by term. It then follows that

9, d . .
% InD(z) = Etr (1 —m) — In(1 — 7ig) + |

= diz [ln H(l —m;) —In H(l — mO,i)] (5.67)

d Pﬁul—ﬁn]'

— —]_ _—
dz det(1 — my)

In view of Eq. (5.13), we immediately find:

In D(2) = Ind(z) + const. (5.68)

Since D(z) and d(z) have the same asymptotic behaviour at |z| — oo, the constant on
the right-hand side of this last equation is zero. Indeed, as mentioned in the introduction
of this section, |z| — oo physically corresponds to large values of the quasiparticle energy,
where the quasiparticles are not affected by the superconducting order parameter. In this

case, Hy — HS)) and therefore D(z) = d(z) — 1. From here we conclude that conjecture
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(5.14) has been rigorously proven, and thus

_det[5 — M(0/2; 2)]

Dlz) = det[6o — Mo(€/2; 2)]

(5.69)

In the following subsection we use the transfer matrix method, in particular Eq. (5.69),
to relate the interaction energy to the scattering matrix entries. Subsequently, we evalu-
ate the sum over the Matsubara frequencies and the integral over semiclassical directions
of propagation in Eq. (5.7) to obtain an analytical expression for the interaction energy

in the limit of large DW separation.

5.2 Calculation of the Fredholm determinant

To facilitate the calculation of the Fredholm determinant, we first define a matrix 7,
which relates the amplitudes of the gauge-transformed quasiparticle wavefunctions on
the left-hand side of the DW configuration to those on the right-hand side, see Sec. 4.2.1,

as follows:

A(+) A(*)
I T R (5.70)
AW AL

It can therefore be expressed in terms of the scattering matrix S in the following way:

1 detS‘ Slg
S \ =8y 1

7=

(5.71)

As in the previous subsection, we introduce a shorthand notation for the transfer
matrix from —¢/2 to +¢/2, M({/2; z) = 1, and using Eq. (5.70) and the wavefunctions
defined by Eq. (4.13), we find that = V,7V "', where

u+eiiq€/2 u_e:Fin/Z

H,
I

eﬂ:iql/Q e$iq£/2

and uy4 and ¢ are defined in Sec. 4.2.1. We introduce a similar notation for the uniform-
state transfer matrix My(£/2; z) = 1o, and since in the absence of DWs 7 = S = 6y,

it immediately follows that my = V+V:1. We can now rewrite the expression for the
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Fredholm determinant, see Eq. (5.69), as

. det (&0 . V+%V:1>

det <60 - f/+f/_—1> ’ (5.72)

and after multiplying the matrices we find that the numerator in this last equation takes

the form
det (69 — ) = 1+ det 7 — (111" + To0e ™), (5.73)

which reduces to det (69 — mg) = 2(1 — cos ¢f) for the uniform superconducting state.
According to Eq. (5.7), to calculate the interaction energy we must evaluate D(z) at
discrete imaginary points z = iw,,, and since ¢ in Eq. (5.73) is defined for real values of
E such that |E| > Aq only, we must analytically continue ¢ in the complex energy plane
to the imaginary energy axis. Using the same procedure as in Sec. 4.2.3 we find that the
appropriate expression for ¢ is ¢(F = iw,) = is, with s = \/m /|vp|. Therefore
the exponential terms in Eq. (5.73) take the form e*" = ¢, and in the thermodynamic
limit ¢ — oo, we keep only the last term as the others are small in comparison. In this

limit, we obtain the following expression for the Fredholm determinant in Eq. (5.72):

1

D(z = iw,) = Toa(iw,) =
where we have used the relation between 7 and S given in Eq. (5.71). We see that the
calculation of the Fredholm determinant has thus been reduced to finding the properties
of the scattering states.

Since ¢ appears in the scattering matrix coefficient Ssy, see Eq. (4.16), and we must
evaluate this coefficient at imaginary energies F = iw,, we must once again choose the
correct branch for g. We use the expression ¢(iw,) = i, see above, and rewrite the

scattering matrix coefficient So(iw,,) as follows:

1 B A2sin?§

D(Zu}n) = 522(an) - w%+A(2) (

—e ), (5.75)

where 0 = x/2 — 0.
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5.3 Interaction energy

From Egs. (5.7) and (5.75), it follows that the interaction energy per unit DW length at

given DW separation has the following form:

F NeTY /QW 48] cos|1n (1 4+ —20 S0 e (5.76)
it = —U cos 0] In e ) )
! Fer — Jo w2 + A2 cos? 0

The overall sign of the interaction energy is negative, so we see that the nature of the
interaction is attractive at all temperatures, which means there is an effective collapse
of the walls to a single uniform domain. Qualitatively, from the structure of expression
(5.76), it is clear that the attraction is exponentially weak in the limit of large separation.
To make analytical progress, we focus on the case of zero temperature and y = 0. The
results for other values of the common phase difference are expected to be qualitatively
similar.

