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ABSTRACT

The anharmonic contributions of order A® to the Helmholtz free
energy for a crystal in which every atom is on a site of inversion
symmetry, have been evaluated. The corresponding diagrams in the
various orders of the perturbation theoryvhave been presented. The
validity of the expressions given is for high temperatures. Numerical
calculations for the diagrams which contribute to the free energy have
been worked out for a nearest-neighbour central-force model of a face-
centered cubic lattice in the high-temperature limit and in the leading
term and the Ludwig approximations. The accuracy of the Ludwig approx-
imation in evaluating the Brillouin-zone sums has been investigated.
Expansion for all diagrams in the high-~temperature limit has been
carried out. The contribution to the specific heat involves a linear
as well as cubic term. We have applied Lennard-Jones, Morse and
Exponential 6 types of potentials. A comparison between the contribu-

tion to the free energy of order A® to that of order A% has been made.
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I. Introduction

The total potential energy of a crystal, which is a function of
the atomic positions, can be expanded in powers of the displacements of
the atoms from their equilibrium positions. Retaining the terms up to
the quadratic (this is called the harmonic approximation) in the expan~-
sion, the motion of the atoms can be expressed as the vibration of
independent harmonic oscillators, equal to the number of the degrees of
freedom in the crystal. Each of these independent modes of vibration is
characterized by a wave-vector,K, a polarization index j and a frequency
w (K3 .

Many properties of crystals cannot be described within the harmonic
approximation. When the calculations are carried out, the crystal shows
no thermal expansion and thermal conductivity. The specific heat at
constant volume CV becomes constant 3R, at high temperatures but exper-
imentally [1,2], Cv departs from 3R limit at high temperatures.

These properties can only be explained by the anharmonic theory
which takes into account the terms higher than the quadratic in the
expansion of the potential energy of a crystal.

Peierls [3] has discussed the anharmonic effect on the specific
heat and has shown its deviation from the Dulong-Petit limit. He has
also found that the thermal expansion is proportional to T4 at low-
temperatures and becomes linear in T at high-temperatures.

Van Hove [4] has introduced an ordering parameter, i) , equal
in magnitude to a typical atomic displacement divided by the nearest
neighbour distance. The lowest-order anharmonic contribution to the

(A
free energy are found to be of order ‘) involving expressions which



consist of sums over three or less wave-vectors and a like number of
polarization indices.

Ludwig [5] has given explicit expressions for the lowest-order
contributions to the Helmholtz free energy in terms of sums over wave-
vectors and polarizations for all temperatures. His calculations have
involved the approximation of taking functions of the normal mode
frequencies outside the summations and replacing them by some sort of
averages.,

Maradudin et al. [6] have calculated these contributions in the
leading term approximation in which the highest ordered radial derivative
of the interatomic potential is retained.

Klein et al. [7] have applied the lowest order perturbation theory
to the calculation of the thermal properties of all rare gas solids
except He, The agreement between the calculated and experimental values
was good up to T<=% Tm (Tm is the melting temperature of a crystal).
The contribution to the specific heat from tﬁ terms is found to be
linear at high temperatures. Brooks [1] and Leadbetter [2] have exper-~
imentally found the presence of both linear and quadratic terms in the
specific heat expression suggesting contributions from the anharmonic
terms in higher orders.

The diagrammatic method has been applied in the calculation of
the varions thermodynamic properties of an anharmonic crystal. Van Hove
[4] and Cowley [8] have applied it in calculating the lowest order terms
of the anharmonic Helmholtz energy. Shukla and Cowley [9] have extended
the calculations to the next higher order, fx¥ , of perturbation theory.

They have shown that this order is responsible for the quadratic term in



the specific heat. Recently Wilk [10] and Aggrawal and Pathak [11] have
analytically worked out the previous calculations using Ludwig's approximation(LA)
It has been found that LA gives exact result for some simple sums, however

most of the sums are underestimated by about 187% and the remaining sums

are overestimated by about 207%.

Choquard [12] has introduced a new method called the self-consistent
phonon theory. This method is based upon obtaining closed-form expressions
for the free energies arising from different orders of perturbation theory
(PT). The sum of the infinite series arising from the first order of PT
is called the first order self-consistent field (SCl). All ring diagrams
have been summed in this order. In the second order self-consistent
equations (SC2), the first and second order contributions of PT are
summed, The first calculation using SCl theory has been done by Gillis
et al. [13] on Ne. Goldman et al. [14] have carried out similar calcu-
lations for other rare gas crystals using SCl theory and the cubic
correction to the free energy missed out in the SCl theory. This is called
the improved self-consistent (ISC). Koehler [15] has carried out the
calculation for another diagram which arises in SC2 theory from the quartic
term. In the language of the PT, there are three other diagrams of this
order [9] and it is unreasonable to add such diagram and neglect more
important diagrams [9] in the same order.

An examination of the agreement between the ISC theory and the
experiment appears to be poor beyond one-half of the melting temperature.
It would be worth while going to the next higher order of PT, i.e. C7(ff),
to give light to some other important diagrams to be included in the
free energy calculations. It is the aim of the present thesis to study
this point. All diagrams arising from this order, Cj(gfb, have been

generated. Explicit expressions for the diagrams contributing to the



Helmholtz free energy have been worked out. The high-temperature expan-
sions for these diagrams have been carried out. Numerical calculations
have been performed for all the diagrams for a nearest-neighbour central
force model of a face-centered-cubic lattice in the high-temperature
limit and in the leading-term and the Ludwig approximation (LA). We
have applied three different types of potentials: Lennard-Jones, Morse,
and Buckingham (Exp. 6). A comparison between the contribution to the

3

free energy of order CA to that of order <)4.has been made. We have
been able to carry out the calculations for twenty-four out of the
forty-three diagrams contributing to the free energy without using the
LA and found that in LA most diagrams were underestimated by about 207%;
one gave exact result and the rest were overestimated by about 377%.

In grouping the diagrams according to SCl, ISC and SC2, we have found
that F(ISC) to CD(AF) did not agree with the final F( Of ) in contrast
to the findings of Shukla and Cowley [9] which probably may be due to the
inaccuracies in using LA to C?(Xﬁ . The plan of this thesis is as
follows. The derivation of the anharmonic hamiltonian is presented in
section (II),followed by the diagrammatic method and the high-temperature
expansion in sections(III)and (IV)respectively. In section (V) we have

outlined the numerical calculations,followed by the discussion and the

conclusion in sections (VI) and (VII) respectively.



IT. The Anharmonic Hamiltonian

The equilibrium position of the £ th unit cell in a crystal is

defined by
| — a L a (2.1
QS—CQ) = éi & oA 5 T @;ﬁf} )
where a1 355 35 are three non-coplaner vectors called the primitive
translation vectors of the lattice. é&, f;, £3 are any three

integers called the cell indices.
The displacement from equilibrium of the ¢/ th atom in a monatomic
crystal is denoted by a4 (f). The total kinetic energy of the lattice

is given by:

.2
T =Ll Ml AL ) -2
2 L =

where M is the mass of the atom and ¢ denotes the cartesian coordinates
Xy Vs Zo

The total potential energy of the crystal is a function of the
instantaneous atomic positions of the atoms, It can be expanded in a

Taylor's series in powers of the displacement to give:
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where 35 is the statlc potentlal energy of the crystal., The n force
[+
constant 75 (é,w £, ) represents the force exerted on the atom at
e ]
/ n
x( £ ) in the & direction when the atoms *XZCE.) s (L) sees 2(f)
”~ / { -~ z —~ 3 PN
are displaced by unit distances in the directions ¢ }...,74xn
2
respectively, It is given by:
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4?(4) denoting the negative force aétlng in the &« ~direction on the atom



at = (!) at equilibrium. The net force on any particle vanishes at
/\l
equilibrium , thus

)= o (2.5)
At
The Hamiltonian of the system is given by:

H= 7T 4+ ¢ (2.6)
In order to diagonalize the harmonic part of the hamiltonian, a transform-

ation can be generated in the form: Born and Huang [16], Maradudin [17]

% 5 e,(cKJ) 2 KL (8) +
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. iR 27 K. x(vg) +
_ [ A \* o A_s— .y (2.7b
Uy )= <)) e (540 T wikiy e (Pj = %k (2.70)

Ky
where N is the number of the unit cells in the lattice. The wave vector K

is equal in magnitude to the reciprocal of the wavelength of the lattice-
wave, The allowed values of K depend on the boundary conditions of the
lattice. These values are uniformly distributed throughout one unit
cell of the reciprocal lattice.

For each value of E, there are 3r eigenvalues w (K j) and 3r

v 1s the number of

el

eigenvectors ECﬁfJ) where J“:/} 2, .2,
atoms per unit cell. For monatomic crystal r = 1, The eigenvalue and

the eigenvector are defined by

2eni Ki) = 2. D () e, Ckd (2.8)
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where, )
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The eigenvectors can always be chosen to satisfy the conditions:
v sy C (2.10a)
T e 84y e (k3D = S50
(2.10b)

3:%(354{) e/g (K4) = Sxﬁ

The reality condition on this transformation requires that:



. H ,
e, (Kd) = e, (—/4) (2.11a)

~ &
. | : (2.11b)
WK = e (=54
A 4%2? in eq. (2.7) are the usual annihilation and creation
V7

operators.

Van Hove [4] has introduced the idea that in general the expecta-
tion value of the nth order potential energy term in the anharmonic
crystal hamiltonian is of the order of magnitude of if&L} (et /vy )M
per unit volume, where v 1is the mean vibrational frequency of the
crystal, L is a root mean square atomic displacement and y- 1is the
nearest neighbour distance in the crystal, We denote t«/», by ‘A in
the Hamiltonian., This is mainly because of the relation between the

force constants

# - L
g st 3 { e
qb"(: “z<€i 42 = Ay (;%(i “17‘“_(3 B %% ’
#) (¢ 7, éj £, ) i .... etc. which gives
XA g 4 of o o X
tr73%9 23 4
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o .
where ag Hd the lattice parameger.
Since the lattice is periodic, then, adding the same set of

: o s . th
integers to all the cell indices in the n force constant keeps the

value of this force-constant unchanged. In other words
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It is reasonable to make use of the transformation given by eq.
(2.7) in the anharmonic hamiltonian as well as the harmonic part since,

to our knowledge, there is no transformation diagonalizing the whole



hamiltonian.

The hamiltonian can then be written as

H — Ho - v (2.14)
where,

L . ~ T

Ho = %; 5w (//fyf-) (&;f/f &t;y}, -+ li. ') (2.15)

; 2 -2 " L (2.16)
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Substituting, . _
upstituting Zz"‘fmvé 5 {3163-—6’ , >'A/Z?’l: eﬂ_-el
and knowing that
(2.18)
X(t,+¢) = x (1) + xt)

The sum over Aél can then be carried out with the aid of the fact that:

274 (G Ky K 20

2 e

_ N A (Kt eak) (2,19

where A(/’S"> = 1 if K = vector of reciprocal lattice

-0 otherwise



Eq. (2.16) can be written as

V( 5‘(}3 )fz‘}z,’ o ﬂi-(nfﬁ) = ‘,)%j

" 3
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The translational invariance of the crystal leads to the condition

that (Leibfried and Ludwig [18])

) 524 (g, {?7, Jé?g )= 0 (2.22a)

£ O(io(z.dj

and

)3
Separating the Z's sums in eq. (2.20) in all possible ways (i.e.

(é(/o(z,dj(g/ 00 )= ~ Sé( Nog'* [/0@) (2.22b)

when all Zﬂs are zeros and when one of the ¢ 's is not zero, two of the
Zﬂs are not zeros and so on, making use of eq. (2.22), and assuming the
two body interactions (i.e. Zfs take the value zero or all equal to each

other) we can rewrite eq. (2.21) in the following form: (Appendix A)
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where the prime on the summation excludes é = 0.

Assuming central force-potential (i.e. the interaction energy is

a function of the distance between two atoms) we can write the coefficients

?f,c'é)a““

- B 9¢(V) ,_____‘}i 7/
q'z('(é) T T 0 L s C#(f)/“ (2.24)

%0{(5): > ?E’KV) / ia{ oy C?é (r)_.—u#(r} é}«r”@)}/ (2.25)

e QM

MR N

where the subscript ¢ denotes that the derivatives are evaluated in the

equilibrium configuration of the lattice. If we consider only the highest

ordered radial derivative, we are dealing with the leading term approx-

imation.

In general we can write the derivatives as:

= o, ot A ©)
F @)z o P (2.26)
°(! P(L'A_D(n Y ° )
For the nearest neighbour of a face-centered cubic lattice, we have
. . s
xX(¢)= =* (2.27a)
z0€)
o -~ Zen (2.27b)
7! —— — or .
2 "
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Vo= &y /ST (2.27¢)

where, a, is the lattice parameter.
Making use of the relation,

%‘ My 2y (A4, ) = [, - ¢ ¢54)] (2.28)
' |

o~
| /

In the light of equations (2.23), (2.26), (2.27) and (2.28) we can write,

. ) ! “2) v— o
PR Tl s Kok ) = P T [meky)]
| 2 ()7 2

L=

- . Y ~ﬁﬂﬁ&,§’;7
[~ »éf;c//gzajm[%,ggyny Z (I-e f’) (2.29)
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III. The Diagrammatic Method
The Helmholtz free energy is given in terms of the partition

function z by
F-_1 ¢,z (3.1)
where /@

Z = TT» exp (-/A’H) (3.2)

H has been defined by equation (2.14) and /@ = i/%kT'; kb is the
Boltzmann constant. Tr denotes the trace of the operator inside the
braces.

Substituting H = H, +V  in equation (3.1) we find

Z = Ty exp[-f(Ho + V)] (3.3)
The exponential operator cannot be factorized since the operators Ho and V
do not commute. However, it can be expanded in powers of the interaction
V (Rickayzen [19] and Shukla and Muller [20]).

Therefore, the partition function can be written in the form:

L=, [i + ;f '[_;;Lf)f//:&/ /”/Zt <T{VED - 7(‘9)f2:l (3.4)
=/ 0 a

where
T = T eppH)

T is Dyson ordering operator which acts on the arguments of functions

ﬁ
€7(/41) and V/(Zéz) in the following manner:

T[ﬁ({)/\‘//({ )]: V/ J,)/\:/J/Jl) if 4> A,
(3.5)
~ T
= VAIV(4) it 4, A,
V(<) is defined by
(3.6)

Via)= enp(<H,) V expls Hy)

12
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The angular brackets £ 7 represent the thermal average for an operator 0
a

defined by:

0) = 5§ exp(-p) O
T T epeph)

The difficulty in evaluating expression (3.4) is that it involves an

(3.7)

infinite series in the perturbing potential while the perturbation is
itself an infinite series expansion of the cubic, quartic and higher
order terms in the Taylor expansion of the potential energy of the
crystal. The expression is most easily evaluated by means of diagrams.
In order to show the procedure used, £7(%%);'are to be expressed in
terms of /2}

use of the Wick's theorem [21] which states that "The average of an

by substituting for V from eq. (2.16) and then mgking

ordered product is equal to the sum of the products of all possible
contractions." A contraction means the unperturbed thermal average of

the ordered product of two operators and it can be defined as:

,).

