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ABSTRACT

A mathematical expression for the quartic term of the
Helmholtz free energy of an anharmonic crystal (F4) is
derived which is more appropriate for the long range
oscillatory potentials in metals. All the fourth rank
tensor sums required in the calculation of F4 have been
obtained by the Ewald's summation technique for the long
range asymptotic potentials of the form ¢ ™ COS(E-kF r)
and t'-(n’ﬂ)Si’ﬂ (Zk'r) , where n is an odd integer. The
long range contributions (corrections) to each of the
various physical properties such as F4, F4E (in Einstein
approximation),[J(Energy),(g&}(average Qf) and the phonon
frequencies aggj for a model of Na at 90°K (Shukla and

Taylor, 1974)are found to be small.



ii

ACKNOWLEDGEMENT

The analytical and numerical calculations reported
in this thesis were suggested and supervised by Dr. R.C.
Shukla. I would like to express my gratitude to him for

his constant encouragement and personal help.

I would also like to thank Mr. Martin VanderSchans

for giving me the long range potential constants.

I should like to thank the National Research Council
of Canada and the Department of Physics of Brock University

for their financial assistance.

Lastly, I would like to express my appreciation to
Mrs. J. Cowan for typing this manuscript and Brock Univer-
sity Computing Center for their excellent services throughout

the course of this thesis.



5a.

5b.

5c¢.

6a.

6b.

6cC.

LIST OF TABLES

Long range potential constantS.......ceeeeees
Actual and long range potential derivatives..
Dimensionless infinite sums CCn and SSn ......
Long range corrections ba(&f), F
Second rank tensor sums and sum rules in
|{F00) direction for LRP.....vevveernennnnnn.
Second rank tensor sums and sum rules in
lggoj direction for LRP.....cvt e eenceecnnns
Second rank tensor sums and sum rules in
Laaé_l direction for LRP...... et teeeeeeaa ..
Frequency table and phonon corrections in
[Foo] direction for LRP....evveereennnnennnn
Frequency table and phonon corrections in
h:;Cﬂ direction fOr LRP....eeeeeeeeeeenneeenn
Frequency table and phonon corrections in
|56 &) direction fOr LRP..uveeeeeennnenennnnn
Number of even good wave vectors of

BCC lattiCe..ceeeeesenceesesansassnssanneces .

Fourth rank tensor sums and sum rules for LRP
1 3
4’ ~4

Anharmonic quartic term (F4) ............... .

Long range corrections to Fo, F

PAGE

25

26

41

44

51

51

51

52

53

55

61

62

64

iii



LIST OF FIGURES

F4 as a function of shell number for

actual potential...cceeeeeeeeeecenccacanesas .

<G.)z> as a function of shell number

for actual potential....evieeereencns

iv

PAGE

23

24



1. INTRODUCTION

In the theory of the lattice vibrations accurate
calculations of anharmonicity have aroused considerable
theoretical interest since Mie (1903) and Grineisen (1908)
developed their equation of state assuming a temperature
dependent lattice constant. For the first time using
classical statistical mechanics, Born and Brody (1921)
investigated the effect of anharmonicity on the caloric
equation of state. Born and co-workers (1939) studied
the temperature dependent elastic constants in the high
temperature limit. Stern (1958) discussed the anharmonic
deviation of the specific heat from the Dulong-Petit
law (3R) at high temperatures. Apparently, the first
quantum mechanical perturbation treatment of anharmonic
Helmholtz free energy, which is based on the expansion
of the crystal potential energy in terms of an ordering
parameter, A, defined by the ratio of a typical atomic
displacement and nearest neighbour distance, was given by
Ludwig (1958). Expressions for the two lowest order
terms in the Helmholtz free energy of C)G)e) arising
from the cubic and quartic terms in the Hamiltonian were
derived by Ludwig and these are valid for all temperatures.
Numerical calculation of the anharmonic Helmholtz free
energy was carried out by Maradudin et al (1961) in the
high temperature limit for the case of nearest neighbour

central force interaction in the leading term approximation



where one takes into account in the calculation only the
highest order radial derivative of interatomic potential.
Horton (1968) has reviewed the anharmonic calculations of
the Helmholtz free energy for ideal rare gas crystals. In
these crystals it is sufficient to take into account the
nearest neighbour interaction in the anharmonic calcula-
tions because the potential is of short-range nature. On
the contrary, in many simple metals, the potential consists
of two parts; the short-range and the oscillatory-long-range.
The latter contribution to the potential arises from the
effect of the singularity in the dielectric function in the
effective ion-ion interaction. For large distances the
oscillatory asymptotic potential behaves as 2 CasCZkFYﬁ
(Harrison, 1966). Thus, for metals, any calculation of a
potential dependent physical quantity will end up with an
oscillatory result, and will create a convergence problem.
For example, Shukla and Taylor (1974) have computed the
lowest order cubic (F3) and quartic (F4) anharmonic con-
tributions to the Helmholtz free energy for Na and K. In
their calculations, (F,) was found to be rapidly convergent

3

sum, but (F oscillated wildly and turned out to be a

4)
function of the shell contributions. This last mentioned
quantity (F4) can be expressed as a sum of potential deriv-
atives over the real-space lattice vectors and certain

functions involving Brillouin zone sums for each real-

lattice vector. They performed the Brillouin zone sums



first and the real space vector summations last, examining
the contributions to (F4) up to 23 real-lattice vector
shells, and did not get a convergent answer. On the other
hand, for oscillatory asymptotic long range potentials if
we perform the real-space summations first and the Brillouin
zone summations last,. the real-space sums then can be
evaluated as rapidly convergent sums with the aid of
Ewald's method. Consequently, these convergent sums can
be used to calculate long range contributions to many
physical quantities such as the quartic term of the Helm-
holtz free energy, the phonon frequencies, the elastic
constants, the Gruneisen constant, thermal expansion, etc.
Cohen et al (1976) have studied the long-range contribu-
tions to the Gruneisen parameter and the elastic constants.
To the best of our knowledge the calculation of the fourth-
rank tensor sums for oscillatory asymptotic potentials of
the form F COS(Zkyr) and F(n-ﬂ) Sin2ker)  (n is o0dd)
by Ewald's method have not previously been reported in the
literature. This is one of the main objectives of this
thesis.