In the zero temperature case, the summation over the discrete Matsubara frequencies
wy, becomes an integral over continuous variable w: Ty (---) = [(-++)dw/27. In the
limit of large DW separation, one can expand the logarithm in Eq. (5.76), then the

interaction energy takes the form:

7]
o @2 + cos? 0

N-A 2m +oo : 20 I
Fip = —F—‘)”F/ d6’|cos«9|/ diy— 72L& leostl (5.77)
0 —0o0

where & = w/Ay, and the dimensionless distance L was introduced in Sec. 4.2.3. In the
limit L > 1, one can further neglect the @-dependence of the pre-exponential factor in
the integral over @, and evaluate it by the steepest descent method. In this way, we can

represent Eq. (5.77) in the following form:

2NFA0’UF ~ o~

Foy = it I(L), (5.78)

where

o w/2 : 29 B
I(L) = / df— 2L/ Icost] (5.79)
0

/| cos |

and we have invoked the symmetry of the angular integral to reduce the region of inte-
gration.

Next, we make a change of variable p = 1/cos# in Eq. (5.79) and obtain:

j:/ dp(p? —1)zp 3e 20,
1
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This last integral can be calculated exactly, with the following result:

P [ ()] S o (3)])

2

3V =« a’ 2
5 ()]s (3] =

where a = 2L and K,(z) are the modified Bessel functions of the second kind of order n
[64].

For large values of the argument z > 1, corresponding to large DW separation, we
have K3/4(2) = K7/4(2) = \/7/2z e~*. Keeping only the leading term in Eq. (5.80) o a’,

we find: 10
f = ? V er_QL.

Using this result in Eq. (5.78), and restoring the dimensional quantities, we arrive at our

final expression for the interaction energy per unit DW length, in the limit of large DW

separation [65]:

20 200L
Fiy = —gNFAOUF exp (— 0 > ) (5.81)

Ufp
Thus, the interaction between the DWs is attractive and, as expected, it is exponentially

weak in the limit of large separation between the walls.
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6 Phase solitons in two-band superconductors

In this section, we apply the concepts and results of the previous sections, with a minimal
modification, to a different type of topological defect, namely phase solitons in two-
band SCs. We assume a two-band superconductor with isotropic s-wave singlet pairing,
described by two order parameters 1, (r) = |n:(r)[e***™) and 7 (r) = |n2(r)]e?¥2(™), in the
absence of magnetic field. The free energy difference between the superconducting and

normal states is given by F, — F, = [ far d*r, where

/60« * *
for=" [%ml2 + o nal* + Ko Vnal* | (i + m5m). (6.1)

a=1,2

The intraband terms have the usual Ginzburg-Landau form, while the last term describes
the interband “Josephson coupling”, i.e. the Cooper pair tunneling between the bands.

The stable uniform states are obtained by minimizing the interband term with respect
to the relative phase § = ¢ — ¢o. We have |n,| = A, and 0 = 6, where 6y = 0, if
v < 0, and 0y = 7, if v > 0. The first possibility (interband attraction) is realized in
MgB,, where both gaps have the same phase [66], while the second possibility (interband
repulsion) is likely realized in the iron pnictides, where, according to the most popular
model, the gap function reverses its sign between different sheets of the Fermi surface,
corresponding to the so-called si pairing [67]. Without any loss of generality below we
assume v < 0, therefore, the two bands have the same phase in the uniform state.

In addition to the uniform states, the GL equations (supplemented by the condition
of vanishing supercurrent, see Appendix B) have topologically nontrivial solutions, in
which 6(+00) — §(—o0) = £27. Here the positive (negative) sign corresponds to a
phase soliton (anti-soliton). An explicit expression for the phase soliton can be obtained
in the London approximation [68], when the order parameter amplitudes are assumed
constant everywhere, i.e. [n,(z)] = A,. The minimization of Eq. (B.1) then yields a
static sine-Gordon equation for the relative phase, whose soliton solution has the form
O(x) = m + 64(x), where 0,(x) = 2arcsin[tanh(x/&,)] and

6 _ KlKgAlAQ
’ (K1 AT 4 Ky A3 ||

has the meaning of the soliton width. Thus the phase soliton connects the states with
f=0atx— —oo0and § =27 at © — +o00.
The presence of a soliton texture in the relative phase implies that each of the two

phases ; and (y are also spatially nonuniform and attain different values at x = +o00
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and r = —oo, see Ref. [69]. The phase textures in the bands are given by the following

expressions (up to a uniform rotation of the common phase):

) = b)) = (@) - (6.2
where py = K1A2/K,A% The phase winding parameters across the soliton are given by
X1 =® and xy = ® — 27, where ® = 27/(1 + py), see Appendix B.