Ll ~ ’~ )
GEFSH , 80 =<T A (P f)ﬁ/}(o )

(3.8)

If the two operators are of the same type, the contraction is =zero.

~
From equation (2.16) we can write \/(J)as

, oo
~ — n -2 ‘ N ~
\/(/J) = Z' Q Z nv(ﬁa&’,;“‘/fn‘;n)ﬁ [,“)‘w/?K;-'{) (3.9)
= Ky K AR
2 AT ASANY ~
where '

Hr/j}(ﬁ) = mf(,dh‘a) HK}@)WGJH&) (3.10)
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~ . ~
Substituting for /@gfgg and /%ﬂ}(é) in equation (3.8) and using the

~ ~
cyclic property of trace, it can be shown that (Appendix B)

GUF Ky Arp)=.GKIES 4) AR

Therefore Green's function (contraction) can be expanded in a Fourier
series with period ﬁ . The Fourier coefficients can be expressed in

the following form (Appendix B)

e . . K : / -
GUSIKS", sy )x 2CEY) . S ode D
g gh WHRG) e, KR
where
b 2T R T 2o an T (3.13)

¥ T B i

In expression (3.4), the phonon interactions b’;, can be represented by a
dot. A contraction, equation (3.8), is represented by a solid phonon line
joining two dots.

There are two types of diagrams: connected and disconnected. A
diagram is comnected if it has this property: one must be able to get from
any vertex to any other vertex by staying on the line of the diagram;

otherwise it is disconnected,

There is no contribution to the partition function from the odd
powers of C) since the matrix elements always contain an odd number of
operators ﬁi? i,e. in pairing such operators we are to be left with
an unpaired operator which produces orthogonal states.

The contributions to the partition function can be evaluated follow-
ing certain rules given by Cowley [8], Shukla and Muller [20] and
Rickayzen [19].

These rules are:

1. Draw all topologically distinct diagrams with n vertices and the

appropriate phonon lines.



Associate a factor (;(fﬁf,4:u%1) with each phonon lines where X, j are
the wave vector and the branch indices.
Conserve energy and momentum at each vertex and sum over all indepen-
K - /.
dent gs A and 72/,4 .
Multiply by the number of pairing schemes and the topologically
equivalent factors.
8"
Insert a factor ——
27/
Insert the appropriate interaction coefficients at each vertex.
The contribution to Helmholtz free energy is given by [8], [19] and
[20].

J
Fef -4t
where Fo represents the free energy of the non-interacting system
C 1 . * .
and Z:. represents the contribution from all connected diagrams
i.e. only the connected diagrams contribute to the free energy
[Appendix B]J,

7
(i) Diagrams of order A

Peierls [3], Ludwig [5], Maradudin [6] and Cowley‘[8] have derived
and evaluated the diagrmas which contribute to the free energy of
this order., All diagrams are presented in Fig. (1).

(ii) Diagrams of order 2 :

A1l of the diagfams contributing to the Helmholtz free energy to
(?(Cﬂbhave been evaluated by Shukla and Cowley [9]. 1In Fig. (2),

we have presented all diagrams of this order along with the

corresponding pairing schemes and topologically equivalent diagrams.

6

(iii) Diagrams of order D

The first contribution to the partition function can be derived

from expression (3.4) by putting t = 1, thus

15
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{ /8 ~
L, - _(_;_"_I’)_ jo&/ TV L)), (3.14)

7 6
Substituting for \/CJ) from eq. (3.9), retaining the C)“-term, making use

of Wick's theorem and the following relation

A—,’S’d{ (&) = A//fot (<) (3.15)

Eq. (3.14) becomes:

L, = ._C_/i’).,x/ay DAY, V(K ¢, v/ﬂ Ko Kd s [0
’?ﬂz’lj't 'ﬂ} K,_a ~E37 3

IR AN Kidyr -15,9,)

 GUA) G40 )GUET) G, 0y7)  (316)

This equation is represented by diagram F(3.1) in Fig. (3). The vertex
corresponds to the eight phonon interactions
VKI5 K8, Kd K4, /_J,g)/@jw«{g%)}

The factor, 105, represents the pairing scheme and refers to the number of
equivalent ways of pairing the operators. The constant, 1, is the topol-
ogically equivalent diagram (referring to the number of ways we can permute
the vertices to get different shapesbbf a diagram).

As an example, the number of ways of pairing the eight lines in

diagram (3,1)

g 6c ¥ 2c
= 2ty Cax S oz sos
Z "3 "2
where,
2T !

S =3 (n-r)l
There is only one way of drawing diagram F(3.1), i.e. the number of topolog-

ically equivalent diagram is 1.
Generally, the pairing schemes arising from pairing 2Y modes into

2 independent modes is equal to
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22 2.27-2 2 2 ‘
C C 7c Z

C ]
2 2, > T — (2.22)] (3.16)

)2 e/ V-2 | Qg) ))i

The second contribution can be worked out by putting, t = 2, in
expression (3.4). All diagrams arise from three different terms in this
order each of which involves ten modes, i.e. the total number of pairing
schemes is 945.

a. Diagrams from V3 - V7 term,

This term gives rise to two diagrams presented in Fig. (3). The
second diagram does not contribute to the free energy since the coefficient
V involves delta function, zﬁ(}f) , which implieé thatfg is zero or a
vector of reciprocal lattice and in either case, the anharmonic coefficient
V is zero [22]. All such diagrams give zero contribution for the same
reason.,

b. Diagrams from V4 - V6 term,

The three diagrams arising from this term are presented in Fig. (3)
along with the corresponding pairing schemes and topologically equivalent
diagrams.

c. Diagrams from V5 - V5 term.

One diagram does not contribute to the partition function for the
reason mentioned above. The remaining two contribute. All diagrams are
presented in Fig. (3).

The third contribution to thevpartition function can be obtained
by substituting, t = 3, in expression (3.4). There are three different

terms EV4~V;'L,..\4{_ %< \{3-“!{*__[/3_ QU ng — \é - Vé ] arising from this

order. The total number of pairing schemes (for each term) is 10,395.
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In Fig. [3], we have presented the corresponding diagrams.
Two terms [\é—\é*\é—\/ggf\/s-\é—l/‘f— I/L/_J arise from the fourth
order contribution; the equivalent diagrams are presented in Fig. (3).
i Vo=V, -V-V ~V, ] arist
There is one term [; 3 yg SOl 4 arising from the
fifth order. Forty eight diagrams correspond to this term; all of them
have been presented in Fig. (3).
& .
The last contribution of C?(Q‘) can be obtained by substituting
t = 6 in expression (3.4). This gives rise to one term D/“ V-t~V - -V
333 3°37%
We have considered diagram F(3.39) in order to illustrate the
method used in finding the pairing schemes and topologically equivalent
diagrams.
3 3 3
The pairing scheme = (\C'X C] ) [joining the vertices 1 and 2,
and 3 and 4, and 5 and 6] x

2 L
k.Cq x G )S [joining the

vertices 2 and 3,and 4 and 5,and

6 and 1].
= 5832
The topologically equivalent diagrams = 5! = 120 [fixing a vertex and

permuting the other five].



IV. The High-Temperature Limit

The computation of those diagrams that contribute to the free
energy can be considerably simplified if the high-temperature limit is
considered. Maradudin et al. [6] have worked out the expansion to the
lowest order contribution. Maradudin and Melngailis [23] have used the
high temperature expansion of the propagator in obtaining expressions
for the mean-square velocity and mean-square amplitude of an atom in
the surface layers of a crystal. They have expanded the Green function
in powers of T—l. Shukla and Cowley [9] have worked out the high
temperature expansion for the various contributions of order o in
the leading term of temperature., Our aim is to derive the high temp-
erature expressions for all diagrams contributing to the free energy to
order Cxé in order to examine the convergence of the temperature-
expansion and to compare the coefficient of T2 term with that of order‘j .

We have considered the following two examples to illustrate the

technique used in deriving the high-temperature expressions.

The free energy expression of diagram (1.1) is given by:

/
. ”:"ﬁ ﬁ:ﬁ)m” Z Z Vi, -1, 2, -2) G/, ”'”»2)4/2/“;”*21)

/7 (4.1)
L
where the factors 3 and 1 are respectively the pairing schemes and the
topologically equivalent diagrams, For simplicity of notation, the
following convention will be made unless otherwise specified that:
Kid =1 ;0 w(EY) s o
The propagator is defined by:
. . 2. ey {
g//)ﬂvd;z) = ‘ (4.2)
f
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where
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W?Z, = 27"72’ //6# and @is an integer number.

i
Equations (4.1) and (4.2) lead to:

/
F(1,1) = l[i”‘)""v(iizz)zw w w¥ o wZ 4.3
ORE TR AT 0
Putting ﬁ% , or 7?7 or both equal to zero and using the symmetry
+
(interchanging 71 by — 77 will not change the expression), expression

(4.3) becomes:

00 -
FCi,1)= 12 A (1,-1,2,-2) +'LEZ:'{.T(’* :J‘il)
CRE 7 = R
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(4.4)
Assuming that , 001 <: Uﬁ%z/ 5 we can apply the binomial series
to give:
[
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We have used the symmetry of # , % , i.e. by changing % by -7 we get the
A ST J

same expression.



Substituting for M%Z,We get:

/2 ‘ V l
F,1) = @/7)1;2 M% mﬁ !/(iimi)zymz) [W

w? o 7 ;
20 2.2
1 2 ([(BEY T
2 7:7 ’Z; 7

N 7=) T 4 e
!

It has been shown by Reif [24] Morse and Feshbach [25] that:
il SRV SO L
&, e = s 90 gV 9245

o9 | B —
Z;[ n® = 9450

Making use of these facts and equation (2.20)

)y Gt T Pty )
F(/ =

- Z 2
g N L) ey

Kk

2

ﬁ)‘.‘f 22

e Z"W
2'22:/ 725_

2

(4.5)

21



A = 2 h o 2 5fpu2 ;/JZL)
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We have considered diagram (1.2) as the second example. Its expression

& 6 .2
</2’M/ "*ZGVJ)“J?_"* 7M/ "dz,)

is given by:

F(1,2) = ,../3(“%22%,(1 ) V4,2) V(-1,-2,-3)

4,23
® N L - _ b *1‘6‘3
Z: G(i/@“‘dz) 6(2)4""‘)@ >G(3) /Lw@ 12> (4.7)
7 2
7. :
The factors 6 and 1 are the pairing schemes and topologically equivalent
diagrams respectively.
/
Substituting for the propagators and \/,6 from eq. (4.2) and (2.20),
respectively, putting each of the 4Zf4 equal to zero, using the symmetry

and expanding the expression using the binomial series we get:

F(r.2) = — MZZ AKAK+ K5 PUL2,3) P(-1,-2,_3)
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Substituting for W and making use of the relations (4.5), we can get

the following (we have carried out the calculation for the last term in

expression (4.,8) as an example in Appendix D)
F(1.2) = (KBTJZ Z:AC&?*&%L{;,) P(L,2,3) P(-4,-2.3) ( 4
Y, iy ”
/ 1,23 o, 0Lé}' bm%

4
4 4 2 572 272
i t?(%ofu%)vﬁ;:&f;gﬁg e
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Following the same procedure, the high temperature expressions for

all diagrams which contribute to the free energy of order‘) can be worked

out., The general corresponding expressions have been given by Shukla and

These expressions are:
, 3 : . 2
. B ~ T —— ____l /
,4/.3’ N?“ i;2/3 ?‘32”1‘ %7_ 8’(/\’8))

Cowley [9].

2

# XED (4.10)

where, )(q(Z.l) is the next order in the expression (4.10). Its full

expression has been given in appendix E along with all the following
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expressions.
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For all diagrams of order 2 contributing to the free energy, we

have set up the corresponding expressions from which we have substituted

for the propagators and performed the summation over 11{4 applying the

previous technique. There is only one diagram of first-order perturbation

(3.1) and its contribution to the free energy is:

/
F(3 ) J %ﬁlaﬁ[_ \/(’ -1, ’L -2.,3, -3, /;L)#JZ_ é;(/'z
/6 Ty 777,

(2,4 3,000, )G (452 )
G / 'z/l) G( )7’ 723 6 )Z?(_
The factors 105 and 1 are the pairing schemes and the topologically

equivalent diagrams respectively. Substituting for the propagators,
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expanding and performing the summations over ii'ﬁﬁzz )ﬂzZz’ﬁQf we get
(Kﬁﬁjﬁiy Y Ci)(i)/ij 2,’ _2)3/‘3/ 4"“/7‘)
i’—’(\?.i)aj&}wg —
42,34 WA, e? ug?,:
z 2
J— — % X(3.4) ] (4.18)
3 (/7]

Corresponding to the second order, there are five diagrams. The contri-
bution from diagram (3.2) is given by:

2 s,
FR2) = -1 EP” (g30x2 ) V(4,23)V(-4,-2.54,-4,5,-5)
2 1,235

i ' ’ ’ X e '5—;0.))
/1 W 2 e Q(.S)_¢pd-zw)Q(/‘f‘?1 )4(7 7
E G( > ,7/I> G( 2 /Ll) 'Z: »é 'é (2
?qz;ﬂﬁ‘
where the factors 630 and 2 are the pairing schemes and the topologically

equivalent factor.

Performing the summations we find

F3.2)=- 82

( f"ﬂ)/% Z’_ A K K 5) P (L2,3)P(~1,-2,-3 4 ,-14,5-5)
g s N

2 T2 2
PN s “I R s
[i } _j:mi z/u; + X3 2 - (4.19)
¢(x,T)

Diagram (3.3) has the same structure as diagram (3.2). The general

expression is:

2 2+
F(3-3):~f/§ "’2’6;) x 360X 2 Z VI(Z,3,4, YV -),~2,-3 4 57)
' 12 3,5
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Making use of eq. (4.2), binomial series and performing the summations
,
over % A we get:

(K )’*Zi A2+, + K K )P (25,4,8) P (-1, 2,3, - ,~5)

SEN 3 2
12345 R R s

F(3.5)=-

i k’l.
(. L+ mv_ W X(3.5)+ ] (4.20)

The contribution of the third diagram containing two vertex is given by:

F(34)~ ,,,,_~ éf‘__"f )(5"%0)(2 Z_— \/(Ké —K& Ki —Kf}.)\/('z}zyi(} Kq}q.?

5 KB Es - /qu;,’g.i_r, s '%'r)
4 h44, /s

J_ Gk > )5(@,1” AR (RN (A

7 i 7 %
A

Where wave-~vector conservation has been satisfied. The expansion for

diagram (3.4) is given by:
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There are two diagrams of two vertices each containing five phonons.