In Section 2 the quartic anharmonic contribution to
the Helmholtz free energy has been expressed in terms of the
wave-vector dependent direct lattice sums more suitable for
the application of Ewald method. 1In Section 3 we have given
the analytical form of the interionic potential for large
distances which yields correct representations of the first,

second, third and fourth derivatives of potential when



compared with the actual potential derivatives. 'The method

and formalism of Ewald's sums have been given in Section 4.

In Section 5 we have presented the numerical calculations

for the long-range contributions to the exact quartic term

(F4) in the Helmholtz free energy and the Einstein quartic

term (F4E). Since the simplest quantities
long-range contributions to the energy and
quencies can also be calculated as another
Ewald's method we have also computed these

this section. Numerical results have been

such as the

the phonon fre-
application of
quantities in

discussed in

Section 6, and finally the conclusions drawn from the

results obtained in this thesis are presented in Section 7.



2. QUARTIC ANHARMONIC CONTRIBUTION TO THE HELMHOLTZ
FREE ENERGY
The potential energy of vibrating lattice may be expanded

in terms of the small displacements
B = Hir+ul)
P = ¢o+¢! + @B, + By + Byt

(2.1)

where
/
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the prime over the ! sum indicates the omission of the

(2.2)

origin from the sum, sf are the real lattice vectors
géﬁrsuué are the anharmonic force constants, and the
indices a’@fvﬂyj_u_lt each take the values x, vy, 2z
in the summation. u, ‘the ol-component of displacement

operator, is given by

a ,al :
4y @@t 2 -1y (2.3)

1/2 N\~ ’ 1 rt
/ €@y *3.r
L‘Jx = ..:.H_.._— - €
2NM
where N is the number of unit cells in the crystal, M is
atomic mass, e (qj) is the ®-component of the eigenvector,
L)

) (gj) is the angular frequency of the dynamical matrix, a_.
~ q3

and af . are annihilation and creation operators for the wave
vecto; (%) and branch index (j).

In the first order perturbation theory the dquartic anharmonic
contribution to the Helmholtz free energy arising from qi4

term in Eg(2.l1) is given by (Shukla & Taylor, 1974)

E=<¢4>

(2.4)



where the angular bracket denotes the thermal average of §54

which for any operator 67 is defined by

<0> =Tr EPH O/ € s pe (2.5)

where HO is the harmonic hamiltonian, kBT‘==p_l, kB is the
Boltzmann constant, T is the temperature, Tr denotes the
trace of the operators. Substitutingp’4 from Eq(2.2) in

Eg(2.4) we get

ZZ Fiped(141) (i Up o U > (2.6)

Anharmonic force constants ﬁﬁpvJ‘ in Eg(2.6) are given by

Qf(prs(‘r Lk B[ )\U,O (2.6) "

9, Bup P D

Bovirh= (-uba-ua) b -4 )05 op) tbu) ™ ire 2 )
040, X - 0p) &, o K- (- ) g H v ) I
(oSN VA -U\)(rr“ﬂ%*(' U ‘UJ*)o(p] reg] Bite)

+(€va¢+ SPTXJ‘J"' 6;(8@3‘) (r."‘,l'.’. r A(lr."' B‘)'H'-'-'o (2.6a)
where

Co=(22- Pl +"-‘*‘""j --15 74 g6 (2.6b)

E(Y)‘-( -3 d"l _‘_3‘_2__‘)’6@ (2.6c)7

A(r)_—.(.‘i_zr.;_ 4 )(25(?) (2.64)



gj(r) is a potential function for a given distance.
In Eq(2.6), decoupling the quantity inside the angular bracket,

two at a time in all possible ways and taking into account the

symmetry of ¢L@35' in all indices, we can write

~ 4 3N 5 4 4 2
Bof 2 2o Gl ey 0 2.
In terms of ug, and u @ , the éorrelation functions (ud u@)

can be expressed as

ex@é)'—’p(j})f AV eottlk :

Substitution of Eg(2.8) in Eg(2.7) gives

/

.k 2 55 4

¢
TIGNME € B 4 42ie o((zb’é‘(a ’)

S ein xfaje) €380 )2 )
oa(g,j») a)(!z}z.)

[1 Gsfg- ¥ )[1 Cos@a.x )}co*ﬁ(’ﬁgw(mﬁc:o ﬁfbw(qz;gj} (2.9)

It is obvious from Eq(2.9) that one method of performing the

£

summation for a fixed direct lattice wvector r ~ over the wave

vectors and branch indices (gj) would be to define first the

. £
functions So((!\ (lls) by

F’(ﬂ) Z ed(‘.')z;i(f\)) Cm(ﬂw(gi))[i— Cosa, Ec }] (2.10)

and then express Eq(2 9) in terms of Sd% ; i.e.