The same argument used in Appendix A for the absence of two-DW solutions applies
to the phase solitons. The fact that there are no stable two-soliton solutions implies there
must be some form of interaction between the solitons. If this interaction is attractive,
it will cause a collapse of the solitons into a uniform state. If it is repulsive, then
one of the solitons will be pushed to infinity, leaving just a single-soliton state. The
periodic solution for #(z) can also be understood in terms of this interaction, as a mutual
attraction or repulsion between neighbouring solitons could potentially lead to a stable
periodic configuration.

To make analytical progress in the calculation of the interaction between solitons, we
use a model similar to the one for the DWs. Namely, we consider two planar solitons at
separation L. The phase solitons divide the superconductor into three domains, separated
by two “domain walls”, whose thickness is of the order of £,. We assume that L > &,.
We will focus on the sharp-soliton model in which the gap magnitudes are assumed
constant everywhere and the soliton thickness £ — 0, so that the relative phase of the
order parameters changes abruptly at the boundaries, as illustrated in Fig. 13. This
variation of the relative phase implies that the order parameter phases in each of the two

bands are also spatially-nonuniform, so that the gap functions are given by the following

expressions:
A, , <0, x>L
() = ‘ . 6.3
e(2) {Aaezxa , O<zx<lL (6.3)
Here the phase winding parameters in the two bands are given by
X1 = (b, X2 = b — 27T, (64)

where ® is a non-universal fraction of 27, determined by the microscopic details. One
can rotate both phases uniformly throughout the system by adding an arbitrary constant
in the right-hand side of Eq. (6.3), without affecting the final results.
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Figure 13: The order parameter phase in the ath band for two sharp solitons with a fixed
separation L.

6.1 Quasiparticle spectrum in the two-soliton texture

Our goal is to calculate the interaction between the phase solitons, which is due to their
effect on the Bogoliubov quasiparticles. Here we consider a three-dimensional system,
and the bands are assumed to be isotropic, with the dispersions &, (k) = (k* — k%) /2ma,
characterized by the effective masses m, and the Fermi wavevectors kr,. Since the order
parameters vary slowly on the length scales k:;;, one can calculate the quasiparticle
spectrum using the semiclassical, or Andreev, approximation [60]. An important point is
that the slow perturbation due to the phase solitons cannot cause quasiparticle transitions
between the bands, therefore one can solve the Andreev equations independently in each
band. The calculation is very similar to the one in Sec. 4.2 for the two DWs.

In the rest of this section we will drop the band index for brevity. Quasiparticles
propagating along the semiclassical trajectory directed along the unit vector kr are
described by the wavefunction 1, which varies slowly compared to k;l. The quasiparticle

spectrum at given kr is determined by the equation H Y = FE, where the Andreev

a4 ( —ivps Ve () ) (6.5)

n*(z) WE LV

Hamiltonian is given by

Here vp = kp/m is the Fermi velocity and n = ||e*?. The gap magnitude approaches its
bulk mean-field value, |n| — Ay, far from the solitons. To make the eigenvalue problem
for the Hamiltonian (6.5) well-defined, we put the system in a box of length ¢, such that
¢> L > &, and use periodic boundary conditions for the quasiparticle wavefunctions,
W(+£/2) = 1p(—£/2), which are consistent with the phase winding of the order parameter.
When safe to do so, we will take the limit £ — oo. The band index a will be restored
in the end by making the following replacements: vp — vp, = (kFﬂ/ma)I%F, Ag — A,
p(x) = @a(z), and X — Xa-

Our calculation of the quasiparticle spectrum generalizes the procedure developed

in Ref. [69] for a single-soliton texture. As in Sec. 4.2.1, it is convenient to represent
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the phase variation as a localized perturbation, which is achieved by applying a gauge

transformation: ¢ = Uty and U'HU = H, where

0(z) = exp [%gp(m)@,} | (6.6)

We can drop the tildas and write the transformed Hamiltonian in the form

H = Hy+ 6H, (6.7)
where
Hy = — W03V + Agoy (6.8)

describes the Bogoliubov quasiparticles in the uniform superconducting state, while

N T .
0H = SUFaf (z)60 + [|In(x)] — Do) 61

represents a perturbation which is nonzero only in the vicinity of the solitons. One can
show that the gauge-transformed eigenfunctions satisfy the periodic boundary conditions.
We note that there is a one-to-one correspondence between the spectra of H and Hy: the
eigenvalues of the operator Hy = Hy+ N H evolve smoothly between those of Hy and H
as the parameter \ varies between 0 and 1.