The expression of Diagram (3.5) is

F(35)- - ,;§ CBZ pent ) VL3 4, 5) V(-1 =223 4, - 5D
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The high temperature limit expression is:

F(3.5)=- (xs7)" ) AEE ) Fla3he) (b33, -4,-5)

240 NS L35 1/\)?‘ ,,\); mgf W‘; w,bﬁ
[ |+ X(3.5)+ --. ]
i (4.22)

The contribution of the last of the two vertex diagrams (3.6) is given by:

F(&(—}) -1 (/3) x 600 x /Z_ V(/ “/3 “4,5)V(2,-2, -3, ~ 4, -57)
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3

The high temperature limit is:
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The eleven diagrams which contribute to the third order can be evaluated
similarly. There are four of the three-vertex diagrams each containing

four phonons. The contribution of diagram (3.7) is:

(37 = - (fg) 1725 x 1) VKR K )
f6 KKK S
JJ %/ éﬁ
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After substituting for the propagators, expanding the result and performing

/
the summations of ﬁ/v‘ we find
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From diagram (3.8), its contribution has been found as:

3 ’ ,
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g3 k/< Kk .

hé; )J | dg Ve 4";2'54‘}5»‘/-(4”1«)

G(/S“}‘,)JM}I&/) é(ﬁl‘;z )1“")Z}G()S’lé J "'q:"\)}z)é (}SL’J,H'){“:'Z)
2 2 2

W,

C; (éL%JSU)"’Q;%Z) G cfké’74123¢%3
3

The factors 864 and 3 denote the number of pairing schemes and the topol-
ogically equivalent diagrams., Substituting for the propagators and
performing the summations in exactly the same manner as in the previous

diagrams, we find:
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The corresponding contribution to the free energy for diagram (3.9) is:
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Following the same procedure, we can write the high temperature expression

as:

# .
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n
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The contribution from the fourth of the three-vertex diagram is:
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The factors 1728 and 1 are the pairing schemes and topologically

equivalent factor. Performing the summations over 77 , n "
/

of
we find
Fla./0) = (< ) 7 INGRY T2, )A('/(-H‘(lajjj:fwé)yé(l) ~2,8-4) H-42,-57, )
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L 4+ X@3.10) 4 ... J (4.27)
There are four diagrams from the V, — V, = V_ term contribute to the

3 4 5

free energy. The contribution from diagram (3.11) is given by:
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The pairing schemes and the topologically equivalent diagrams are 720
and 6, respectively. Substituting fro the Fourier coefficients and

. . . . 4
expanding the series performing the summations over ?fﬂ we get:
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Evaluating the contributions coming from diagram (3.12) we find
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We can perform the summations as before and the result is:
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It can be shown that the contribution for diagram (3.13) is:

¢ o
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Performing the summations over?gd we find:

4 4
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The expression corresponding to diagram (3.14) can be worked out to give:

FG)= - ("’g) niggoxl ) VORIVEL-2 4, 5ON3005-0)
£ (234,56

ST G,y )G (2,0 )G (- ’?""3%”'2;‘3&3 G457y )
72/"’7, 2392 { R 1 j’

¥,
[
G?CESM '{aﬁ) C;(gﬂ 1 "o
S 2 7“1 mﬁ —2 7
7, 3 o
Substituting for Green's functions, expanding the resultant series and

summing over ﬁiﬁs we find:
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Each of the remaining three-vertex diagrams contains two vertices with
three phonons each and one with six phonons. The contribution to the

free energy of the first diagram of these is given by:

FGs5) = /*é——-éz—xnaxfz ;’(/2 3IIVG-2-3 4,5, 6 )VE5-6)
3455

Z_-— G(/) 4\‘/‘31 )G (2) nﬁv‘)}z,) 6('? Fin QNW,Z""""J@)G (‘7’) 7“‘32)

NN 7 3 / 3

The factors 720 and 3 are as usual the pairing schemes and the topological
factor. Performing the summations, we get:

F(3.05) = (7 Z:wm In(KARHE) 0, %3) (), -2—3,4,534)75(-4,—:;-4)

T

«J
)23 44,56 w0t ﬁ W <

[ 1 4 X(S-’5‘>+*-j (4.32)

The contributions from diagram (3.16) can be carried out to give the

following expression:
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The contribution of the last of the three-vertex diagrams is given by:
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Substituting for the various propagators appearing in the above equation,

expanding the expression and performing the summations over’z ~ we get:
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FG.17) = (ng Bzm%/&)/ﬂ kp Kot KJP(b-4-2,73,5) # (2,3, 8)

2 2 L 2 2
M) M-) e
)‘134)55 ud u.) L«} ¢

C#’(""f‘ /’Sj"é)

”[”-'L . K X 1/1)/2‘ + X(3.17) 4 (4.34)
12 (kg T)

There are thirteen diagrams of the fourth order. Four of them contain

three vertices each with three phonons and one vertex with five phonons.

The contribution of the first diagram is given by:

A4
"(fl?):“' ,_E)__x321710x1q.2 \/(th _Kd ,,Z é’jﬁt{;)
F 4LI Zﬂ&iﬁ&K SékH
J}N J},N
VESD Kb VRS, 55K SV 31 Ko 29)

Z: G (K4 l,wo,Z)Ci(Ka )vaO )((‘ 4'%)4(54/;,,1;,1 _1’w?)
147 3 2 S

123

G(gzj,,m,z Yo (K9, 2 ) G(K 0, -7 —1y, )
2 & 2 4

Where the factors 3240 and 24 are the pairing schemes and the topolqgically
equivalent factor. When eq. (4.2) is substituted for the various propa-
gators appearing in the above equation with different arguments and the
product is resolved into partial fractions, a total of thirty terms have

to be summed over 92})%3 }-%23 and ”Z;. . Expanding each téfm and

performing the summations we find:
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The contribution from the second four-vertex diagrams is:
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4

(4.35)

A1
LK,
ﬁ%di ij/

V’(—f"fﬂff /!Sé)é’ }57527) ‘\/(’ 59—34 2 /’gg}é)wﬁ7‘}7>

[ —

Z_“__ﬂ (;(jfﬁ }1 > 4‘1«3,2,’ ) q(’{(zalé’/!“’“\‘g)é('fi%a‘g’w’lw )(;[‘7“7, ‘Z
T A ,
1’ 3 ‘* ] ) N . v " -
4(@%,)79\)%)6 (fbdg)'z”‘}%)c%( 1:7}7) - uﬁ%w 40\)”2/4)

Performing the summations over ) ‘o We find:

Li«
(Kgﬁ 1INy ,\*Kz*K )A‘(K +fé7k 7} #D[/(i 7,’ r~3 )4'(“1{);?”’132)';3 W}K‘U

F(3 icf)-"? 3 TR (K‘,;wl,{m)m(M)w(K#) w*(/w)m (ra)
k‘f: 31< 5K
“ﬁil}B& 35'%}7 ‘3&‘(‘/9 5)/%6’5; )Cf)(”K} "'Kfé’“x )}

(;N Lo+ X(3.19) 4. '=':E (4.36)

The contribution from diagram (3.20) is given by:

F(SAZO) - _C_éL (450 x12 L V{2, 5)V(- 5,41 VY-1 -2, ,73;‘?‘)
F 1234567
\/(*-'_f} —4 - ‘5)
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Z G(l, 2 )G[z ey ) G(3,29,) G4 . )5(5;_.4‘.,9?_7«%)
7&,2’:%?)7’% 2 3 e Y, 3

G(6, -2, _ 4w ) G(1, ‘,,,L‘dﬂ‘.“qw%_k 1:/0 FIRAPN )
3 %, .

The high temperature expansion is:

(234,561 m3 v\‘,t WE W Lttt
a 3 4 5 € 7

C{?(“')“”ZJB) l{—/ ~7) q"-’<@3/‘/'f)’“6]

[ I+ X(3.2¢)+ J (4.37)

For diagram (3.21), the contribution is:

F2). 1 LB agcouy ) V(L-b2a30V(-2,5, 4V, 5,7Vt )
{"

r;L,% 45,41

2 6{}7“WL)5{“)’}N/L)4(3 2 )G('?L}'Z% ’ Z) 4(5 7"") )
785,

g(é’*zw,z _fzw),?/ )4(7 vy .,mw,z )

Substituting for the propagators and performing the summatlons we get:

F@Z!):—b{ oF LA(K1+K3+§1)A(—§Z+ St B Ky e ) P51 23, )

W L 5 ) * kS
e R R

#’(“’2—; 5’,5)4’(‘\3/ "517)%(“1f)~£/”7)

4 X@2)) ] 4.38)

E /L< T)""
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Nine diagrams from V3 - V3 - V4 - V4 term contribute. The contribution

from diagram F(3.22) is given by:

A —
F(\?,ZZ):"‘- (‘é) ; 25'72“[’22_‘ V(K,Ji,_/\’.) KJ /())

/ >R
g 2

ot 5;54 érﬂ
Ty

NS R, > ‘52‘;3 7 ;'?‘%}4 9"54)5)‘/(/;*3}' Kelpo 7 )V/ N’y o~ ok 3)

2_____6: ”;zim;z)é(wz 2% %)4(57J371 }G(‘;‘Lf’ ,z)
(CAND “

The pairing schemes and the topologically equivalent factors are 2592
and 12 respectively. Resolving the product into partial functions, we
find a total of twenty terms which can be expanded and summed over all

fljﬁ « Finally we find:

F(3.29)- <Ks”f7 ] Bt & "f"(mwxl K ) Pl s K55 K, K0

[en WH ) F )0y ) UK )0 5) U Je G )
KIF"ch, éK -~

}3@’1 %

Fls)gfieds 0 ) F K, s Kol K )

. t‘l )
[L + — WD) ) +X3.22)4 J

/1(}(’67‘/ (4.39)



The contribution from diagram (3.23) is given by:

# Co
F@.23)=- %&'—f—— x zmﬁzﬁé _ ,f RS KRS K, )
PA R N Y
i}%é }‘/')fﬁé}‘l
(/g‘}zz“ 55‘}49 K ‘) )\/( 5%,,’{(’}4{)’:7)7)

TG 7, Gl )G )q(% 2i,)
Gy ' - 5

al% 5/"“” "’waz)qa(d e ) @ 5% 5- ’”}’Z "’\""tz{)

2 w

The high temperature expansion has been derived in the following form:

+ .

H@ﬁk,§£§ @ygﬁ@»wﬂgfg)ﬂ&m_g Ko by,-kd) |

16 s KRR, WG ) F ) S wlff/\;) *)M/%ofg ) p&(, 4,) WHE))
WA

VR, 15, KK
dﬂ( S 37 K ‘/-) )ﬁ/fi}’l)w/‘ )é ,~/f7)_’)<i[’(i§4'2“ L(f)g’ &34)37 1

tL 2
ii + --fim>(jf,},)+>((3azz)+---}
/

2 (Ic,T)

i (4.40)

The general expression for the contribution to the free energy from

diagram (3.24) can be written as:
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F(3. 24)“%_._!5”9/;4«4 D V58l VAo )

K,K K, 155/&,

‘}‘}Uéﬂ'h

VKK &,/, S d ) V(- Kb ;IA’K7’7)”’57‘)7)

~ ~4

5= G, ) GO i )Gl g Y5 S/

OL'L’Z’Z,*

Gkl - 0g i) QS =i 19)6 (> )
> 3

Working out the summations over %% we find:

Fl324)-— @T) T SO0, KK A F, K, a5

,,z(z;‘)( )»a7/;1)1)u’(523] )“z(f‘;’+)”2('() IR (/r) )

’(ifllr(‘i!’s 5 K’l

o

<;[>(~57-?3)~5‘/‘) )"wfi’) <#(—§5 Kgé p K J_Ir—- K757)

[i T T 56( e )4 K@) J (4.41)

Similarly, the contribution from diagram (3.25) is:

FG3 25‘)~~%('6)%125"672K 2/ Ve, =K - ’fsél’”)‘/(/”l Kook,

’i,.w A
)),/3 /f/) /

V&Ko~ J)V(gg_,_fg%,-gy

Z;G 7“"'2’/)6 At Z)G(,é}g,;; )& (5; e,‘)u fz,)

1L,

Uiy Gtk ) =)

Performing the summations we get:
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(Kﬁ ? Mzt ¢+l<7)<}>(/<ﬁ, ,—,_(J, fjg’l{?‘)%) Sb(: éf}éf ,«73 )

e w14, ) (K ) K 2(/(/) g )oK,
iElr‘}KéK ') ¢ Jl)w ¢)«\> “ 'g% )

‘}i 7‘3

F325) =~

| Kd -
Cf:’(rz/l) )52 ~3 ‘7‘47 3‘)5) 9!‘( /\;)5" »4%" r«‘(a-])

X
I+ Y )+x(3.25),‘;]
é(kéwz (4.42

The contribution from diagram (3.26) is given by:

)7 4 ’ KJ
F(j)zé’): -1 &é)% x 5/84 %72 l ‘/[,’:(l}{ 7 ,:“Jlﬁri(ld -5 / )V( 5 g
£ RS2k Sk
J! J),é)’—fd{& }7

V(&d, Kby, o WKl

)

5

~17

T Ut g ) GO, i) G Oy v ) Gl

o
)?f Lrgzlf

/(/w}’ fz’M) (;/_() 71‘63 + i, — e
G(/‘-j 52 /%) G’ & iz,, yg }2471-)

Gk} 1T )

> 3

Substituting for the propagators and performing the summations we find:
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4 \ R .. i
F(3.2¢) = (K‘ST)E 8 Ur Kyt 5 V8 s+ g K DT 0,50, L Ko, Kgm%’gg.,fs»,fsd

'ng,‘KVLK KoK Nz(lf,);)»ol(ﬁ’z}z)ul(/gj )w’{/g; )u.\z(/( ) (,é)wz{,gﬂ;)
%}1}3}4 J'S_ Jé 37

[J\ j_: w4 )y )((3‘24),..,] (4.43)
/1(4< r/ e

The free energy expression arising from diagram (3.27) is:

F(2.27)- l (;1) B ppamain ) \/cm,,;;ll,,%;)\/(_K,i,,-;glalfgg.%; )
KKK,

/-’ r’rjr’ o~

J i } a’),,)év)7

w

\/(j‘f)K“‘a )/’éé)K‘))v( /.33)’,/,(3‘5') &JK)WI,STJ*])

;

0 Gl ) GUR, = )4@3 )
70 / :

23 %

q(/p(]%:?t ){WZL C;(/[%Jﬁ“j’iw?) &({f&,{é}ﬂ.w@)

Q({S:,):? ) u’LM),l .-.mv) ..._.quo )

y
Making use of the propagators and performing the summations over”] ~ we get:

F(3.27)=- <K37) Z" NS, R IS, )AL, 1K Rt K 9P, 5 n,};}))?’/’(r,,, KAL)
290

KR, O I ) )OSR

24000

A - N A

3&(@‘)‘% K 5')Ké.é}K )?5(/‘}4/;

f ) »5 ;7

Elf X(3~2—7)+uj (4.44)



The contribution from diagram (3.28) is:

,\,2572- x12 2 V( b 2, 4/7)\!('/)’1/‘ 5—) VE“%"?")'S)
‘)\2—/3/"")5_)‘/7 V(a, G- éj “7)

i-&zﬁ')-{lg :
TG, ) G2 vy iy ) G (3,30 ) G o )
'Z)Z"Z’Z I 1_ 3

G5, 4w J4(€; *)6(7; """’%;“‘”‘t*)

Performing the summations oveer:J we find:

F(3.28)= (/<3'r) T U+~ Ayt skt K K1) P06 7).