E‘;~16NM222 el Sp ) 8y () o



At this stage one can carry out the summation over o, ? ’ 3':'3
in Eg(2.11l) for a fixed wvalue of 52 and this yields altogether
81l terms. Since the fourth-rank tensor ¢dp31? is completely
symmetric and SNP, is a symmetric tensor, Eq(2.9) really con-
tains 15 distinct terms with different coefficients. The

is

final expression for F4

Eim e Wl )00 ) 5500 2, ) 26
18 IS E95,094 550 N8, 6269 S 6 WA50°)]

XxXyy
+8,, 0P IZE IS IR M 28326

B IR S5 948, 5,65, O

£
+gzz\,(r‘)[4§ G562, SIS ) 185 69 5,0
4
+8 3,‘z(r‘)[‘t SIS 1485 69 5,07

2 < <
4SS 6)S ()48 4< (¢
4-@'2"3(1-{)[ >z )x"( )+ A)Y‘z(r)%z( )] (2.12)
or
/
ﬂl
F-—h__>4 .13
1€ N M%7
where f{ is the gquantity inside the curly bracket in Eg(2.12).
This procedure of calculating F4 as a function of direct
lattice vectors was followed by Shukla and Taylor (1974),
which clearly would be useful if f_, drops rapidly in magnitude

£

as the [fli increases. For short range potentials, where
~



the £ summation is extended to a few neighbours only, the
above method of Shukla and Taylor (1974) would give a rapid
convergence. For metals, where the potential is not only
long range but oscillatory in nature, F4 can never be summed
satisfactorily by the above method. This was demonstrated by
Shukla and Taylor (1974) in their calculation of Na and K.

F4 really never converged, although the summation was exten-
ded out to 23 neighbour shells. Since this method did not

give a convergent answer for F, from Eg(2.9), it was necessary

4
to introduce a different method to get a convergent result

for F4. In this procedure we perform the real lattice vector
summations first and the wave vector summations last. Combin-
ing the two cosine terms in Eqg(2.9) and defining the fourth-

rank tensor sums for a fixed value of wave vector Q, as
fa%

ot @=2 Bowt ©) = 1) (210

we can express Eg(2.9) in terms of F“wa ; 1.e.
Bk ST 5T SIS0 g )
16NM* ABST i A §) AT

. Luflsds) €3Qeia) K :
wcrs{% g o)

L Rpnt©- Bt Q- (E;P‘ 8s)
o RpGen) G egl

Eg(2.15) can be written in terms of only three distinct terms.



On interchanging g; and 9, the second and third terms in
Eq(2.15) are found to beréquivalent. Since q, takes all
possible values in the summation, changing %; to —22 the
fourth term is equivalent to the fifth, and finally F4 can

be written as

o 3
E=F_2E, F (2.16)

4 4 4

where

° 2 Sl ) Splidr) % :
£ Tienm? oqszh’@ﬁ;ﬁ“‘r (o),%: (@ i) COM(?Z'F “dr)

Celzje) edW2i=) ot (4 : (2.17)
% W@z ) (1 F 6-:(1,},_))

7 N S Ec@ e ‘
i’:‘. ’kL >J 5F : 0‘,..3' ‘3(,_)1 1;' ()J(, :
AT Ien e ApiE gy ¥ £2 5 cothfBR G )

ez j2) €3 ({zj2) ;
,_% v(’is(zjé(z; cofh(fpvges=

(2.18)

3 Z & W) Calp §
H « Q130 Sp )y ) Fnor
]‘;'giGNMZ %{% f{;;{(i‘"’?z ﬂJ(zla,P) Coﬁ(zﬁ NQIJ:))
dide
Slpie) €9 00d2) o g
e

(2.19)
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2.1 SIMPLIFICATION OF Fz, Fi, Fi
In this section we will simplify the terms FO, Fi and Fz

arising in the expression for the quartic term (F4) in the

Helmholtz free energy. Using all the 48 point group oper-

ations of a cube for a general wave vector g with positive
RS

components satisfying the condition qquy7q2f0 and recalling

the fact that
6IE4;)= SICEY (2.20)

the wave vector sum appearing in Eg(2.17) can be simplified as

S Ep3) ol N _
5 nfgpghe 0,

Summing the diagonal term of Eg(2.21) over the indexy , where

o =x,y,2z, and using the normalization condition on the eigen-

- ;
vectors, Zo‘ Gx(gé)= 1 the quantity D 1is expressed as
~1
= - 4
D=4 - 63(43) cofi(:éif_z,w(g))) (2.22)

Substituting Eqg(2.21) in Eg(2.17), we obtain

0 ,ﬁzl)z
EziGNM’%‘;{ 597;{(0) é:(ﬁ dye

_HD* DT E (o) (2.23)
1GA/M2 Y

11



Summation over o and ¥ gives
2

2
F°= 4 D gl.::xxx(o)“'fgz)) (o)""E;zzz(o)

4 T1eNnm?
+2[ xxyy(0)+ mz(onl‘_' (0)}} (2.24)
Introducing
@) eples) (s .
t = - 5

and using Eg(2.21),Eqg(2.18) can be written as

' /R D ZZ P(‘l\ 1) p\g&(q‘) S"S

4" IGNM2 4.5, 4pvS

KD ZZ t p(q.;\l‘:wr(q.)