At given kp, the spectrum of the Andreev Hamiltonian, Eq. (6.7), consists of scat-
tering states with the energies |F| > Aj and bound states with |E| < Ag. Below we

examine the properties of the scattering states for the sharp two-soliton texture.

6.1.1 Scattering states for the two-soliton texture

Since the Hamiltonian is equal to Hy at |z| — oo, the scattering eigenstates in those

regions are just the superpositions of plane waves:

oot ()t (F)ew o

where ¢ = /E? — A3/|vp.| > 0, wr) = Ao/ (E F vpeq), and the subscripts R, L refer
to the direction of propagation of the corresponding waves. The coefficients in these
asymptotics are not independent, and it is convenient to introduce a 2 x 2 scattering

matrix, or the S-matrix, which expresses the amplitudes of the outgoing waves in terms
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of the amplitudes of the incoming waves:

cy | Ch
=9 : (6.10)
()&

The elements of the S-matrix depend on the energy and are determined by the details
of the order parameter texture.

We note that, by considering scattering from the left and right separately, one can
relate the scattering matrix to the reflection and transmission coefficients of the Bogoli-
ubov quasiparticles. If, for example, there is a wave incident on the soliton located at
x = 0 from the left, then we can set the incident amplitude C'; = 1, and we must have
C} =0,C0} =tr, and O =rr, where t, and rz represent the left-incident transmission
and reflection coefficients, respectively. The right-incident transmission and reflection
coefficients tr and rgr can be introduced in a similar way, by considering right-incident
scattering on the soliton at x = L. Then one can relate the scattering matrix entries to
the transmission and reflection coefficients as follows: t;, = Si1, r, = Sa1, tr = S22, and
rr = Sia.

Similarly to Sec. 5.2, one can also introduce the 7-matrix, which relates the scattering

wave amplitudes at x — +oo to those at © — —o0:

i\ ;[ O (6.11)

Comparing Egs. (6.11) and (6.10), we find that the 7-matrix can be expressed in terms
of the S-matrix in the same way as in Eq. (5.71). In the absence of the phase solitons,
there is no scattering and thus S =% = 6,.

We note that the S-matrix can also be used to obtain the bound states, following the
analytical continuation procedure described in Sec. 4.2.3. In this way, it was found in
Ref. [69] that a single phase soliton can “trap” quasiparticles in its vicinity, creating a
subgap bound state, whose energy depends on the phase winding across the soliton.

The scattering matrix for the quasiparticles in each band can be calculated analyti-
cally in the sharp two-soliton model, defined by Eq. (6.3). After the gauge transforma-
tion, see Eq. (6.6), we obtain the following matching conditions for the gauge-transformed
wavefunction: 1(+0) = e=X93/2¢)(—0) and (L + 0) = X93/2)(L — 0).

The scattering matrix is calculated by using the matching conditions to eliminate the

wave amplitudes in the region 0 < x < L and relate the amplitudes of incident waves to
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those of the outgoing waves. The final result has the following form:

1
S11 = Sp = 2k
¢ B R (6.12)
2= 5 2= 5
where
A

P=1- (e*al — 1) sin? (X> ,

PoN 2
Ri=(o%+1) [z cos (%) =+ osin (%)} (eﬁiqL — 1) sin (%) )

and o = E/qup,, Now we can restore the band index, and in the ath band, we have

Vpg = UFga, Do — A, and x — x,, see Eq. (6.4).

6.2 Interaction between solitons

The microscopic derivation of the energy in the superconducting state starts with a two-

band generalization of the BCS Hamiltonian:

H= qu(k)cl,a,ack,a,a Y Z VabcL—&—q,a,TCT—k,a,\LC*k/,b,ick'+q7b,T7 (6.13)
ko kk'q,ab

where ¢f, ¢ are fermionic creation and annihilation operators, a,b = 1,2 is the band index,
a =1, is the spin projection (the spin indices that appear twice are summed over), and
V is the system volume. The second term in the Hamiltonian describes singlet s-wave
pairing interactions: the intraband pairing, characterized by the coupling constants Vj;
and Vo, and the interband “tunneling” of the pairs, described by Vis and V.