N3 z L 2 2
L3547 “’7,"‘37 “y ”"9’ “% o

& (~l,-2,5) F(~3,-4 ,-5)F (34,-4-7)

Li T X(\?.ZP)+~-J (4.45)

The contribution from the eighth of the four-vertex diagrams is given by:

F329)~ -1 (/g) A /0355’)(4 VOGS 4, =5) VA6, ST W5
R

39}567

Z’_ C;(//q‘.%’) G (2, 4»,{,_35(3 —-’zwl—’LW )5(4,1,433)

T,

Q(S)-’b -/-’HA) +2 0 )G{é}q,u) )G(("[ -q,,J/L_ -u,J ..1w )
z 3 % 2 3

/
When the summations over 7] 4 is performed we find:
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F(3-2’7):~ (Kg’v ZA(K VHERKS) 8 (K + K)ol Stkst Ktk )P 0,.3)PE3 4,-5)

MJ z/J T ot Lo '__3‘ I o
119‘/3/"")5_&7 3 4 3 & 7

=3 (—l, -ty _4}..7) C#(“)E)L;j)

[L + X(3.29)+ J

(4.46)

The last of the four-vertex diagrams gives the following contribution to

the free energy:

F(JJO)hﬁ’ —(—Q?L—xﬂ—/fzfxll P VO ESIVE-L-, ) V(3 -4, 67)VEs-4-7)
Y

12345 40

%'%Z G0, »L‘usni‘) G(zﬁ‘w,zi)c;(y,-m,%. .z'w,%) 4(4)1@})4(@,-1 7 %J

I»3 4

4(6, )C';('?’L 7¢a~‘2¢1 ,(_,Lud )
i,l.

Substituting for the propagators and performing the summations over’zjﬁ

we find:
F(3 30) _ (kg’/}ﬂ BUS T Kot 5) 8K Kot Ky K5 )8 (Kot ket Kq) P12, 4, f)f[ /,-2-3)
et ¥ - 2 (. 2
B R S

95(3;“*1";7)7(’(*3',“6,—-7)

[ 4X(3.30) 4] (4.47)

There are eight diagrams of the fifth order perturbation. The contribution

from the first one of them takes the form:
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. . . ” / J“ -‘K)
3 31) ;3( ﬁ) )\77747(/{2 VUi, , Koy, 53)3)‘/(1:/ R r.?d )

K’(z’(;ﬂ—ﬁ-,f

t“ “)fﬁv”z
PN : ‘ " ) - Ko —KJ
V(‘rA-}q}){c(}al;" };’_{54{)*,'5/%()\/(,55’;‘) K )V( K } . 7‘7) r"?g)

> C%(Kxa//’wt) G (K ”IL/“”ATZ) 4(} 3;" 2\"":1_"‘7’“;’»()G(5)% )—7'“,32.“‘,“’2}

Y,

Gy 70y )G KAy 17 )G/OWJ?,,L)QU?,/Y w%)
3

Making use of eq. (4.2), expanding the result and performing the summations

’ .
over ¥ » we find: .

FQ ) Q{K ') ? b(KﬁK K5 1‘,/_(7'? %(K\Jp Ev_zj,-gd )4( NP r-z 1;"5";54)
* 32m gk K KKy ”“z(m) UG H150,) ""7_('53)4:) w (e ds )”2(55{4) ”1(5731)‘}(543»)

e e A

i

C#(fzxfr 5 ) )()yé(’(;% "7)’%%( fKSé' KA J’P

+75)r

[:l + X(3‘3\>+~—-J i8)

The contribution to the second of the five-vertex diagrams can be written

as follows:

FC?.SZ):«—, Fﬂ) X 7774(402 V(/(}p“ iJK)_‘\I) Ké)\/( K 2% 5, -4 ‘f- NS 5Jé)
{S é"/ ,(IKQ_N-;-FO E‘IK

)
P

VICRSLAIN S),)V(A’ KL ) VEE 5 - )

7) /-'}Y

2 a(k ,,W){)g(w 2o, )&(k.; 10 )q( H)‘{WT@?)

2L 4

123 4 2

Glishs3) 654 ) Gl o ) GU oty =, )
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We have substituted for the propagators and resolved the product into
partial fractions. We have obtained a total of nineteen terms. Expand-
ing each term using the binomial series and performing the summations

’
over #) ~ we find:

F@Sf—) (Krs’) Z B KRR )b+ K, +KY)HK),)-§AI)K2)” m Wi m,ﬁ %)
3’*\/‘2 K;_er’K £y w0 ) KL, )m%’/(/ A, d,f)wz(/( J IBINT) ;)wl(/w )ty q)

0; éJ‘/éL} }

Plits o K g KA BEA 1) s POy, s 3%)

2 :
El + _#’ wl(f,«)’)-f X(3.32)+--J (4.49)

12 (k,T)*

Diagram (3.33) gives:

F(333)~-~L__.;(/3"S‘5‘2x362 ,,,,,-/fn‘ K{vK})\/( 13,4’3 K5J5>

v‘\/(/(}s,_; ,.(é) Ty ))V( ﬂ})K‘; )V(/(‘/‘th 577’:%'{?)

> G, W,Z)qm e )G(Kwn 1)

I

g(l/.(ﬁ_oj, 2 ..1uo?)q(ﬁé}é,t u);z) Q(,_-] 7 mb&’zfiwrz-{w?f)

2 * 3

G (8515 /L‘N‘?’z‘-iw‘?"f )
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The factors 15552 and 30 are the pairing schemes and the topologically

equivalent diagrams. Performing the summations over”zio‘ we get:

,-(3 33) (/(51) 2 A(KZ%K‘/f/(y)A(Kl Ko~ )a (K Ks 1Kot K )7‘ ﬁ},,«ﬁ,/’“ AT, z )
FIVAS « KK “v‘(/\’l )'rol{K} )J[/%)hﬁ(}(} )wz(/(.)slw’{/?i)w‘(lr) wif_?)y)

(?ﬁl ‘f' 5

/

% Zt}‘*)f% )7 ”‘S*

PLI, ~hdoKd) PO G d - dF U 13K D)

- ~7

9‘(5&)*,-57;7)-554)

[ I+ 5 ”C"?’j)-f)((if 334 J

(4.50)

The contribution from the fourth of the five-vertex diagrams is:

‘F) ,&3535’;(@7(‘ \/(k“)“‘K;duKz)l) K A )

151/ MJ*Z,;
S e

FG.34)= - —’/—5
V(- Kz‘*z) Jé)é)’ 57}:;)\/(51)‘3 554247 )Sr‘j5> v A:‘fj‘l—” Eyéﬁ")-/lgj’ &3)
v 05(& ) E“]‘i", P ’fj}\s’)

Z:C;(/,S) ,Z)&(k/ ,zw{)q( 23)1w )G( ‘f‘f’ )%7)

7?/4:?3/&7-

G5k 5o )G (g ) § ol )
3

5(/5}’}57”““’@1)
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Performing the ’l sums we get:

(KgT ) Zm IS, + Rt ) B T K1 57) 75(1( 4;5,), Kot yr=Kads)
L e R S s B YTARECTY,

VWP )7)5,

FG.34)=

#Slz /ﬂ/&é 27 5’7)7) %’({&é J &‘)‘/_‘) /I-g‘Jr) 7‘(',’5;)9_) *‘5{)}’) "ffg,’)# ‘é”<1}7) E;)g)

[; 4 RS LK) +x(3.34)+.,_]
12 (IKg > (4.51)

We can write the contribution from diagram (3.35) in the form:

- 5"
/:{335.)':: — .L _L_é._). 777é &ilo Z V(K]J,)KL‘)l) 3J )V( ,7 ,zz; r?‘)q)
F 5

K K38, 'fcxﬁ

r"»"

VUK, Ko K VIS s ~Ads Ko KA VR KK d)

%G(&f, ) G (£, @—1‘%%;(5393)«’% ) 4t )
» 23T

C% (/(gaﬂ’;— 11/3%)6 6}{’ &(47 s =20 ,_woZ)

1 f

1

G(,/E}‘); SR )
2 3
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Carrying out the summations over "Z{o we find:

(K K ) DU+ K )0 (s )#Kw‘,,ﬁz,_,ﬁgﬁ D

Jf-
) (KD ?_
F@:gf’)v PN z(/f/),,,z(r?‘)l)wl((,) Yeo S, )mvz(,/%f) 205, Ju ¥k )wz(/?r))
’(Ezgj'kff‘/,(?K g

dfd‘é}}i/ﬁr,g

‘ e xd k), kd K
O,y 59, bl MRl s i) WA

E |+ A(3.35) *“‘J (4.52)

The contribution from diagram (3.36) is:

F(3.36)= - (*’6) xgxg%’xéoz \/(KJ,)M,KY WERD, “)rg@,K I ViR 1)

RIS v, kd ki VK K K2 )
iy 1 J)%Jja? Sl 194 5 Syl VD0 o 7,

2.:_ G(K} ) ) é‘(/(l L)Azw W ) G(Ko’ _ﬂw{)G(lK/ v?n}zalulz)

‘?,,“?;/[3%‘} oz

Gy )G 53 ) Q7 G Uy o=y )

&+

Performing the”’L summations we find

F(g 39) Kﬁ’/ ? “i*KﬁKS’)‘&M *KFTK )D(K’*Kf' )4("7 ;)rl Lo K /454(}1» (_ua"\'j% ’ﬂ,{)

R S RSB ER ] A1) 00 o™ R D, ) o £, I I G0 )b )

AT

o‘
r’f'ﬁf—’ iz S

» 4 s . ' * 3
#’(m,f(}a;lz )”E‘qu-/ “55—34)4’(59‘%””%47 J’Ef‘ ?’ HL@; Jf)’r ? -9 g}

Ei + X<3~3é)+A»J

(4.53)



Similarly, the contribution from diagram (3.37) is:

- ¢
F.37)=-L € ﬂ) " ssranio ) VO V(-),1,- V(24 VERSY
P AL Vet 47,

! iy SR 4,1 )
71”652/,)4(2;4””'73) @32 “Jz?? ”‘/‘),é)é 4 }

/ : ) W 2. (f 2w -2 )
.(;(5;—700@,1»0‘/(’) g(é,'zwlz_1w),§)&ﬁ) ,/(‘*)G ) Q’ iz%

2 7 7/

The high temperature expression is:

LK ) D(Kt f 1* E;)A(&lfg]*ﬁx)b('("f K‘»‘—ﬂ( )AQ% 55‘# {.(() </é (’;1,3)

3 T 2 a1 z
P BashTE TR w0 et Py

f337)=
C,b{_/)— 7/_?) 96[“ 2/ ’/7"/'5-) 55[’3/‘5:'4’) 75(4) é/—'/ g)

E\ +K3.37) + :,] (4.54)

The contribution from the last of the five-vertex diagrams is given by:

F(33Y)~~i_(,é).x3 lod xIs 2 V(L2 3)V(-3,~% SV 4 m ¢&7)
h ) fos (2345615 (5,48 v{1,a,-3)

Z— G(/, 1.0‘7.) 6(2 7"",7-"1'” )&/J’Lw )Q(lf;ﬂu‘:—h\)‘g
UL, ,

(5,79, ) 6 (6,29 - 2y )6 (7, ~vp-vy ) G (5,2 )
G, ,13)6 'g ”z‘/_)é y ”(/ ’L‘.’L] 11'7_
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Performing the summations over’Z‘o we find:

lf,
KeT) S B0 5) BUS skt S Use R0 Ke )88 1577 53)9 (0,1, 3)
Fo.09) =Sl 5 At 5y 7
g3

Wt wlar gttt alt
; 1 2 3 “% s 6 7 5
L23,4)5,67,5

b (=3, ~4 5D F (2,454, T) F(546%) ¢ Cl,-7-2)

[)+X(3-3?)+~—-] 4.55)

There are five diagrams of the six order. The contribution from the first

is given by:

, o3 N ' ~ R k * s d
F339)= IER (x s53axin0l— VB k2,8 KIVE £ K4, K WU, R4, %00
F e

er').K ’5457,47
Y )N[UJ

!

V[—]fs“’f) ‘f()z)’f!)';) V(’f\’)v kx 5> ‘79'7)V(K 0K o= )“1)

Z:Q’(K”ﬁf“% G (oo~ ‘”’rz)(f(@ ”L) ¢, ’l}
’Z”l”l”L i

113 ¥

G (ks =Ty =0 ) G JG(K‘ IR
) 3 !

(rxw >§( )77” Lf)

Substituting for the propagators and resolving the product, we get a total
. . /
of ten terms which can be expanded. Performing the summations over 41/ ~

we get:
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F3.39)= D)) SN s 10 K I ) S50 S i )
4 2K . _
s KA U b )0 ) G I )N e TR TR 33 ~ik)
M N ,g 179’?

t
ATV S DLICT TN SRR W PR

FC-Kidyo~Ked s Ky )

[1+X(339) -]

From the second of the six-vertex diagrams, the contribution is:

6 .
FB.40) = - (@ Ug) (23327 </90 ) V&, , ﬁzﬂ),,_, )1/( K\J” K.d 93)

K K
fi ‘51’53 Kb f( ~1 Kgﬁ

.......

Nz”s’i il ; ) by

(4.56)

\ | vk s
V(“ K3)4-)-"’<$-)5. )V(KJJ[),"[) K } )V(r}% ’Ké 2 !S?() ( SJf r:i'}’ 70’)

T Gl i) § U Ly )G o )Gl Loy )

i, |
o . f ) " s ¢ N _‘iw ...1,~,d
3 iy ORI )G (it 2 5 )
2 3

6 ({'(9}8 3 '7‘05/”4) Gc)ga? )1\‘/\;‘:1 ,.,L‘L/Jﬂ‘ )
A 4

Following the procedure used in deriving the high temperature limit for the

previous diagrams, we find:
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F(3.49)- (KB’T) Z’ 85 It K, Y 8. (Kar Kt K ) s ( Kotk K ) a ko /<7,&;<ﬁ)<f(mp§h) 0.