“TenNmz 4, %R (2.26)

1
or summation over o(, (A and ¥ gives for F:’

i 2
4 D W\ F F + P
I.:l = G NM=Z %'_g‘ {Ex@.‘ b')[ XXX q')'l' xx:w(q‘) xxzz@:ﬂ

(4.3)[ ””(q\.,.lf"x”(‘l.)+?' (‘;}\]

Syzz2

: ’czz@wlf*;;,z@ + @)+ By @)

"3 (q‘ ) L “xoory () + E::”x (‘3\3 + (q\\l

2zzxXY

= .t (‘}.)\[ """z(q‘3+F;zzx(‘l\)—\'l;*yxz(ggi

+2 tsz(Ht}Cs[ 3992(Q)“+E;;23(g}3*'ﬁz<3l‘gﬁa}

(2.27)

12
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With the aid of Eq(2.25), Eq(2.19) can be written as

> > F

4 1CNM2- P 9,3, 9,3, o(p*rs(‘-‘-” 4,3({.)‘)’%&(1.5,) (2.28)

For simplicity, we introduce

Q=gq,+19,

and we rewrite Eg(2.28) as

4—1GNM2 %;J'Za: m‘@)z F@'J‘)f @-g ,Jz) (2.29)

,.,rlz

Summation over o, {_),, %4, & - gives

fj -_-.1:2/‘42 Z@:{ F @1 ,((Q).‘.F’ @ﬂ;” SO, @, @)
+F o @ Ty @+ B, @) T, @4, QT @)
s Do+, O T Q1E @T, @)
OO O T O O @)
5 @ Ty S, @T @WE @T @l (230)
where

xxxx(Q) Z xx@,;,} (@-3},;2) (2.31)

’12
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'32
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@ =Z[ @I 68103188 -2.5.) 0 h)

4% 01) 4 @-1.30)]

(QS=Z[ 3'9(?.))\)4: ((3‘ "’quéz + "q‘/éz){}z@s )

T A3de

+4 %z(q,.) )5 '&'32@2 -4 ()")]

—r;,‘x‘y( ) ZZ [tx('b 3‘) 3(Q'-1l,}n)++',<(a Q\»)z) .{'x_\,(m)b]

_‘:xxz(Q ’=ZZ[‘&X7¢@')')’§<2(Q' QU);)"' x(g"l"a’b'kz(%)‘)]

l|2

9yy X(Q)": EZ [ Y )l\ Q\ ,),) +‘% s@_ h, A ,_H;,( 3((1, 30]

Tovy @)= ZC%;J%)(% » %z@»—fb»jﬁ'f’g,@‘&»}b’gz(& 35_‘

zzzx (Q) 2‘% [{_'22@‘ ‘) Z(Q_q,,) \"'l-‘ (Q Q.,(),)'E (q') )]
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2
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2
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1;223@)= 2% ["iz(g_@.)*gz@‘ 992)+ (8- gt (1 ;,)] (2.42)

T @22 ity 4048040 4,00

204,600 480, 580, 14,60)]  (2.43)

-T;’SXZ(Q)= - %z[%y@! S‘) -kxz(g“ T, 3?) ""&39(@'-3) :)1) {,'Q@J )D

+ 2(% 6 %@ 1.5 b (@ sye il 2 49)

rzxy @- QZ [’%2@'56%@-%323 +508-9,5 06,450

Bn)=

~

42 22(3,'5') %z@,‘l';')z\-i- < B, 3:.)’%2(3_.' 3‘))} (2.45)
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2.2 THE QUARTIC ANHARMONIC CONTRIBUTION TO THE HELMHOLTZ

FREE ENERGY IN THE EINSTEIN MODEL (F4E) AND THE AVERAGE(;%

The simplest calculation of any thermal vibrational property
of solids can be performed in the Einstein model where every
phonon frequency 00(%j) is replaced by the Einstein frequency
c.)£=<CUz>‘/‘z. Since we are interested in the calculation of
F4 in the Einstein approximation (F4E) and averagecu?, in
this section we will derive analytical expressions for these
quantities.

In the Einstein approximation the frequency dependent
term can be taken out of the wave vector sum in Eqg(2.8) and
the correlation function can be written as

4y UP>€ =§-ﬁm

w;a m‘r&@wg}% e;‘@;)ep(g sil_.Cos(ﬂ,f)] (2.46)

where for simplicity we have substituted ¢ in place of the
~

direct lattice vector £ .

The Eq(2.46) can be simplified using the orthonormality

condition of the eigenvectors
e.(q\ ) =
%’ ,,(gper)_{F (2.47)

and the sum over the wave vectors g, viz

Zq&s(g.g).—. N A(e) (2.48)

where

~

Alf)=1 of 4=0

=0 otherwise



17

The final result is

_(L'I,UP,)-_-_ CE}"‘F’ (2.49)
where
Ce -_-,,’delwa)dcgm(’_é[?,aae) (2.50)
E

(a) Expression for Fy

Substituting Eq(2.49) in Eqg(2.7), we get

E s
=13 C 2o 2 B (8D S St

w55 g

Using Egs(2.6b), (2.6c), (2.6d) in Eg(2.6a) and substituting

the resﬁlting expressions in Eqg(2.51) then summing over

and ¥* we obtain the follow1ng expression for F4E

E
E:; -—-3--3—13- C Z[ ¢ 0£|)+4l¢l ¢m£l)} (2.52)

(b) Expression for <CQ’->

The average Qz ,<G§>,is defined by
2 -1_;_ 2.
{@’y=(3N) 13 63(3)) (2.53)
The eigenvalue equation is given by

g & 4 =2 Ba® S 3)) 250

where the elements of the dynamical matrix, [) , are defined by



Re@= ”d‘; ‘5@450(‘— <)

18

(2.55)

Multiplying both sides of Eq (2.54) by e, (qj) and summing
N

over the index ¢, we get

g €} mz<g3)%(g§)=:4; <4y ?qa,(@ SACRY

Using the normalization condition

> 60a)) gi) =1

in Eg(2.56) and summing both sides of this equation over g

and j, we get

@ -0y dp A

(2.56)

(2.57)

(2.58)

(2.59)

and finally the expression for¢1}>cwn be obtained by combining

Egs(2.53) and (2.59) in the form

(6 = (:m)"g T+ D@)

(2.60)
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Substituting Eq(2.55) in Eg(2.60) we get
7
-1
<?bz>:=éébﬁld> :é;::%;:
~ ~n

2 # qe0(1-¢* £)

/

~(BM Nd; E; 2 ()l v Na)

/

-1
= M) ﬁz’[‘”&%m?ﬂﬁ |)J,¢;Z(L,4,l):) (2.61)

where in obtaining Eq(2.61) we have used Eq(2.48).
The harmonic force constants appearing in the above

equation are defined by

_(8* |
s ‘)—éﬂu?t’ﬁ' Plg-u0),.