Using a straightforward generalization of the standard effective bosonic action for-
malism, see, e.g., Ref. [62], one can derive an expression for the energy of an arbitrary
nonuniform superconducting texture in a two-band superconductor [69]. For a planar
state with 7,(2) = |14(z)]e™*®, in particular, for the phase solitons, the free energy dif-
ference per unit area between the uniform state and the soliton state can be represented
as follows: F, = F; + F5. The first term explicitly depends on the quasiparticle spectrum

and has the form
dkr .
Fy = -2nT E E Npa Eh}p’a,ﬂ InD,; (iw,), (6.14)

where Np, is the Fermi-level density of states (Ng, = m.krq/27% in a parabolic band),
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VF,, is the Fermi velocity in the ath band,

_ det [z — H(a, k)] (6.15)
det [z — ﬁo(% ’%F)] |

wiep (2

is the ratio of the functional (Fredholm) determinants of the Andreev Hamiltonians in
the nonuniform and uniform states, see Egs. (6.7) and (6.8), for a given direction of the
semiclassical propagation on the Fermi surface in the ath band, and w,, = (2n + 1)7T is

the fermionic Matsubara frequency. The second term in the free energy is given by
F, = /dx Z(V‘l)ab (mms — M5 0Mb0) 5 (6.16)
ab

where V,;, are the coupling constants in the Hamiltonian (6.13).

In the sharp two-soliton model, F;, = 0, so the interaction between the solitons is
entirely determined by the quasiparticle contribution Fj. The ratio of the Fredholm
determinants can be calculated using the same transfer matrix method as in Sec. 5.2,
with the following result:

F1 = 27T NF,a dl%—F|UF,a7z| In Sgg(iwn; a, I%F) (617)
— 4
Thus, the problem of evaluating the free energy of a nonuniform order parameter tex-

ture has been reduced to the calculation of the semiclassical scattering matrix of the

Bogoliubov quasiparticles, analytically continued to the complex energies.

6.2.1 Interaction energy

The energy of the soliton texture depends on the separation L, and is given by Fy(L) = F}
for two sharp solitons. Since the solitons are decoupled at infinite separation, Fy(L — 00)
gives the self-energy of two solitons, measured with respect to the uniform superconduct-
ing state. The interaction energy per unit area, Fj,;, is simply the difference between the
free energy at arbitrary separation L and the self-energy of the two-soliton configuration,
ie. Fy = Fy(L) — Fs(L — 0).

Using the same analytical continuation procedure as in Sec. 5.2, it follows from Egs.

(6.17) and (6.12) that the interaction energy per unit soliton area at given separation
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has the following form:

dkF A2 SmQ(Xa/Q) —9%a L
Fi, = —2aT Nr,, — ax 1 a el Nl
(=T ) N / o7 sl “{ T Ao (xa)2) (6.18)

where Kk, = \/M/ |Upz.al- The overall sign of the interaction energy is negative
as in the DW case, and therefore the soliton interaction mediated by the Bogoliubov
quasiparticles is attractive at all temperatures, causing an effective collapse of the soliton
texture into a uniform superconducting state. Qualitatively it is evident from Eq. (6.18)
that the attraction depends exponentially on the distance between the solitons. We note
that the integrand in Eq. (6.18) has the same form as in Eq. (5.76) if one makes the
replacement 6 — x,/2, Ag — A,, and » — K, in the ath band.

To make analytical progress, we focus on the case of zero temperature, where the
sum over the discrete Matsubara frequencies w, becomes an integral over a continuous
variable w: T (-++) = [(--+)dw/27. In the limit of large soliton separation, one can

expand the logarithm in Eq. (6.18), and then the interaction energy takes the form:

1 ™
Fit = _QENF’GUF’GAG/O df sin 0| cos 0|

X/+°°d~ sin?(®/2) o (_zia\/av?ﬂ)’ (6.19)

w e
- @? 4 cos?(P/2) | cos 0]

where L, = LA, JUr, and @ = w/A,. Here we have used the expression (6.4) for the
phase winding parameters. In the limit L, >> 1, one can further neglect the @-dependence
of the pre-exponential factor in the integral over w, and evaluate this integral by the

steepest descent method. In this way, we can represent Eq. (6.19) in the following form:

Ent:—tan2( )ZNpavFa \/: I(Ly,), (6.20)

B w/2 ~ d
I(L,) = /0 df sin 6 cos®/? fe=2Lal 030 — /1 p772 _QL“’) (6.21)

where

and we have invoked the symmetry of the angular integral to reduce the region of inte-
gration and also made a change of variable p = 1/ cos#.