W iy D) A ST ), ) ;ga;)w’f,’ig)) %)
%429391
Ké"‘bfﬁ #’(’KJ ~Kx‘)z>"K })#(K‘J s* 52 )7{( ] J,)
by dg bex = ah
pg}))’)sa s 1‘5939) C%’('Sf‘}f* - Ks ?9)

The contribution from diagram (3.41) is:

6
(3%/)~ —»i ) x46656x60 J V(1,2 30V (=3,=4,- 5DV (-2, - 6~ DVE-19)
£oe 2

V[ﬁl)é/ E’) \/(5:”’ j"/ - ci)
.‘.14,&9 lihi ( }fia«}
2:; G142 ) c;(l,w/é)a;és’ )G # 3)

Q(f/z %QVO’LOIL}/&'Z) G(é)qld’l)6(7)‘1w’fl"iwz’?,)q(gjﬂw‘g”’!mi{?)
2 3 4- %
G (1 P 4’»,,{“_;»4,11/04 -+ LW/L )

The high temperature expression of this dlagram is

Flog)o G J BTN S iyt K)otk Kb -y )0 (S 515

n,v UJLUJLM)ZNL“) M}LM}L ) L ea
(23456789 1T T e e T T T 9

#7(/) 23 )+ ("3/"‘"/’ ) 7&(‘“ 2/ 04/ "7) <ﬁ(.- ‘?7)(7) 75@)4;,5’)7‘(5; ’% - ?)

[3 + X(\?fﬁl)fnl

(4.58)
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Diagram (3.42) gives the contribution as follows:

F(f?/zlz),—-f§ ._16_-— 11664-x %0 2 VK } ) 1)}539 W Ky } ,~§,J‘+)

6! KI<KKKKKY

'Lr-J/,{"

0y L,

VUK, SKed okl VE=Fede 2 =5904 5 - Ke 9y )
(K} yy,KéJ,?)\/(.,Ka ,.gf)bﬁ,_/;ééﬂ)

‘w —,771—«3
Z. 40( ),)1"“,/0 G (K 1)19“““/& ) & ("3 377 (Y

TN

(5 ¥F

G05), ) Gl g =) TSI

@
7 o s ;

3

GOKd s, ) G ) O
z.f—

/
Performing the summations over ’/ » we find:

F(g ;/4) (KG() ? A(KHIGHK )A(K +K TKY)A(K-rL(J‘,f,I&)#K}’)}( }l)d 3)
ien? KK,JSJKS-K K Kg wi(K,))u’-(Kl}) udl( )3) wl(!f,éq)mﬂ/( )quﬁ)w’{/() )w’(K )Nqa))

Iy ugéa ol

¢( K ’L"":-] 37"}" ‘) )%’[Kyj 5 A 6) %( ){) 7 'l)—KY) )

JCDR ARG 4)7)¢(~m>—5~@,—ﬁ<c/;)

L\ ~+ X(3.4z)+.,3

(4.59)



The contribution from the last of the six vertex diagrams is given by:

Fea)- - ( p) Ky 8esEx1o ST VORIV gy -5) VS, C)V-3,-7-3)
A Ve, 19) V-1, - 4,-9)

4(/ ) (2 ~2 1»)6(% 2 )G[‘/-)'l'w ) é{"—, B R -iw)
z”;@z S A T 5 TS
‘254

6,7 2w =W, $20 g (9,74~ T8, 42
G(, 44)5(7, ’L'Z’ 'Zj Iéz'«;‘;)é) flL fé '/ZL})

G(ﬁ n'.w - u)Q )

Substituting for the propagators and performlng the summations we find:

RG%J? Uy LMKMKZTK})AU%LKJK)A[Kf)'r'(‘*57)13(’53*’577"(3)9(@’”’%)

v"‘7l’\/3 . ’ " 1
IL3#>’¢7g-q, ,,\)/7137/«)3 h)/f u) ”"g ,‘)7 ")8‘ 5

#(/17’/3) 75(‘77 ’Lf/"s‘} 4’({)47) Sﬁ(—gf—[)‘y) 7‘("‘7 27)7‘(4},4/ "7)

D + X3+ -

(4.60)
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V., Numerical Calculations

The numerical work presented in this thesis has been done using
the following four approximations.
1. High-temperature limit.
2, Central-force model.
These two assumptions have been discussed in the previous sections.
3. Leading-term approximation.

In this approximation only the highest ordered radial derivative of
the interatomic potential is retained. Feldman and Horton [26] have eval-
uated the lowest-order contribution to the Helmholtz free energy without
making this approximation. They have concluded that the leading-term
approximation is unreliable. Leech and Reissland [27] have shown that
the error for diagram F(1.2) is about 47 whereas for diagram F(1.1l) the
error is about 32%. Wilk [10] has carried out the calculations of free
energy to GK??)without making the leading term approximation. He has
found that the variation in numbers from the leading-term approximation range
from 0.3% to 47%. However, the ratio of the total contributions to C%fﬂ?)
and O (2% have yvielded same value as obtained by Shukla and Cowley [9]
in the leading term approximation,showing that this approximation is not
too bad.

4, The Ludwig Approximation.

In this approximation, Ludwig [5] has replaced each factor f/“”%ﬁg)
appearing in the free energy sums by a kind of average[}/<“?ﬂ independent
of E.and j« Such factors can be taken outside the summations. <_uu‘%)

is defined by

- 20K )
<ty =2 W (k) (5.1)
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It can be shown (for the model we have used here) that

v, .
1/31> - :Zfﬁb ()/"’/
< - /\'/ (5.2)
The physical idea behind the Ludwig approximation is essentially the same
as in Einstein model of a solid.
The diagrams containing closed loops can be evaluated with the help

of the following expression [6]

s QUENE ) n g (1 - co7Ta 5. 1) . NM
Ap Kd wK9) 247) -3)
where (%; /%%,,’t)r) is a vector separating an atom from one of its

nearest neighbours.
In order to carry out the sums over K and j which appear in the
different expressions of the free energy, it is convenient to introduce

v -
the dimensionless frequencies N(E4) defined by

W) < 2F ) i)

5.4

~ (5.4)
Substituting eq. (5.4) in eq. (5.3) we get:
[ <U)] (1= comak )

= N (5.6)

L L)
& (K S)
o
There are three diagrams which contain only closed loops.
These are F(1.1), F(2.1) and F(3.1). All of them can be evaluated using
eq. (5.6), and we dllustrate the calculation for diagram F(3.1) whose
expression can be written in the following form if we consider the leading

term of temperature in eq. (4.18) and substitute from egs. (2.29)and (5.4)



F(3.1) =

35l NS [T 7 Lxy YUK )

A :
&7 " 0
34 82N 97

N @7‘"}% B
27° [+°7* (5.7)

where in obtaining (5.7), we have made use of (5.6) and the factor 12 comes
from the summation over nearest neighbours,
Shukla and Cowley [9] have presented another sum rule which allows

us to carry out certain sums analytically. This sum rule is given by

" . ac,«y) Dr-etks?) (1~ comvra, K. .0
Z:[ J k)] (1~c ):4%,/

A(KID AR -8

/v

where the sum over n is over nearest neighbours.

As an example of applying this formula, let us comsider the expression for
diagram F(2.2) which can be obtained from eq. (4.12) by retaining only the
first term in the expansion. Substituting egs. (2.29) and (5.3) and

arranging the termg,F(Z.Z) becomes

» 4 . : «
(K 7) " Z:, 5 [m.ecK 5] z</—c,o”7m“§.g) }4’
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Fla)e (D2 CT" 5= 57 (et U cmafiny 2
20 NE T mn Kol SR, (K, 4,)

V-

%_Z_—'_Cn eugf,; )j (i-ceman,. )ji(h e(KJbﬂ[ e(lngg)](uc‘,.vra\o K,n) }
/)1(/( I} (K, 3 )’MEL%)

lE’L R écE‘L/ UC’/L e.(,() H (/-C“TAQI‘E'Lm Q")j
/)(J(J )’)\CK)) (5.9)

Making use of eqs. (5.6) and (5.8), exact result is given by

o 3 A
F2.2) =~ = ~T) & (5.10)

; #J"

Applying Ludwig's approximation to the same diagram, we get

F(2 2)= (’(BT) [ 'VJ Z— ilﬁn e(/("‘})] (/ TR kK w]}
24 AT H,"]’f A, -

i 5 Ey}q‘.e(KJ)] (=t Ky ’Wj
Ky

0 L Gretga (e8]
K

~2 2

7= Lol e (k)
4

3

(1-CoTa, K, )(/~C""7r“o’£z‘fz> (5.11)
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1

We can evaluate the sum over J 1in equation (5.11) as follows:
2

I Dy D ) T, e, ey
&é Ai,“P /1 r

K
!

;
Gﬂ

(5.12)
where in obtaining eq. (5.12) we have made use of the relation (2.10).

Making use of egs. (5.5), (5.6), (5.11), (5.12) and the following delta

function relation

O )= %y L exp (f7771u§£-;}‘)

(5.13)
we get

4 . 33 v % )
F(2.2) =— 2 'f’i) (¢ ]+ %(zu)z(;ﬂ,rﬁ)lf\/ HENCPIER)
2 /Vl /:42’-7 A2

+H{oGrem)rat-n0} ]

16 w2
1502 Nemd D
ZI? ij:j‘}'

We have also evaluated this diagram using Ludwig's approximation and the

sum rule (5.8) which can be written on this basis as:

5 ' el k) J—Coo e, K . N) = &
g
from eqs. (5.4), (5.6), (5.9) and (5.14) the free energy expression for

diagram F(2.2)becomes:

22) . _ 5 wgTFP B
F( 2¢ ® C¢"g+



This result is the same as that of the exact result (eq. (5.10)).
For those diagrams which cannot be evaluated analytically, we use
the plane-wave expansion to eliminate the delta functions which expresses

the wave~vector conservation at each vertex, The expression is

ACK +--+K )= ew/aﬁ'rﬂa Kyt - i)

i
N (5.15)
Now, let us consider the diagram F(1.2). Its expression can be obtained

from eq. (4.9) by retaining only the first term. Making use of Egs. (2.29%),

(5.4), (5.15) and the symmetry between K's and j's, we get [6]
~

F(f- 2) - (Kg /) C 8 = Z Tzk"ﬁf""ﬁcﬂ .e{ﬂ W, €(W](,, ‘*"" - 7”'%’9”9}}
3x2 N E P i, ~M NK 9, (5.16)

Using eq. (5.5)and (5.12), we get

| z(ff’mj
F1.2)= - —— nlgT) Z Fo0r,7m5)
( ) 3 X ’)—,3 C%lf] r- r!,v.ﬁ_, ; (5.17)

FO20 20205 1) [ 5.02) = 808 -20) = 8Car 2 )+ 0 )]

(5.18)
The structure of this function appears in most diagrams of different order.
From the properties of delta function, T takes only four values
zZero, ZLI; - and (’/’}\—« V}:\_) - 7¥L, runs over the twelve nearest
neighbour positions.
We have followed the same procedure for computing the rest of the

4+ .
diagrams of order O and N . The corresponding formulas for diagrams

F(2.3) and F(2.4) are given by

. Ny I v S
F(2~3): lJ(AET) % 7:‘&,# 2- f‘in)F‘(N7ﬁ17f—'L>
sx2* (P97 (5.19)
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F(z. 4) = kT T 57 b)) Coyon, )
2 7 Lﬁéﬂfér'mn1¢ﬂ? )

T

El)— (ﬂ’ T ls) = F {M! AEMCVICOES F/f"*”"‘”g)J

*(m
Froos *3) (5.20)
If we use the sum rule (5.14), the last expression becomes:

Fleg)= & EM ) Flrmng)

575 //35 i h (5.21)

7 orrr3

For diagram (2.5), the expression turns out to be:

W) i N C Y
x 2T @I e, (5.22)

The free energy expression for diagram (2.6) in high temperature limit and

F5)=

using Ludwig approximation can be derived with the aid of egs. (2.29),

(4.15), (5.4), (5.5) and (5.18). It finally becomes:

S eyt
F(2.6)-— 2 &7 "D L L FCumrson.n)

2)_ é Cd’ /j f/ ':47.’,'.13 :\"}7!)

F/ﬂ:;; ,Q/n )F (/’M!’ SYDEAY )F ("170/ ‘*) (5.23)

This diagram and a similar diagram in C?(?é) can be easily evaluated using

the following matrix

J )= € O YEL S K VK, - 0, a0,

" o w (KD )X (KD, ) WA oo (K}7) (5.24)

~

Substituting from eqs. (2.29), (5.4), (5.5) and (5.18) we get



MK ,); )=¢, Z__ L7 K s ecm)ﬁnl (k)] (1= ¢ &)
n A

,-z /"ﬁ'L

('}ﬁef‘i"\e/—- 1)F (M 8 V‘\.m)

~1?

(5.25)

Cl and C2 are constants to be found for different diagrams. The contribu-

tion from diagram (2.6) can be written as follows:

Fl2.d)=_ NEDE T MUk, JYME) D)
2" KJ)!

JH*
K

The summations overvghave been carried out for 32, 108, 256, and 500 wave

(5.26)

vectors in the whole zone. We have also evaluated diagram F(1.2) using the

same method. Its expression is given by:

) 2)-_ M 0" ki) S,
Fo-2) 328 773 %5;‘ MO 8550 (5.27)

A{-
In Ludwig's approximation, the remaining diagrams of dﬂﬁqj can be evaluated.

The expressions are:

Flo.g)e N FIC#) 5 5 F (ot n

) / )
2! [715 mom ansy ~

2
SNCHED (5.28)

F(z.y):- ~(Fa T) (# J T Fl= —iy 7, )

3x 28T [AE wmmom O

S K

r("/’]}- 52 %% ,VL)F)(,d?,/)fL‘)F(V‘FL)y}l)4}1-})

MU~ A = (ha
Flma=, a5 ) FOn ) (5.29)



Diagrams of order A

We have only considered the leading term of temperatures given in
section 4. Similar procedures have been followed in deriving the corres-
ponding expansion to all diagrams.

We can use the exact result of diagram F(1.2) in evaluating exactly
diagram F(3.2) after making use of the sum rule in eq. (5.6).

The expression of this diagram is given by:

mifi i i .
(D" +" 4" 5= [ preetsd) Cim coomraion) 1

Flia)=-, : | ‘
K2 437 wan, UK ARG

., 2T L . ) ~Taa Ko, 7(4'6\",{(‘,’?' ' 3
va&o’fv v [ﬂq’ecﬁg%)‘][yﬁ’te(géﬂ(l..e Taa, Ky ’J")(l—e 2 )J
54 NK,J,) (5.30)

In Ludwig's approximation the expression becomes:

L w4 Vil , ~ 3
2 )-nker)” 7 4 b )" F o 7s)
F@ )szi‘i [93/35'7,; !