(4 ¥t 1] B-u) ol
: ¢(i 4- Elﬂ + %r’;?:—}.’ Pﬂ”(, 14— ';!,l)l

(2.62)
With the aid of Eg(2.62), Eq(2.61l) is reduced to the

following form

(oo’>=ém3’2; [0 40+ 206 #ig)]

(2.63)
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3. INTERIONIC POTENTIAL

For simple metals like Na,K (tightly bound cores) the inter-

ionic potential can be written as

A
L@ =E%) r‘+UIe (3.1)

where Z' is the ionic valence and Ure is the ion-electron
interaction which comes from the screening of the ion motion

by the conduction electrons.
- :
-1 ‘4 <
Llre-_-..Tr Az e)"(dq F@a) @r) Singr) (3.2)
o
where

Flay- ') M@y (3% Q@) Q@] (3.3

M(g) is the bare electron-ion matrix element, Q(gq) is the static
electron gas screening function related to the dielectric function

by the equation

Q@) = q* [eq)-1] (3.4)

where

€@)=1+am k) m@n) )

and al=q/2kF, g is the wave vector, k

+i] (3.5)

1+2
b

F is the Fermi wave number,
m and e are the electronic mass and charge respectively.
For large distances, the effect of the logarithmic singularity

at (%{ =2kF in E€(q) given by Eqg(3.5) gives rise to an

asymptotic representation of the potential function of the
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form (Harrison, 1966)

F? Gos@hker)

This oscillatory behavior of the potential creates the conver-
gence problem for the potential and potential derivative
dependent sums over the real lattice vectors(r), such as the
quartic term (F4) in the Helmholtz free energy, the phonon
frequencies, etc. In the numerical calculation, the oscilla-
tory convergence of (F4) has been indicated by Shukla and
Taylor (1974). 1In Figures 1 and 2 we have plotted (F4) and
<(,¢2>calculated from the interionic potential given by Eqg(3.1)
(Sshukla & Taylor (1974)). To compute the long-range contribu-
tion to the energy, Basinski et al. (1970) introduced the

four-term asymptotic potential

2
~(2i+1) -é4+2)'
g [ o® @k, Gos(2k. r)+(’2(;+1ékp) Sin2 k‘__rﬂ (3.6)

the
But Eg(3.6) does not give/correct representation of the third

and fourth derivatives obtained from the actual potential
(Shukla and Taylor, 1974), thus we have chosen the 8-term pair

potential as

4
-(25-\-1) -(2- 2_)
¢ [ ¢ ¢ ki <
B »i‘Zﬂ Alkr)  Gs@krY4B2kr)  Sin(zkr) (3.7)
The potential constants Ai and Bi presented in Table 1 have
been determined from the four inflection points of the actual

potential function.
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The first, second, third and fourth derivatives obtained
from the above potential Eq(3.7), for Na at 90°K are in
reasonable agreement at larger distances in terms of mag-
nitude and sign with those of the actual potential of
Shukla and Taylor (1974). We have presented in Table

2 the first four derivatives calculated by Shukla and

Taylor (1974) and from Eq(3.7) respectively.
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TABLE 1. Long range potential constants,

The units are eV for a=4,23%4 K.

A -,528305137
1
B -,397123867 x 10
1
2
A -.416975194 x 10
2
4
B -.319156322 x 10
2
4
A3 -,103945142 x 10
6
B3 -.125589463 x 10
6
A4 718540782 x 10
7
B 568556732 x 10



26

TABLE 2, Actual and long range potential derivatives as a function
of r-(a/2(n} ,n§ ,n7).The units are erg.cm? ,erg.,cm 2,
ergiem? ,erg.cm-4., a=4,234x10"% en. for Na at 90° K,