The integral in Eq. (6.21) can be expressed in terms of the complementary error
function [64], and in the limit L, > 1, it has the form I = e2L«/2L,. Using this result
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in Eq. (6.20), we obtain the following form for the interaction energy per unit area:
Fiy = — tan? i ZNF Vi aDa/T (L )’3/2€’2L“
wnt 2 - ,aVF.a=—a a .

Finally, we restore the dimensional quantities and arrive at our final expression for

the soliton interaction energy per unit area:

o 2A, L
Fipy = — tan? <§> ,/% > Npavp i A exp (— . > . (6.22)

)

We see that the interaction between the solitons is attractive and, as expected, it is
exponentially weak in the limit of large separation between the solitons. Note that the
interaction energy is zero when the phase difference is zero, corresponding to the absence
of phase solitons. This is different from the chiral p-wave case, since even in the absence
of a global phase difference between the domains, there are still different degenerate chiral

states separated by DWs.



7 CONCLUSIONS 126

7 Conclusions

In this work, we studied the interaction between two DWs separating states of opposite
chirality in a triplet p-wave superconductor, and found that it is attractive for arbitrary
DW separation, at all temperatures. Furthermore, we found that the interaction energy
is exponentially weak for large separation between the DWs. We used the transfer matrix
method to relate the interaction energy of the DWs to the scattering matrix of the Bo-
goliubov quasiparticles, and the latter was calculated in the semiclassical approximation.

This method can be applied to any planar superconducting texture. The expression
for the free energy will take the same form; however, the scattering matrix of the Bogoli-
ubov quasiparticles will be sensitive to the order parameter of the texture, and can be
determined from the Andreev equations. To illustrate the utility of the method developed
in this work, we have applied it to the interaction between phase solitons in two-band
s-wave SCs, to find a similar result as in the chiral p-wave DW system under the same
limits.

Our results are immediately applicable to the neutral case. In a charged superconduc-
tor, there will be another contribution to the DW interaction coming from the Meissner
screening currents and the magnetic fields associated with them. Investigation of these
effects on the interaction energy is left for the future work, and there are, in fact, quite
a few additional effects on the interaction energy that one can consider. In the next

subsection, we will discuss some more possible avenues of future research into this field.

7.1 Future work

Throughout the work we considered the sharp-DW (sharp-soliton) model, in which the
width of the DW (phase soliton) is zero, and the DW separation is large. Consequently,
the order parameter changes abruptly at the boundaries between the neighbouring do-
mains. It would be interesting to consider the situation of finite DW thickness and
smooth, more realistic profiles for the DW, with arbitrary DW separation. More gener-
ally, one can apply the transfer matrix method to characterize the interaction between
DWs in a variety of other unconventional superconducting states with degenerate ground
states.

One can further extend this research to investigate the quasiparticle properties of
DWs in different geometries, for example, the circular DWs that can form in chiral p-wave
superconductors [70]. Additionally, one can consider how the DWs are affected by the
presence of sample boundaries [71]; and perhaps consider the the dynamical properties of

these textures and how they are affected by the quasiparticles. Other possibilities include
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the effects of external fields, external currents, and disorder, and perhaps even going
beyond the semiclassical approximation. The interacting DWs also seem like interesting
candidates for computational simulation. In particular, it would be interesting to study
the dynamics of the DW interaction, to investigate what happens as the DWs become
closer and closer to each other, and perhaps model the nature of the collapse of the DWs

to a single domain.
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A Ginzburg-Landau description of a domain wall

To gain insight into the structure of the DW, particularly the origin of the nonzero phase
difference between the domains, we use the Ginzburg-Landau free energy functional. For
the neutral non-uniform superfluid it is a sum of uniform (F,) and gradient (F}) energy

densities. For the superconducting state with a two-component complex order parameter

1 = (1, 72) we have
_ 2 4 2 4 4
Fy=aln|® + Binl" + Ba|ln -l + Bs(Im|” + [na]"), (A1)

where 83 = 0 in systems with isotropic Fermi surface, and
Fy = Ki(Vin;)"(Ving) + K2 (Vini) " (Vm;) + K3(Ving)* (Vyns), (A.2)

where the Einstein summation convention is assumed. We find that the minimum of
the uniform free energy density for an isotropic system corresponds to the chiral states

n = Ao(1, £i) with Ag = /|a|/45;, for the case 51, 52 > 0.