~rl AT

(5.31)
Making use of the exact value of diagram F(2.5) given by Shukla and Cowley
[19] we can evaluate diagram F(3.3).

In Ludwig approximation, its expression is:

4 v g i
Fo3)=2 &7 2 7% 7™ oo ) F 7??)1‘7),”‘1)

3x 210 [C/’/j]iwn n (5.32)

~ e

Diagram F(3.4) can be evaluated in the same manner as diagram F(2.2). The

remaining two of the two vertex diagrams can be worked out to give:
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~ i~z (5.33)

4 V42
N M KT [f7]
Fo.0) == = x(j‘/ G e P 0
Il R

The first of the three vertex diagram gives the following expression

FG7) - &) BT = [ el *Cmeemns )]
3427 [%f/’]é 7,7 ﬂ) ’)?"(ff, J() J

f [ Loy -¢ CELJ;HC"};*@(&’H] (/= Com T, Ky "L:)J

K Db ) NS, )

ﬁl";,

Dy e (5,0)] O €8I )01 — cnmral K, 'm)j
CIREYCIR

[[’YLS e,(KJ)JEn_ éCbi,g](z»fﬂ'—rﬁ ", ?) ] (5.35)
ﬁ‘ngmé4>'l(§u% )

Using the sum rules given by eqs. (5.6) and (5.8), it is straightforward

calculation for this diagram. In LUdwig's approximation the expression

becomes:

f(s.f) N'(K@‘Tj [4 Jj ;‘-’ (/’;2,, )("L VZ ,»1.,, )[ _{_.q[}[ﬂqwl)

25 wad
Sx2 [C?S:] ’ﬂfzﬂ
‘ n, —n AN n
4";}0[7}1“‘)?;)‘7‘1?: A("’}['f":_lﬂj)—fl{b(,\\ ,~3)+1 CCL_}:}‘ (V3)

n(n-n)-% B+ e+ 7 g ),wb(n ta-n ) LA("I )

L
.
- J}F NG )j (5.36)
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which can be done analytically.

We have also evaluated this diagram in Ludwig's approximation using the
sum rules. The numerical answer comes out different from the one given
by eq. (5.36). Diagram F(3.8) can be evaluated exactly. The expression

can be derived from eq. (4.25). 1In Ludwig's approximation the expression

is:

—

B e

4 1V a3 N . .
F(3.8) =87 4 J [Z On ) (e )3 Ty,

3&11L

(5.37)

—+ V,Z:L IR L(i‘w,@j)zf;é}i")fd%]

ol gt §

Diagram F(3.9) has been calculated in Ludwig approximation using the sum

rule as well as without using it. The expressions respectively are:

~ol nED (2773 oo oo
o) T & Py

~ 2.3

3t Wwa3l
fTé.?]: P/@ﬁl). (#7J 2{: FT%E¥7/%&L7723) (2 n (2% 2y

213 C‘f’ﬂj[ M1 < ~943)

el e P e

~

| 2 FComy ) = Flaan o, fﬁ’é)‘”“"”?"nj (5-38)

In Ludwig approximation, the corresponding expression from diagram F(3.10)

is:

3 -~
F(s./a):”@‘e”* T 57 T Pl n)
8"

vI€ nnnn
3w (¢ M s

Fz(vf;t( > 7 N ) F (o, 250, (5.39)
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The expression arising from diagram F(3.11) and F(3.12) can be evaluated
exactly using the sum rules. In the case of Ludwig approximation we have
carried out the calculations using the sum rules and without using them,

the expressions: respectively are:

1vVa3
Fli)-~sD’ T 57 p3n )

¢ A
38 (#0" = (5.40)

Fn=2 D L Ei Z‘_(,, MACIC SRS T

2y qﬁli { -
3x2 C ‘J 2N +~é é(fr“41{] (5.41)

4 V7 Il/{ﬁ v —
F(3-12) = T 7 2 Flm Ny s ) (5.42)
1/4 C#‘II.J PN 7

/| 1 i
F3.02)= Nt $red! Z F i, nn) (1) m5)

2% [#"7¢ mamng (72, 72,)

‘)g

[ZF(M ) - F('M*“.m )=l ’nfﬂ

(5.43)

For diagrams F(3.13) and F(3.14) the expressions are:

F(\? /3) N(KBT) # ”(&“/4; )7 F (m ;ﬂ,/ﬂl)l‘(’ﬂ(-lmuh,ﬁf)

Cﬁ"”] gk ! ':“,”\? F* (M""n 3) (5.44)

- kgt 474 4" 775 F g, 7,1.) F ¥ m, ) Fln g,
3.4 -2 )
e ERCRE I B N ML VSt (5.45)

The same expression arises in both cases with the use of the sum rules or

without it.
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In the same manner we can write the corresponding expression for diagram

F(3.15) as

K ¢4 i .
Fs15)-2ta! Tl J;; = o |-

3;(,?’-‘-1' C#//é oy

The contribution from diagram F(3.l6) can be evaluated exactly with the

(5.46)

same method used in evaluating diagrams F(1.2) using the sum rules. 1In
Ludwig's approximation we have obtained the following two expressions:

i) using the sum rule:

P “ s v v 3
Fé‘/[}: N $T T Y 2 F¥m,n, ;7% ) (5.47)
517 (’jgﬂ ¢ M,

ii) without using the sum rule:

7] v v - ",
F(\B/é}: N(KBT‘)Q ?g ¢ ¢ Z /‘a(,s.; 1,1’2 )(rl f?.)( { pg)
Srt e //Jé Ty (3,31”/,‘3)

{_ZF(’Z’/’:Q,KIJ) -——/':(",0 A PRCIPEAN ) - ﬁ\(/’l,’?-:i,} ,;11/:'3,)] (5.48)
Exact calculations can be worked out for diagram F(3.17) using the exact
result of diagram F(2.7). Making use of Ludwig's approximation and the
first sum rule we can evaluate diagram F(3.17) whose expression can be

worked out to give:

wr j1V ;v
F(3.11)= N(/zs "5(::”; 2 2 Fimum mf Om g,
7_/"/~1r3

R,

With the aid of the result of diagram F(2.6) we can evaluate the contribu-

USRS ) (5.49)

tion from the first of the four vertex diagrams. It is also possible to

calculate this diagram in Ludwig's approximation with the expression:



T PR L A N i W RPN

226 C%‘Zﬂ 7y Ml

R
F(hrf‘Sffz?,rfj) F oy, 07, ) F O 1/,3/,&;—)

(5.50)

Ludwig's approximation expression in the case of diagram F(3.19) and

F(3.20) are given in the following:

NG 7 @&’" '
F(\?.f?) jx‘if C(}{]7 Z: Z: F ( ) F(M+M '\ ,n)

/“ ("Lr} ) )y\tv,\_}:\*

-2
F[):E YRGS /Tl—f)r (?117‘ ”}q.)

~3 (5.51)

F{\?Z@):_ I\/(KBT)%[¢”33E$VJZ: t [:‘l/ﬁ,,ﬂ I’( )F(M’ ) l)’}z)
21?1 [E£ZJ7 BTy Dy

F(’\;‘m)nz )(r,\:bf) I.(,):/)th}”:"»}?}) FY{ ~37? ’"3) nL}‘) (5.52)

Diagram F(3.21) is similar to diagram F(2.8) since we can evaluate exactly

the contribution from the loop. In Ludwig's approximation the expression

becomes:

F(3.2!>:_."’(/<e'7")4 4"7° 4" ) Flyrmasmeny)

LS 077
3x2 J LSRN RRATIAAS

f‘("" ,)r(”’ M7 3/‘,’3)’( ?7/'33‘)

("" Tz)”lmﬁf(”’w”%/ ) (5.53)

The corresponding expressions to the next five diagrams can be evaluated

with or without using the sum rules in Ludwig's approximation Their

expressions respectively are:
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F(322)=— N(’:%!) [9‘Jli@ J 5 Fia ) 5.56)
2 [#7TT »oyne

) F(J_’L’L):__ Ng(.“_),,t [7&/:’:]1[?/5!\/‘]?. . {(M n 5 .L}<n1 »2>(’21‘”‘,)
2+ C‘i{’ﬂ? mann, T (’)33"3:2#)

EQF("F‘)QJ)V‘,‘) F{"W‘”y” ”Lf)"”’{;v'“izz.’w '!]/’ FaY 'f') (5.55)

¢//:] C#‘]
[7') F(Z 23)—' - T) L 2 Z F [Mu n,) F-L(M‘L) ") 7)
J 1% r
2" ?QJ7 M AUR L
f’:—/f;’*, T2 ’th) (5.56)

, )7 Y vy
() A 2V T C T 5 5= p s P )

i 4
> C?gj? Py, a0y

(ﬂl“’fq}>(’2}“y}s"‘) 1F(M?,¥M 3 Y )Vi ) F/ fh/l;j}) !/"’)

O,
— F(Ta-ﬁ"” “"3;"1);"19_)] .57
(2) F(}Lﬁl)h N(Kgf)*ccjg”/]zcckngzm N
o A L, Frlmm ) M2) (5.58)

?_[7 Cﬂé/ifi mn N
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2" (#J7  p ENI (02 75) e
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. ¥ A
&) Fl25)en LET BTET 5= 2t
NE (P77 21 oM (5.60)

. ré77 -

(r3 ~

o ~ "’ fvis A
U,L}r (3 15) - (BT) [9‘ j[ L 2 IC f )(,g ,1){”: M ,:z”g)
moonn nn,

208t
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174} V2 2
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2«11 Efg’fj’! 2y e
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The remaining four of the four-vertex diagram can be evaluated in Ludwig's

approximation, Their expressions are:

C(.27)- ) T 95— 7= 7 f )P g mon)
25
(2777 s
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So far, it was possible to execute all contributions to the free energy in
reasonable computational time. In the fifth order contributions, the compu-
tational time is almost exceeding fifty times the previous calculations.

We have tried to use the symmetry in the arguments whenever possible.
However, the computational time for diagrams F(3.36) and F(3.37) exceeds

an hour,

The contribution from diagram F(3.31) can be written in the form

, k. TIF [$7F Y —
F(3.3)) = D7 D 72 5[ 7 R, n) 1, mom,)

237 [#7]% n A
P
. 1 (hz V))
- P2y i > <F ety nm)) 2200025
1 T) {2 ?_) i ST ) (’);Ilv);z.l) (5.68)

The next three of the five-vertex diagram can be evaluated exactly using
the result of the contributions from diagrams F(2.6) and F(2.8) and also
the sum rules. Thelr expressions can easily be derived from eqs. (4.49),
(4.50), and (4.51). In Ludwig approximation we have executed these

diagrams with and without the sum rules. Their expressions respectively

are:

F(sz) A/(VB 7j4 BLMJ# ’ Z L F(M *’"2*'”3/"";/”1*)}' Y 1/’4)

le E?é’/jy ey NN,
— Py
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The time of computation for the contribution from diagram F(3.35) in
Ludwig approximation was 29 minutes on Burroughs 5500.

The expression is given by:

Y w4V < —
Flase)= MV BT 7 57 97 g a)
3’ [75117 L P 1M

F[r,;v}' 7L. 17/'" )f”(,n;;pj,;ﬁ})/gﬂ { ?,}’lq/ 5‘)

F (v , ) F(ﬁ?}-f—ﬁjﬁj > oy, (5.75)
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Time of executions for diagrams F(3.36) and F(3.37) are 72 and 100

minutes, respectively. Their expressions are:
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i
Making use of the symmetry of the sums over “/);L/J, the expression which

corresponds to diagram F(3.38) reduced to:

o+ " —
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Time of execution for the last expression was 188 seconds. There are
five diagrams in the sixth order each of them involves summations over
five W;t'p and six r/}’p . In other words the computational time is
exceeding once more by a factor of fifty. However, we have succeeded in
using the symmetry for two diagrams F(3.44) and F(3.45). In the case of
diagram F(3.39) we have used the method discussed in evaluating diagram

F(2.6). Its expression is given by:

PR niv6 - - S
(3 39)= - 2D BT 5 ek )M (s oA k)
2 (7 rira” (5.79)
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where M(’j,o') 4/°)  is given by eq. (5.24).
Time of execution was 168 seconds. We have found that the value converges
after the fifth mesh size. Diagram F(3.40) is one of the most difficult

diagrams. It has taken nine hours on Burroughs 5500,

Its expression is:
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Diagram F(3.41) has been executed on CDC6600 in Chalk River in ten minutes.

Its expression is:
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The contributions from diagrams F(3.42) and F(3.43)is reduced to:
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VI. Discussion
The knowledge of a two-body potential function is essential to
obtain the different order derivatives and to make a direct comparison
of the magnitude of the various contributions to Helmholtz free energy.
We have first assumed the Lennard-Jones form for the two-body potential

which is defined by:

#’[}”): E [:(%)12 — 2 C.:;)é] (6.1)
where in eq. (6.1) & is the well depth and r, is the nearest neighbour
distance corresponding to the minimum in the potential for the nearest
neighbour face-centered cubic crystal model. These parameters can be
obtained from the review by Horton [26]. The 037 9“‘ and fké contribu-
tions to the free energy in the high temperature limit are expressed in
the units of N (K 7)™/ & ; NG /e and nNikyT)T/€7
respectively.

n
Maradudin et al. [6] have worked out the contributions of order 9
to the Helmholtz free energy in Ludwig's approximation (LA) as well
as the exact calculation. The contributions from the diagrams of order
'32~have been presented, along with the corresponding totals, in table
(1), where the first column gives the tables of the diagrams presented
in Fig. (1), the second gives the exact values, the third gives the
results using LA and the fourth gives the percentage deviation of the
results using LA from the exact ones. It is found that LA gives an
exact result for diagram F(l.l) whereas it is about 16% low in the case
of diagram F(1.2).
We have presented the individual as well as final total contribu-

tion from all diagrams of order iA* in table (2). The first four

columns have the same structure as table (1); the fifth column gives the
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contribution from each diagram in Ludwig's approximation using the sum
rule (LAUS) mentioned in eq. (5.8) and the sixth column gives the percent-
age deviation of the results applying LAUS from the exact calculations
which has been carried out by Shukla and Cowley [9]. Wilk [10] and
Aggarwal and Pathak [11] have worked out the contributions of order CA?
to the free energy using LA, Our calculations are in agreement with
theirs. LA is found to give exact result for diagram F(2.1l); it under-

estimates most of the diagrams by about 187 and overestimates diagrams

F(2.3) and F(2.4) by about 20%. We have obtained exact results using LAUS for
diagrams F(2.1) and F(2.3); one diagram is overestimated by about 147%

and the rest of the diagrams are underestimated by about 187%. The

total free energy in all cases is of negative signs. There are signif-

icant differences between the exact results and those obtained in LA

which indicates that this approximation is not very good. The ratio of

the total contribution of order fk% to that of order r7\1-in the exact

calculation (FE), LA(FLA) and LAUS (F ) are respectively given by

LAUS

O S E(Y) = 0. 554 KT /)€ (6.2)

INCONES (2*) = —~0. 915 Kgl/e (6.3)
") s (A) = ~0.T4% K, T/ € _

faos® 7/ Eau ) * ; (6.