d;x/drs/rs/lo2 dgq/d(rs)2/103 d3¢/d(rs)3/loll d4¢/a(rs)4/102°

ns AP LRP AP LRP AP LRP AP LRP
N

111 =1.3335 -4,4371 3,7627 5.5220 =9.8008 ~7,0953 1.83%43 -2,2853
200 1,2083  ,4976  ,3498 1.2203 =3,4268 =5.,3266  ,7047 1.0760
220 =-,1349 -,0867 =-.0783 -.0807  .4246 3977 =.0493 -,0500
311 =-,0343 -,0238 ,0922 ,0700 =-,0511 =,0448 -.0071 =-.0200
222  ,0023 ,0029 ,0699 ,0488 -,1031 ~-.0839 -,0245 ~,0056
400  ,0212 .0110 -,0219 -.0204 -,0610 ~.0113 .0069  ,0091
331 -,0034 -,0045 -,0193 -,0102 .0312 .0237 -,0044  ,0007
420 =-,0073 =,0062 -,0125 =,0036  ,0287 .,0263 ,0028 =-,0015
42?2 -,0050 -,0015 ,0123 ,0085 ,0066 -.0016 ~.0062 -,0030
333 ,0013 ,0022  ,0065  .,0033 =-,0121 =-.0120 ,0043 -,0002
511  ,0013 ,0022  ,0065  ,0033 -,0121 =,0120 ,0043% -,0002
440  ,0030 ,0008 -,0047 -.0043 -,0141 -.0007 .0054 ,0016
531 .0002 -,0008 =,0055 =.0027 .0055 0057 .0007 0006
442 -,0004 -,0011 -,0044 -.,0016 ,0064  ,0064 ,0003 ,0002
600 -,0004 -,0011 =-,0044 -,0016 ,0064 .0064  ,0003 ,0002
620 =-,0016 -,0009 =-.,0003 ,0020 ,0073 .003%0  ,0015 =.0009
533 -,0010 .00002 .0032 ,0024  ,0010 -.,0014 -,0043 -,0008
622 =-,0006 ,0003 ,0028 ,0021 ~,0046 -.0026 -,0022 -,0006
444 L0003 .0007  ,0025 =-,0001  .0025 =-.0036 =-,0030 .0002
551  .,0008  ,0004 -,0004 -,0014 -,0110 -,0017  .0017 .0006
711 .0008  ,0004 -,0004 -,0014 -,0110 -.0017 ,0017  .0006
640 .0006  ,0003 -,0017 =,0016 =,0059 =,0008 ,0047 ,0006

624 ,0001 ~,0003 -,0002 =,0011 0026 0020 =~.0021 ,0003



4. METHOD OF OBTAINING WAVE-VECTOR DEPENDENT TENSOR SUMS

We have introduced the oscillatory asymptotic form of the
interionic potential in section 3. As pointed out before
in section 1, this potential creates oscillatory wave
vector dependent direct lattice sums which arise in the
calculation of the various physical properties. Thus, in
this section we turn our attention to the development of a
technique for evaluating these sums.

The simplest property we can calculate is the potential

energy.

Ll:—..é.%: B(ir') (4.1)

where riZ is the l th neighbour distance and ¢(r2) is the

8-term asymptotic potential
= : 1) (Z+2)
¢(r‘).-_21[ai(r‘)'a“* Cos(2k )+ b (F) Stn(zk‘,v*)} (4.2)
where
{2ix1) ~2i+2)
8 = A (2k) . b= BBk, (4.3)

After substituting Eq(4.2) in Eq(4.1) and introducing the sums

(tensors of zero rank)

Cn&ks,9,93=z;"‘-"~“—u@°ékpl ry) Los(@ xf) (4.4)

S @k, S, 9.)=-Z; 1L yT" Sinl2k 54D Gos (@, ) (4.5)

the interionic potential energy can be written as
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U:%Z(ai ngu(sz’o’o)"'I?iSﬂ-i-rzakr-"o’o)] (4.6)

az4
The other wave vector dependent direct lattice sums arise in

the expression of the dynamical matrix elements defined by

M QP(Q)-_-Z: Z F(r‘)[ 1- Gos(@. x*Y] (4.7)

where the force constants Q& are given by

2
969 pine et i

Substituting §5 from Eq(4.2) in Eq(4.8) the resulting express-
ion for Eg(4.7) can be expressed in terms of the following

second rank tensor sums:

CP &).. Q 54558 C.ek.q,u) U oo (4.9)
o0 _ 9% (4.10)
Sk, = = T S, @k, 8, ) go

as

MD, (0)- §§ [ Clek.o- ¢ ak..9)

+h[ S:f_z&k 0)- 5 P(Z Q}]} (4.11)

In section 2 the quartic term (F4) in the free energy was

expressed in terms of the wave vector dependent lattice sums

28
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defined by
/
F @3 g ) Golg. 1

7
Substituting Q{ from Eq(4.2) in Eg(2.6) and defining the

following two different fourth rank tensor sums

P“g Q4

@k a3 amaupaubaui(\ Cn(iks’g’%)o___o (4.13)
afSvl a4
S @2k,Q)= S(Zk (4.14)
n ~ gu’( W (& QUB.QUJ, U=

Eq(4.12) can be expressed as
o B‘Q
— 2k .
am@) Z[a G)'*» 242 f-"t}z) (4.13)

Therefore, in the calculations of the long range contributions to
the quartic term (F4) in the free energy, energy (U), and phonon
frequencies ()(gj), we need to evaluate six types of oscilla-

- ~

tory slowly convergent "infinite" direct lattice sums viz.

¥ 3L o
C. .S, c"“,cdpf, sFe gt

’ n
One of the most useful methods of evaluating slowly convergent
lattice sums was introduced by Ewald (1921). First we apply
Ewald's method to Cn and then we generate all other cosine sums
by differentiating this basic sum with respect to lﬁ’ UP,

“x ;, U . All sine sums are also generated from the cosine

sums from the following equation

d
Sa@k.9,1)= “d@ky) n.a-—x( ke, Q,4)




According to Ewald's procedure, the term (£-Bl—n in the
direct lattice sum is replaced by the Gaussian integral,
then the integral is split into two parts over the dummy
variable. This creates two direct lattice sums. Using
the Theta function transformation, the slowly convergent
direct lattice sum is replaced by the reciprocal sum.
(For further details see Appendix A2). The sum Cn is
independent of the choice of the splitting point, namely
the Ewald parameter (o{). ®{ is chosen in such a manner
that the two sums over the direct and the reciprocal
lattice vectors converge rapidly.