The structure of the DW, see Sec. 2, can be expressed in the following form:
m(z) = Aofi (l.)eﬁﬁ(ﬂ?)’ n2(x) = Aof2($>ei¢(z)7”(x)a (A.3)

where f; o are the dimensionless amplitudes of the order parameter components, whose
asymptotics are fixed by Eq. (2.2).

The nonzero phase difference y, which arises between domains of opposing chiral-
ity, emerges from the condition of vanishing supercurrent across the DW. It follows
from Eq. (A.2) that the supercurrent is given by the expression j; = 2Im (K17;Vin; +
Kon;Vn; + K3n;V;n;), in particular, the transverse current has the form

jx = 2Im (Klgg nikvxnl + Klngvaﬂh)?

with K93 = K; + K3 + K3. Using the expressions for the order parameter components
in Eq. (A.3), we find:

Jo = 203 (Kuas f7 + K1f3)(Va0) — 2K1A3 f5 (V) (A4)

with K23 as defined above.
In our work we focus on the static case, so conservation of current requires V,j, = 0,

and therefore j, = const. Since external sources fix the value of the transverse current,
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we can set j, = 0, and we recover a linear relation between the gradients of ¢ and ~.
After substituting the expressions (A.3) into Eqs. (A.1) and (A.2), we use this linear
relation to eliminate the common phase ¢(z) from the gradient energy, and we have the

following simplified expressions for the free energy densities:

Fu=al§(ff + f3) + B1AG(fT + f3)° + B AG(f1 4 fo + 2125 cos 2y),

(A.5)
K1K123f12f22

Kiosf2 + K1 f3

Fy = K193A8(Vaf1)? + KA (Ve f2)® + A (V).

Variational minimization of these expressions with respect to f; o and 7y gives rise to three
coupled differential equations, which are subject to the boundary conditions f; 2(£00) =
1 and y(£o0) = £+7/2, in accordance with the order parameter asymptotics. Using the
solutions to these equations, along with the relation between the gradients of ¢ and ~
that emerges from current conservation, we can compute the phase difference between

two arbitrary points x; and xs:

2 K1f22 d_fydx

¢(372) - (/5(%) = . K123f12 n K1f22 dx

(A.6)
We see that whenever there is a gradient of «y, the value of the common phase difference is
nonzero, and it is evidently sensitive to the microscopic details of the system [61]. While
we have imposed the condition of zero transverse current to obtain Eq. (A.6), we should
note that the current along the DW is necessarily nonzero.

Obtaining an exact analytical solution for the DW structure is not possible due to
the complexity of the differential equations obtained from variational minimization of the
expressions in Eq. (A.5). However, we can make analytical progress by considering the
constant-amplitude model [30], in which case fi2(x) =1 for all 2. Then from Eq. (A.5),
the total free energy density F' = F), + Fj is given by the expression:

F=()+ KAYV,7)? + 2B:A5 cos 27, (A7)

where K = K, K93 /(K123 + K7). The first term (in parentheses) of this last expression
contains only y-independent terms. It is immediately clear that variational minimization
of F' with respect to v(x) leads to an expression which has the form of a sine-Gordon
equation:

KV%y +2B,A2sin2y = 0. (A.8)

The simplest nontrivial solution to this last equation, which satisfies the boundary con-
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ditions mentioned above, is a kink-like solution given by sin~y(x) = tanh(z/{;), which
corresponds to a single DW. The parameter 5 = 1/ K /482 A% has the physical meaning of
the DW thickness. Using this expression for (z) in Eq. (A.6) we obtain for the common

phase difference:

— K

In the weak coupling model, K; = Ky = K3 (Ref. [18]), and x has the value 7/4.
There are no stable two-kink (or two-DW) solutions to Eq. (A.8); the other non-trivial

solution to the variational equation for v corresponds to a periodic arrangement of DWs.

(A.9)

This can be understood by considering a simple pendulum with 2y — © (the angular
displacement of the pendulum), and x — ¢ (a time coordinate). Consider first the one-
kink solution to y(x), where initially ¢ — —oo, and we have © = —7. After a sufficient
amount of time has elapsed (i.e. at t — +00) the pendulum has just enough energy to
complete one full revolution, approaching an angular displacement of © = +m. There
can be no two-kink solutions because if the pendulum has enough energy to surpass the
limit ©® = +7 and complete one more revolution, it will have enough energy to do this an
infinite number of times. This explains the origin of the second solution to the variational
equation for 7, a periodic arrangement of DWs.