For the inert-gas crystals, the potential well depth corresponds to a
temperature of approximately twice the melting temperature. In view of

the exact ratio discussed by Shukla and Cowley [9] the convergence of the



perturbation expansion, in LA and LAUS cannot be relied upon. Shukla
and Cowley [9] have also grouped the diagrams according to the set of
diagrams summed in the SC1l theory, the ISC and SC2. We have followed
the same set of grouping the diagrams, in LA and LAUS as presented in
table (5). In all calculatiomns, only ISC gives a subtotal which is
close to the complete value. This suggests that ISC is a reliable
theory. In the case of SCl and SC2, the numbers have the same sign
but differ in magnitude from the final total.

Explicit expressions for the forty three diagrams contributing
to the free energy in (9(a€)have been derived. The calculation for
some diagrams in this order are quite complicated. The difficulty is a
computational one since they involve summations over the Brillouin zone
and these take considerable time even on a fast modern computer. For
twenty four diagrams we have been able to carry out exact calculations.
In table (3) we have presented the contributions from all diagrams of
order ’)6 . LA gives exact result for diagram F(3.1). In comparison
with the exact results where we have been able to perform the calculations,
we have found that LA overestimates some diagrams by about 347 and under-
estimates some diagrams by about 20%. LAUS gives exact results for diagrams
F(3.1), F(3.4), F(3.7) and F(3.8). It underestimates most of the diagrams
by about 15% and overestimates diagrams F(3.3), F(3.5) and F(3.9) by about
11% i.e. using the sum rule has given more reasonable estimates for most
diagrams.

The ratio of the total contribution of order 9~é to that of order N*

in LA and LAUS are respectively given by

( ~ - -
FLa(™) [ fia (%) = =331 KeT /€ (6.5)
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() (D) = -2 329 KT /€
LAUS /C.m/f B / (6.6)

The ratio in each case is negative and that is the same as the ratio in
eqs. (6.2), (6.3) and (6.4). The totals also turn out to be opposite in
sign than that of order '7f whereas we did expect the sign to be the same
since the lowest order perturbation theory (PT) is inadequate and we are
adding corrections to it. This indicates that probably LA is not a very
good approximation.

As it has been mentioned by Maradudin et al, [6] that the main
usefulness of LA liesin the evaluation of the more complex diagrams.

We have presented in table (55 the numbers for SCl and ISC in all
calculations of order 2 . We have also given the SC2 in LA and LAUS.
All numbers in SCl1l and ISC have the same negative sign. LAUS has given
the same value as that of exact calculation. The number in LA is close.
ISC gives for all calculations a close negative value which we may rely
upon more than the total value. The ratios of the total of ISC of order
Cé to that of order r>? in the exact calculation and LA and LAUS in units
of (K7/¢] are: 2.782, 1.472 and 1.828. Although the sigms in all ratios
are the same and as we expect, LA and LAUS are 477% and 34% low respectively.
SC2 is positive in LA, Three diagrams remaining in the exact calculation,
all of them negative in sign when added to the number, may change the final
number and its sign which will indicate that LA is unreliable.

All diagrams containing a loop (or loops) give rise to T2 coefficient
to the free energy and hence T in the specific heat at high~temperatures.

We have worked out the contributions from all diagrams and the results have
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been presented in table (4). The ratio of the total contribution of
order 7§ s T4 coefficient, to that of the same order, T2 coefficient is
73.64 in the unit of A%¢ /M(KBT)z which is very small, i.e. the leading
term of temperature is sufficient to deal with. As shown experimentally
(Brooks [1] and Leadbetter [2]), the terms up toN? include linear and
quadratic terms in the specific heat at high temperatures. Order ‘%é
gives rise to a cubic term of temperature in specific heat at high temp-
eratures. Also all powers of temperatures descending and ascending will
be included as we procede to higher order PT.

We have repeated the previous calculations using Morse potential
which is given by:

-v3)
75(}”): éiemla(r_ro) ., 6-0(Cr > j

where ¢ and r are parameters carrying the same meaning as those in
Lennard-Jones potential. A is an additional parameter. These param-
eters are given in the review paper of Horton [26] and more recently
they have been determined by Glyde [27] for rare gas crystals. The
individual diagrams gave the same percentage deviation as previously
discussed. The total contribution in the case of ’)§ using LA and LAUS
are respectively 0.162 and 0.647 which is again positive indicating
that LA is doubtful,

Exponential six (Buckingham) potential has also been used fairly

widely in rare gas crystals, Horton [26]. It takes the form:

.“/L(K «-j) ¢
r) = G (Z} ;]
?B( ) = € [:e -2 y)
. 5 . C o . .
The total results in ‘A using Ludwig's approximations with and without

the use of the sum rule are respectively 0.577 and 1.032. In both



potentials Morse and Exp. 6 the convergence of the perturbation theory

is better than that of Lennard-Jones.
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Table 1

The Free Energy for an Anharmonic Crystal of ()(’32) Applying Lennard-Jones

. . . , 2
Potential in units of A/(Ké‘t) /45

Exact Ludwig's
Diagram Sum Approximation % Deviation
E (LA)
(1.1) 0.966 0.966 0%
(1.2) -0.344 -0.287 -16%
Total 0.622 0.679

86



Table 2
The Free Energy for an Anharmonic Crystal of 41?f9 Applying Lennard-Jones

. . I .2
Potential in units of A/(&%’f)l//é

LA using the 7% Deviation

Diagram E LA 7 Deviation  sum rule between LAUS

(LAUS) and E
(2.1 0.345 0.345 0% 0.345 0%
(2.2) -1.245 -1.556 25% -1.245 0%
(2.3) -0.732 -0,611 ~-16% -0.611 ~16%
(2.4) 1.328 1.3176 -0.78% 1.110 -16%
(2.5) -0.216 -0.246 147 ~-0.246 147
(2.6) -0.359 ~-0.293 -18% -0.293 ~18%
(2.7) 0.619 0.491 -20% 0.491 -20%

(2.8) -0.086 ~0.0687 -20% ~-0.0687 -20%

Total -0.346 -0.621 ~-0.518



Table 3
£
The Free Energy for an Anharmonic Crystal of O(Rusing the Lennard-

705
. N 3 N’ —_
Jones Potential in units of (g p/xé;

% Deviation

Diagram E LA % Deviation LAUS between LAUS

and E

(3.1) 0.107 0,107 0% 0.107 0%

(3.2) -0.417 ~0.349 ~-16.3% -0.349 -16.3%

(3.3) -0.463 -0.528 14% -0.528 147

(3.4) ~1.334 ~-1.667 20% -1.334 0%

(3.5) -0.086 -0.081 5% -0.081 5%

(3.6) -0,389 -0.326 ~19% -0.3255 ~19%

(3.7) 1.0688 1.336 25% 1.0688 0%

(3.8) 1.603 2.505 56% 1.603 0%

(3.9) 1,112 1.641 47% 1.269 147

(3.10) 0.435 0.435

(3.11) 0.942 0.788 ~16% 0.788 -16%

(3.12) 2.827 2.806 -0.74% 2.363 ~16%

(3.13) 1.317 1.046 ~-20% 1.046 -20%

(3.14) 0.905 0.905

(3.15) 0.0991 0.0991

(3.16) 0.711 0.706 -0.707% 0.595 -16%

(3.17) 0.663 0.526 ~20% 0.526 -20%

(3.18) ~1.528 -1.249 -187% ~1.249 -18%

(3.19) -0.417 -0.417

(3.20) -0.525 -0.525

(3.21) -0.368 ~0,293 -20% -0.293 -20%

(3.22) -1.71 -2.121 247, -1.429 ~167%

(3.23) -0.797 -0.71 ~-117 -0.633 -20%

(3.24) -1,71 ~-1.029 -40% -1.429 ~167%

(3.25) -1.71 -2.326 367% -1.43 -16%

(3.26) -3.187 ~3.138 1.5% -2.53 -20%

(3.27) -0.258 -0.258

(3.28) -0,252 ~0.,252

(3.29) -0.477 -0.477

(3.30) -0.535 -0.5346

(3.31) 0.0112 0.0112

(3.32) 1.848 1.215 -34% 1.511 -18%

(3.33) 0.667 1.585 137% 0.531 -20%

(3.34) 0.924 0.987 6.8% 0.756 -18%

(3.35) 1.366 1.366

(3.36) 0.336 0.336

(3.37) ’ 0.419 0.419

(3.38) 0.380 0.3803

(3.39) -0.147 : -0,147

(3.40) . ~-0.290 -0.290

(3.41) -0.113 -0.0113

(3.42) -0.4027 -0.4027

(3.43) ~0.0086 ~-0,0086

Total 2.058 1.1797



Table 4
T2 Coefficient for An Anharmonic Crystal of C?Cﬁkg) Applying Lennard-Jones
Potential

Diagram LAUS LA
(3.1) 0.071 0.071
(3.2) -0.116 ~-0.116
(3.3) -0.088 -0.088
(3.4) ~0.667 -0.834
(3.5) 0.000 0
(3.6) -0,1085 -0.1085
3.7) 0.534 0.668
(3.8) 0.534 0.835
(3.9) 0.212 0.273
(3.10) 0.000 0]
(3.11) 0.131 0.131
(3.12) 0.788 0.935
(3.13) 0.174 0.174
(3.14) 0.000 0
(3.15) 0.000 0
(3.16) 0.198 0.235
(3.17) 0.088 0.088
(3.18) -0.208 -0,208
(3.19) 0 0
(3.20) 0 0
(3.21) -0.049 -0.049
(3.22) -0,238 -0.354
(3.23) -0,.105 -0.118
(3.24) ~0.476 -0.343
(3.25) -0,476 -0.775
(3.26) ~0,422 -0.523
(3.27) 0 0
(3.28) 0 0
(3.29) 0 0
(3.30) 0 0
(3.31) 0 0
(3.32) 0.252 0.202
(3.33) 0.885 0.264
(3.34) 0.126 0.165
(3.35) 0 0
(3.36) 0 0
(3.37) 0 0
(3.38) 0 0
(3.39) 0 0
(3.40) 0 0
(3.41) 0 0
(3.42) 0 0
(3.43) 0 0
Total 0.242 0.526
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Diagram

(3.1)
(3.4)
(3.7)

SC1

(3.2)
(3.6)
(3.12)
(3.16)
(3.24)
(3.25)

ISC

(3.3)
(3.5)
(3.9)
(3.11)
(3.18)
(3.19)
(3.27)
(3.32
(3.34)
(3.39)

SC2

Grouping the diagrams of 0(A®)
according to SCl, ISC and SC2 theories

0.107
-1.334

1.069

-0.158

~0.417
-0.389
2.827
0.711
-1.710

-1.710

-0.846

-0.463
-0.086
1.112
0.942
-1.528

1.848
0.924

Table 5

LA

0.107
-1.667

1.336

~-0.,224

-0.349
-0.326
2.806
0.706
-1.029

-2.326

-0.742

-0.528
-0,081
1.641
0.788
-1.249
-0.417
-0.258
1.215
0.987

-0.147

1.209

LAUS

0.107
-1.334
1.069

-0.158

-0.349
-0.326
2.363
0.595
-1.429
-1.429

-0.733

-0.528
-0.081
1.269
0.788
-1.249
-0.417
-0.258
1.511
0.755
-0.147

0.916
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VII Conclusion

In this thesis we have evaluated the anharmonic contribution of
order A% to the free energy of a face-centered«-cubic lattice with nearest
neighbour central—force interactions in the high-temperature limit using
the leading term and the Ludwig approximations. As has been shown,
Ludwig's approximation has given a considerable simplification in the
computation of various summations which arise in the free energy expressions.
One diagram has given exact value, some diagrams are overestimated by about
34% and some are underestimated by about 20%. Using the sum rule in eq.
(5.8) have offered more reliable results. This procedure has given exact
results for four diagrams; it overestimates three diagrams by about 11%,
and underestimates some by about 15%Z. The most highly connected diagrams,
such as F(3.5), F(3.31), F(3.41) and F(3.43) give the smallest contribu-
tions of all diagrams confirming Choquard's prediction [12]. We have
also derived the next higher terms in the high temperature limit. T2
coefficients have been evaluated for all diagrams of order A6. The ratio
of the T2 coefficients of order A® to that of order A2 is negligible
indicating that the linear term contribution to anharmonic C:V comes

mainly from the A2 term in free energy.
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DIAGRAMS OF ORDER A

DTAGRAM FROM V4 TERM

(1.1)

3 '3

T

CO—O

TOTAL OF P.S.

DIAGRAM FROM V_-=V, TERM

15

93



Figure (2)
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4

DIAGRAMS OF ORDER X

DIAGRAM FROM V6 TERM

ZS

DIAGRAMS FROM V3-~V5 TERM

TOTAL OF P.S.

DIAGRAMS FROM V4-V4 TERM

3
oo
-

TOTAL OF P.S.

P.S. T.E
15 1
60 2
45 2

105

9 1
72 | 1
24 1

105

95



DIAGRAMS FROM V35V3—V4‘TERM

S g

o 3

TOTAL OF P.S.

27

108

72

108

216

216

945

96



DIAGRAMS FRO@ V3—V3—V3-_-V3 TERMS

= <
£— o—O

O—>—0

—-

D
QS
D

TOTAL OF P.S.

54

81

162

162

324

324

2196

10,395

12
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4

THE DIAGRAMS WHICH GIVE CONTRIBUTION TO THE FREE ENERGY OF ORDER A

F(2.1)

F(2.3)

F(2.5)

F(2.7)

X O

F(2.2)

=

F(2.4)

Q00

F(2.6)

S

F(2.8)
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Figure (3)
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DTAGRAMS OF ORDER A6

DIAGRAM FROM V8 TERM P.S. T.E.D.

(3.1) 105 1

DIAGRAMS FROM V3—V7 TERM

(3.2) 315 2

630 2

TOTAL OF P.S. 945

DIAGRAM FROM V,-V_ TERM

4 6
(3.3) 360 2
(3.4) 540 2

TOTAL OF P.S., 945



.DTAGRAMS FROM V_-V_. TERMS

5

5

(3.5) O@O

(3.6)

TOTAL

D -V -
IAGRAM FROM V4 V4 V4 TERM

(3.7)

(3.9)

P.S.

600

120

945

27

72

216

1728

864

1152
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P.S. T.E.D
(3.10) @ 1728 1
TOTAL 10,395 1

DIAGRAMS FROM V3—V4-V5 TERM

o
S —

135 6

3

S SRR

Oﬁog 540 6

OCj—O 1080 6

00—8 540 6

aay O H—=> ;

(3.12) 2160 6
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P.S T.E.D.