Following Born and Huang notation we find (see Appendix A2)

Cak,q,4)=2 {Z Gos (2K 1£-ul) Gosqy. .‘.)[ 9"”5””2]

P@/2) -
£y A (4.16)
ESGk. 16 2 _ Ay
£ 20 Enlen il ( 49y
S“(ﬂlg__,q,g = Z{-L..Ul S'.m.Qk}LUI)Cos@ 4)[&33 54 v
-~ 2 (4.17)
s
+ 21 E(2k.1G 4y 0)
where
E(E:\G+q| y)=" % Gsaraby &da 9
V. C'(/2) o
(4.18)

6 H6eq 170y exp[EHG+ 30/ 497

G [s) exel-ta-18+ g1y
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__11' % Gos[ (@ )-8
E (CiG el 0)= ey (3(“:1) ]§(§+3l‘”49

(*‘-‘XP[-( 5 1S+ g ayl [(BGia) y™ L 29" 7]

—exp[{£ 1G4 §745) [(E4GH1Y 9" 22 3""3])} (4.19)

and Ve is the volume of the direct lattice unit cell and 5=2kF.

With the help of two sums Cn(2kF’0’0) and Sn(ZkF,O,O) we
can now calculate (coz> and the Einstein quartic term
(F4E) in the free energy. To obtain these particular sums
we have to take the limit of the direct and the reciprocal
lattice sums in Egs(4.16) and (4.17) as vector g tends to
zero for 2;0. The direct lattice sum does not create any
problem, however the reciprocal lattice sum must be exam-
ined more carefully because of the singular nature of the
term |G + g‘_l. This term diverges for G=0 and g=0.

Isolating this term in the reciprocal sum and taking the

limit as (G + g| tends to zero, we find
LV ~

n-a g3y2 n
{Z Gos@kis I)Id gy Y _.‘l‘a__}

Gk, 004

(4.20)

+% Enc@kr , \El, 0)
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2

0o
2 , n =%V
Ske,0, °)’rrn;«)§"’“ Sinakya)| 4y 972

+ZGE:(zk G, 0)

2 (ke) ¢ Mol o5 (ol 2 g7 Q) (4.21)
.Féigﬁﬁgéil: 2:*5(9 '—ﬂka)S )QKP[ 4y2 1]

The second rank tensor sums required in the calculation of
the dynamical matrix elements can be obtained similarly by
substituting Egs(4.16) and (4.17) in Egs(4.9) and (4.10)

respectively. We get
dP . = e
Cnék\z, ﬂ) = %,'[ lzlp An@kpl)... 8‘ r[" D:C? k., 4)]603(3 £)
..%(Gdﬂu)(cfH?P) E:(Z";ﬂﬁﬁj,' /9) (4.22)
P{ 2 d'ﬂ N2
4._‘._2_’(_';/:‘2_%[(2&) — 42 o ]

(h+2)

/
S:%Ir‘,, q\'—"zl; (%, 4 A Qkel) s ASPL“D:& k)] R=.0)

4l Gle) ™ 23)
C(on) (n+1)

<
-ZG:@: +0x 3(6‘9 +98) %@/‘p’fﬂ" ,0)—

where

< 0 = Nn—-
A“@,&\)z%% {Ld:, exp(_c‘g")[ é N ‘M“a:ﬂ(b,eﬂ} (4.24)

i

]?;c(c""g'«‘)"" "én A { I:.Z) expl-0)] ZO gy mcl: 56,4)] } (4.25)
o = X%
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a(5,0) =~ @sG 1)+ L SinG0)
3, (G0)= 464 Sin(e)

35,(6,0= 44%Gs (1)

4,&,0= SinG2)

d,6,9)= 24 Gsle)

A, @ﬁ)“ﬁﬁ ) [y exp(-e 3‘)[ H%f,(“)]}

D G0 “f’(“—jﬂ Ay exp(- £ ){Z Ny LG}

G L) = - EU WG+ G Gse) ¢ SinEd)
a5E0 = ~4[LGsC O L sine)

2;@,2)—:. AL°Sin @)
8 E.0=0LCsEL) + Sn0)
& G0)= - 2¢%8in )

To evaluate the sums CSP and S:@ for g=0, we again take
N

the limit of direct and reciprocal lattice sums in the Egs

(4.22) and (4.23). 1In this case the reciprocal sum does not

create any difficulty because the quantity (G +qg )(GG-HI@)

-l§+q\_l tends to zero as Eq»O and g-»0, hence in the
~ ~

/
numerical computation we replace %; by E: for the sums CA*P
G

o ~ ~
(2k,0) and sn(” (2k,,0) .
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The calculation of the quartic term (F4) in the free energy
requires tensor sums of the type given by Eq(4.15), viz,
cn"fl”“'g and s“(‘TJ . Substituting Eqs(4.16) and (4.17) in
Egs(4.13) and (4.14) respectively we obtain the fourth rank

cosine and 51ne tensor sums. These are given by

o '6‘4‘
C k.93 Z[A U440,4, C @k, ,2)

+‘3(£s%%+§e et a0 Bkt 4+ L ) B 0)
A8+ Sl S dap) Ak D) Gosg 0) £ R ok )
J%(Gﬁ 1)+ 486, + a3 6,4 2g) E. K J5+31,0)

'5 &ks = [ _4&19%4; Csé?kp,t)
+k (“;.r ap"&é‘@av*'gﬂ’lx‘a* oY “QJ“"&YQ(JJ* LN E’@ £)
+L 1( Spdy gt s(w ourt Sy g@&) A“(zk‘,,e)] eig-L) + &u@ ko)

<
+ZG' (Gx‘* qx\)(G(& + fﬂ)(gg + ?3’)(6‘\“’?&‘) En<2 k;l‘,év +q 1 0\)

. . c s c s c S
The expressions for the functions Cn' Cn, Bn’ Bn'&n and(ﬁr1

are
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=gl {[ B expcety ALy s ealh
[