The fact that there are no stable two-DW solutions implies there must be some
form of interaction between the walls. If we consider a two-DW configuration which
separates states of alternating chirality, this interaction will cause either an effective
collapse of the DWs to a single domain (if it is attractive), or the effective formation
of a single DW which separates two domains of opposite chirality (if it is repulsive).
The periodic solution for «(x) can also be understood in terms of this interaction, as a
mutual attraction or repulsion between neighbouring DWs could potentially lead to a

stable periodic configuration.
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B Ginzburg-Landau description of a phase soliton

We assume a clean superconductor with two isotropic bands, labeled by a = 1,2, and
isotropic s-wave singlet pairing, described by two order parameters n;(r) and 7e(r), in
the absence of a magnetic field. The difference between the free energies in the super-

conducting and normal states is given by F, — F,, = [ fer d°r, where

ﬁll * *
far =2 [%\naf + 3|77a!4 + Ko Vnal? | +y(nin2 +nm3m). (B.1)
The intraband terms have the usual Ginzburg-Landau form, while the last term describes
the interband “Josephson coupling”, i.e. the Cooper pair tunneling between the bands.
Using the amplitude-phase representation of the order parameter, 1, (r) = |n,(r)|e*("),

the free energy density can be written as

Ba
for =2 {%!na\z + S nal* + Ka(Vna])” + Kalna*(Vipa)® | + 29I |lr] cos(ip1 = 02)-

a

(B.2)

In a uniform state, the minimum energy corresponds to |n,] = A, and ¢ — ¢y =
0p(mod 27), where

0o=0, if y<O0, Op=m, if v>0. (B.3)

The first possibility (interband attraction) is realized in MgBs, in which both gaps have
the same phase [66], while the second possibility (interband repulsion) is likely realized
in the iron pnictides, in which, according to the most popular model, the gap function
reverses its sign between different sheets of the Fermi surface, corresponding to the so-
called sy pairing [67].

It follows from Eq. (B.2) that the supercurrent is a sum of independent contributions
from individual bands: 7 = —(4e/c) >, Kalna|*(Va) (e is the absolute value of electron
charge). For a planar texture perpendicular to the z axis, the current conservation implies
that 3 = j&, where j is a constant. The value of the current is set by external sources
and can be assumed to be zero. In order for the supercurrent contributions from bands 1
and 2 to cancel each other, the two order parameter phases must vary in a counterphase
2

fashion, with Vs = —p(2)V 1, where p = K| |*/ Ks|nz|*. This allows one to express

the free energy (B.2) in terms of the relative phase 6 = @1 — @o:

K1 Ko|m [*[na]?
Ky |m|? + Ka|ne|?

8,
for=Y" [aama\? 2+ Ko(Vial? |+ (V.6) + 27l cos .

a

(B.4)
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Variational minimization of this expression yields a system of three coupled nonlinear
differential equations for |n;(z)|, |n2(x)|, and 6(x), with the asymptotics |n,(Fo0)| = A,
and 0(+00) = Oy(mod 27).

In addition to the uniform solutions, the order parameter equations have various
nonuniform ones, connecting different degenerate minima of cosf. The simplest topo-
logically nontrivial solutions are those with §(+00) — 0(—o00) = £27, where the positive
(negative) sign corresponds to a phase soliton (anti-soliton). The presence of a soliton
texture in the relative phase implies that each of the two phases ¢, and ¢ is also spa-
tially nonuniform and attains different values at x = 400 and x = —oo [69]. We define
the phase winding parameter as

oo V0

X = 91(+00) — 1 (—00) = / d

i xm, (B.5)

then ¢o(+00) — pa(—00) = x F 27 for the soliton (anti-soliton).

An explicit expression for the phase soliton can be obtained in the London approxi-
mation, when the order parameter amplitudes are constant everywhere, i.e. |n,(x)| = A,
(Ref. [68]). The minimization of Eq. (B.4) then yields a static sine-Gordon equation for
the relative phase, whose soliton solution has the form 6(z) = 0s(x) + (7 — 6y), where
0s(x) = 2arcsin[tanh(x /&) and

f _ KlKQAlAQ
’ (K1 AT + KA ||

has the meaning of the soliton width. The phase textures in the bands are then given by

the following expressions:

Al = b)) =Rt - -0, (B)

where pg = K1A?/K,A3. We further note that in this approximation the phase winding
parameter, see Eq. (B.5), takes the form x = 27/(1+ po).
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