(3.13) 2160 6

(3.14) | 1440 6
TOTAL 10,395 6

Diagrams from V3—V3—V6 term,

=N . 3
c:) c:) <:§;%:> 135 3

810 3

810 6

1080 6
O
(3.15) OG 720 3

(3.16) 1620 3

(3.17) 3240
TOTAL 10,395 3

jw



DIAGRAMS FROM V3 V3 V3 V5 TERM

> o
o—0 o4

=T=0

O—O—0O

=
<
L

270

405

360

540

1620

1080

810

1620

104

12

12

12

12

12

12

24



105

810 24

3240 12

o~
s
-
—)
)
e
D,
e

1620 12

(3.18) 3240 24
(3.19) 2160 12
(3.20) 6480 12
(3.21) 12,960 4

TOTAL 135,135 4



DIAGRAMS FROM V3‘V3"V4--V4 TERM
OO 8 8 81
= 2
OO @ 216

OO OO ous

0§
oQo§ =
~J¢ -
SR

24

24

12

12

12

106



P.S.

2592

1728

1296

864

1296

864

1296

2592

1296

2592

1296

576

T.E.D.

12

12

24

24

12

12

24

24

12

24

12

12

107



(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

SEEE=EeR( (e

TOTAL

864

2592

2592

5184

2592

5184

1728

2592

10368

5184

135,135

T.E.D. 108

24

12

12

12

24

12

12

12



109

DIAGRAMS FROM VB--VB—V3-V3—V4 TERM

P.S. T.E.D,
> £—> 8 108 15
OO —> 8 162 30
OO OO 8 243 15
<}< 8 486 20
C}@ 8 972 60
@ 8 972 30
@ 8 3888 5
O.O_O 8 486 60
€ O~DO 648 60
O-O OO 77 °0

OO O—@‘ 648 60



648

972

1296

1944

1296

1944

1944

3888

1944

3888

110

30

30

30

30

30

30

60

60



o f ALAED

1296

2592

1296

1944

1944

1944

3888

1944

3888

3888

3888

T.E.D.

60

60

120

120

120

60

60

60

60

120

120

111
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P.S. T.E.D
3888 60
3888 60
1944 60

15552 20
7776 120
3888 120

7776 60



(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

TOTAL

7776

7776

15552

3888

7776

3888

15552

31104

2,027,025

T.E.D. 113

15

60

30

60

60

120

60



DIAGRAMS FROM V3—V3-—V3—V3-—V3—V3 TERM

— R =1 =
S S 0O
£ OO OO

OO OO OO

— OO

216

324

486

729

972

1458

972

1458

1944

2916

1944

©2916 .

15

45

45

15

180

180

60

60

180

180

90

60

114
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O @ 7776 15
OO @ 11664 15

2916 360

5832 360

O—O—O—O 2916 360

5832 120

¥ol
M |

2916 90

11664 90



(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

A
)
Q0
>(©

%
Q
=
O

TOTAL

5832

5832

11664

5832

23328

5832

23328

46656

11664

46656
34,459,425

T.E.D.

180

360

360

360

180

120

180

60

60
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Appendix A

Regarding equations (2.20) and (2.21) we can write the cubic

term in the following form:

" .

VD, L Kady 150,05 C ATt k) 2 QUNIAEDG)

Ay ~3 <,
MIO{’LO(J ’ (1A)
, (a 21 o .
where, %%«‘«li: 2 ) eaf[zraﬁ.élzzj%[b(qf].ﬁcg)
T
C . _.._\ 5‘)3,&
30 M3 B (24)
€, (K3)
C - of
Q(K4) = A0 o

Applying the two body forces (i.e. 12 and /Lj take the values zero or { )

we can write eq. (1A) as:

V(KD , K2 K h ) = Calkits,t 5})%@; (s‘é‘}%ﬁ:&é)@i(g;/
[ S

l;z’»'r'ifz. k((,

C!—“ CC’OO_) ~+ Z.iqu c((ﬂéajéﬂ
] “\“1a3 3 7Ty
Z:?g (o oe) QZ -7 27;(042)@27(1 (5‘2*/,‘;1;,((/)
T A (44)
Pz 3 ¢ 1y

The prime on the summation excludes Q - o

from equation (2.22) we get the following relations:

2 “ oo (54)
P> ;0 00)2273 (Coo ) 54

(64)
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In the second and third terms of equation (4A) we shall change the

sign of g. In order to satisfy the delta function we have:

Ko+ Ei*"ff = C

—~

capomileery). 2 ce)] = enpl-rmns cct))esp (75 50)

N é&jﬁ <L17r4‘5'.¥<f£{)
We also have that:

- (0 P0) - aoe
?é/, D/,_“/ [f 06’) = gé('p(tn(j = %('qllf( )
3 g

-

Equation (4A) can then be written as:

) t N N A .;
VIS, 1592, 540 < L C a(R+K+5) L Q@,@O@(fﬁéﬁjw

(74)
In eq. (7A) the factor half appeared because the first four terms are the
same as the last four,

Eq. (7A) can be written as:

N X ‘
. ) ),_/ X %
v 4 ) e K +K +K L . :

14
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where,

: ! ' ! S— : A 71'4‘5 i{'{'f’)
Plq 5 ) = T 0 (o )

(/, - 2707 IS, )/5”(5))‘(/ e_z;rn"ff,/g’(ﬁ))
—_— -



Appendix B

From the definition of Green's function we have:
o ff+
VN / ,
G(KIK D 8) = <T gy (4) ﬁgy‘/ﬁc) A

which can be written in the form:

/

+

GG 4) = il 2 K7

~ , _Uﬁﬁ& 1 :J (5]

. _/gHa

ki ey ~
Equations (2.16) and (3.6) give:
7 /3/7; ~ “~£f4
A (L) - e A (o) &
£ Ko
i
The creation ‘gﬁﬁf and annihilation d%ﬁ) operators satisfy the

following commutation relations:

where, AK) = 4 if K=zo
- o otherwise
and ol 1 gy’
°pp’ = L
otherwise
- o

The creation and annihilation operators also have the property that

(1B)

(2B)

(3B)

(4B)

or a reciprocal lattice vector

applied to the 2n A particles eigenstate ]nk.) specified by the 3» &/
84

quantum numbers iﬂ 4k)§;they yield:
~

+ . Y
i T B (P e

o~

R, I S

(5B)

120



121

We also have:

,/
£)

~

~BFs
e ﬁ /yL&?>:

-

=

~RE,L ,
€ &L , 7k > (7B)

Making use of the above relations, we can write the Green's function as:

NG — BEp o, AE, - F
GUIsY = [T e P o d i 0

nooA L, - ff
K9 K47
-ﬁézb /Iéﬁi - £ )
& o, el ey a4 S
+§,LK, , K7 7T R
Ky ,/'
2 eﬁfg ey
o (8B)
K"y
Substituting,
/
En . = (nK ”LT/) 7w (57)
K (9B)
s
in equation (8B) we get: -FE,
Z < Nl(ﬂk$~,‘fl)
. _ Sl R o 5k -
s, _ ‘ .. - RE
Gy, 4) = @ ke L &y
’ w n /’l
DN
) P efﬁtnfa’
]/S,bh)lifd' ,«) H‘;‘. nlf,)-, rL,,S/J"
+ € [ /X'/ -RE,
ko 9t 2 PR (10B)
n néy,
5!/'

Consider,



g oo O )

K - —_—

- e

s A e R QUapetss) K
6 ~

715} L k/&paQﬁj/

2 E Lo f___,____ﬂj 4 A
T Cphatk)) j- e PR s

)
- L . _
- K j + 3 (11B)
where,
vy RA w0sd)
P | // i e - [} (128)

KJ

is the phonon's occupation number.

Therefore,
) " 14l k(K y) AR K P
Glhigy ) < [nf)" = * (ﬂff;' tDe %W%) (138)

In order to prove the periodicity of Green's function, consider the

following:
- 5T iy 5
G(//jd//{dJ/+/?): <7 g t8) () ) ~ < A< 0
- fHe ) L He )

- <{e (L) e ﬁf/d/C))
-2 fH, ~71 He o~

Tr e 2/ A (D eﬁ S’d’(0)>
e—T:» €L‘—/3fi1

Using the cyclic property of the trace

(ﬂ’fa' +1) J i&vzé ,g(n,fﬁg_)zw(g)ﬁ :
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+
. —_ = ﬂb/ 7 /7’ .{0)
e }y* e [/‘5)
C;<{ﬁi}é?¢i /f#/g): 5
T > e,ﬂ/g e

_ (4) /o)
=< /}ZS/ /‘? )

i

Glfpiy ,.4)

(14B)
Applying Fourier expansion, we can write:
CKIkG! 4) = T Gk ) A
GRtR) 4= L QRIS 0 ) e (158)
where,
CAJA - 27T /ﬁ/;’
The Fourier coefficients in equation (15B) are given by:
/ﬁ ! 7t "7:?; L«ﬁ“/J’
GUKIK S 2w, ) = ! /al;r GUEIKF 4) ¢
Z(g‘f{
e . R \.g-t‘/t-Lu‘V l,cfl
:_LJ/# G(KI KIS A e -
?,f 24
A .
1 s,y oabeo )l
42,@/”“’ 5/5/1({ A) e ! (16B)
o

From equations (13B) and (16B) and integrate, we get

C, Lo /';) f
GURIK 24 )= 2 s S5
) s s ’#/@ [(,Ul(ﬁ(;’./)‘f“ ”\:)j:t\] (/S;K J (178)
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Appendix C

The Hamiltonian of interacting Einstein oscillators is given by (Shukla

and Muller [20]):

H=H, + V (1c)

where,
Vo= - f_;;‘i‘)_z_ 7 cebd g, ﬂk* (20)
k
— a (3C)
= Ve
Y A

We can follow the same procedure presented in section [3] to reach to

a similar equation as (3.4).

The first order contribution to the partition function can be

then obtained by putting n = 1 to give:

poot=0 ~’) Z_‘;,'/é fpéa <"7”\/f/,)>

/ r~t
0y [l crdy el

/!

Substituting from eqs. (3.8) and (15B), we get

‘ / \
- =
I :L_L /2__ t//eg(/é,wdﬂ,) (4C)
/ () n ko
) /
which can be rewritten as:
(-1)'
/D T et 2
/ /! /K (5C)
where X - 2? Y; 4'(4/71qn/) . which can be represented by diagram ,_
n 4 ’

(Fig. 4).
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The second order contribution to the partition function can be derived

by putting n = 2

gL /6,(4]0@ [<T8 0oV (403)]

( /f' A P 4+ ~ rgf
/ Z:V%//ﬁéa//aéﬂ,l_<7‘ k(’o’] /)k/,x;) "i/%)ﬂ"i)%
2~‘ kk @ o
Applying Wick's Theorem, we get:
.—;.‘
£ p - o
P - > ,%;Vé}"/, 4{4/ s [<T/Zé(”{’)ﬁ;-’uz)szﬁ’f”/’)’?fw’i)%

Ut ~ oot
’f“< T A‘é(/{) /‘7;( (34,)2’ < ‘Tﬂk f(jz)i{/dz ))&

r . -1 ~T
+TRDIA, 2 )) KT Ap) A, f(”fa)?] (60)

The third term vanishes because the two operators are of the same type.

Put “2C :/4_,/4L in equation (6C) we get:
i

2/ %7

SN ,
[k vy [2\//5@,6 (é’f(’m)jdc;,fg Gl )i (k) 4‘&;;,)/437

(7€)

Substituting from eq. (15B) and making use of

(8C)
we find:
/
24 o Ly ) T ek k )
P iy Ve Ve Gk i) o ¢

which gives:
pa

where
of 2 B &4

4
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The factor 2 appears because of the existence of the two equal terms
arising in the integration. It corresponds to the pairing schemes
factors for this diagram. Similarly, the third, fourth, fifth and

sixth contribution to the partition function can be derived to give:

3
A= %ﬁ L7z ¢ exyrx’]

(100)
/) 9‘ 144 XL oI /Q?L’ 7:-)[]
PF:(”Vb/g [‘szfga.?(%{-/[o\/Zf/élol Z,Léo;z,/
: 5/
5
4+ 20 L‘f/% " d j (120)

fz: Z__l [6‘4:1,./ f/?’l)gu’fg_?cy% # o £OX M;+ f#al
L9l X Y2+ GLo 232120434 2oy "

+3box"y + Ry (130)

Therefore,

3+ - -

:[’ + wl+ M*][’*(/“’L/)*E{f(/@?f*]
/o 2/

_Lé 3. - 3\ E J
L CEEY L pte]

{.

—ep L~ fx + /52/%*%/*37’ oo
‘\@(10 [ j (14C)



C
where, Z: means the sum over all connected diagrams.

logarithm of eq. (14C) and dividing by a/g we get
_c

A R z. _ L7
g7 T g

or

Taking the

(15C)
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SRS
QO

Connected Diagrams, (x) first order, (y)second order,

etc. . ... (n)nth order.
Fig- (4)



Appendix D
Evaluation of the sum:
oe o j
2 TR >
T TR O (1)

i

This can be evaluated by the contour integration in the complex plane.
The sum of residues at all integral values gives the value of this sum,
The function cot—wrz2z has simple poles at all integral values., Thus,

we can write the sum in the form:

: —r et T L.
- f i _ J 7?’6,/7?'2,0/2, J ST ot 7_(«{21
= K s
n*atfn .yt T 27 o 277 t
TR e REO-n) "< z, 72 (z-7,)

‘ 2z
Since the resulting enclosed area contains no singularities except at

7Zi:‘0 , we have then shrunk this contour down to the infinitesmal
circle ¢’ surrounding the origin.
Expanding the integrand in powers of Zd_about 7 -6, only the terms
2

involving L/?LL‘ contribute to the integral while the other powers of

Z do not., Thus:
2

T L, 4
- L A2 /a(z /-~?rz SR
R ETEra ot -]

_ JO(Z et Tz, /G’["Z. [~ ;71“ / _— ‘,15.4/ W«J}'LJ
B 2% 21 < > 7 é(z"z‘l)

l

. s T
" T a PR A S
:m \/ﬁ(z Ml f [(.-2;8’ ) S ):]
2"{)\/24 C 2 4
J

/ Wz“/d”l,, Zi‘
- T A

2z 7 3 > ’
The contour C,, is shown in the Fig. (5b)

Expanding cot WM% , we get
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Gs
. e
R I o x(-l?fﬂ) (—fo s
T oo 3 45 /135
(2D)
Thus, from eq. (1D) we get:
4
3 o0 ] T
r=s ’11,:/ O (m/-nt) 135

(3D)



(a)

The contour C° closed by the semicircle at infinity

P ¢ o (b)

The contour C’

Fig. (5)
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APPENDIX E

The analytical expressions for the x's which are tabulated in section 4

are given by

2 . ' wro. ']-';é 4 y :
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