([l 60l

4 (N 45:2' d "2 4 dn+4
[2; 3n h+2) * (nx4)

& (&L)_

where

(n/2)

c‘@,z)-_-. 5 GsG) 6B St ) 152072 6s60) + 15 6L Sin B )
CGA)=-8ELSin(l)- 24 B Gos(tt) + 24 L4 Sin. (1)

0= 24[ -T2 Gosd) « e Sinfe)]

9: (t.9= 32 L3 Sinlsl)

CGA)= 1644 Cos(te)

b(.0= E¥SinfBt) + 35U *Gos(Be) - 35 472 Sin &)

bG0- 6l GsE)_ o sinEe

b0 -12 52 SinBe)

b&0)- -8L°Ges(it)

C;'@ng'z"-'!i) { Lda cxP(~£23")(Z "+ . ;‘(& P.)]}

2

3

BEe)- s ){[ds oty 2 T8 6]

(?4 Ee)._2

[ AL ST M
(‘(m\) '.’;(n»A) (n+3)




Sl Q)= 5% Sin(GD)4 25 Con(50) 4 3 5L Sin(Be)

11552 sl _ 15 £ 3sinlBe)
c0)= BB Goslit)+ 244 Gost) 24 L7 Sin(50)
ci(l;,ﬂ:-. 24[L B2 Sinl) 4 L GosE0) £ Sine)]
¢, G0 =-32[E4G sit) 1 42 Sin (B
C:(LJ,A) = 164°Sin(0)
BED=- 52 Ges6l)_347'0 Gsbe) 3472 5in(5e)
b:_@';,z)= G [cﬁéz Sinttl)_te GsE) 4+ Sin(24)]

b: (&, 0)=12[ BL3CsEr) 4 £7Sin(Ee)

“9:@ 2)=_844 Sin(&l)

. K
If we examine the sums C"‘F § (2k_,q) and S“PTVX\ (2k_.,q)

for g=0, it is obvious that g=0 vector does not create a
lad

singularity in the reciprocal sum because the term
-1
(G, + ) (G, + ) (G, + ) (G, + ) - |G+ —» 0 as 0
o Tdoc 7 1o T P e T 70 qé\ IN/C\I,i F
and E%;O; consequently in the numerical computation of

cHB¥& (2 ,0) and s*BY¥Y (2k_,0) we replace 3 byi.
n F n F G G
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5. NUMERICAL CALCULATION

Our fundamental goal is to evaluate the contribution
or correction from the oscillatory long range part of the
potential function to the anharmonic term (F4) in the
Helmholtz free energy. Before we calculate the exact
F4 we will evaluate the long range contributions to
much simpler physical quantities such as the Einstein
quartic term (F4E) in the Helmholtz free energy, phonon
frequenciesln(%j), and energy (Ll). F4E depends on

<Cf> , hence we need to evaluate this guantity

separately.

The contribution or correction to a given physical

property (P) from the long range potential can be obtained

in the following manner.

First we compute this property from the & -term
potential given by Eg(3.7) employing the sums obtained
from the Ewald method (P ). Then P is calculated once
again from the same potential using a discrete real
space lattice vector summation. The difference of these
two calculations gives the necessary contribution or
correction for that physical property (AP) from the
long range part of the potential function. Symbolically

we can state all this in terms of

: ar- (P, —(P),

37



We have pointed out earlier in Sec. 4 that with the
help of two sums, Cn(zks,o,o) and Sn(ZkPIOIO) ,
one can calculate (cg?> ' E;E' and U. These sums
are given by the Egs(4.20) and (4.21), respectively.
The Ewald's parameter (o ) appearing in these express-
ions is to be chosen in such a way that the real and
the reciprocal lattice sums converge simultaneously
and rapidly. The choice of &4 by Born and Huang (1954)
was od=4/3 , Shukla (unpublished result) chose o=41.25/a
Cohen and Keffer (1955) selected of=TI/2/a .

In the numerical calculation we will follow Cohen
and Keffer (195%) and choose o(-_-.'t\'""/a and replace
the integrals appearing in Eq(4.20) and (4.21) by the

C%-—functions introduced by Misra (1941)

oo

o - z .
@n 16.(“#):261’() 8 L_AS Sn jé‘t ¥ (5.1)
" T

fr

G-n2 a, o
[(ak+Gandlaztrn)  )dy g~ e
n

o

(5.2)

)

-d
2

1 Y2 2 moxy
where Q‘:—g,_ It 0(:((('“') P @m= S Aj $ €

i

These functions satisfy the recurrence relations
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6,0 = €7x s(mAc) G &), m>o

@_mCm-;[i/(m—iﬂ[E’i x gxﬂ , M>0

—(m_-4
9
[a]"y Qm(%: - @m,» L OO

and reduce for m==O,-1/Z,.-1 to the well-known

tabulated functions
@6 = &7x
6,,00= (/) [ 1-F6e*)]

¢ 6)=—- Erlx)

where Ei(—-X’) is the exponential integral, and ¢(X‘)

is Gauss' error function.

We have presented in Table 3 the dimensionless sums CCn

and SSn defined by

—n
Cct‘a.‘=(2k\=j Cn (Zk\'-'/ O/O> (5.3)

55n=(2“¢3n\§n (Zk?'lol °>

(5.4)



We have found that for an accuracy of 8 significant
figures the summation over ’{ and er in Eg.(4.20) and
(4.21) from which cc, and Ss, are obtained can be

restricted to the 9th shell.

40



TABLE 3.

Dimensionless infinite sums CCn and
SSn for BCC lattice .

-1
.34162860 x 10

-2
25356562 x 10

-3
059164169 x 10

i
59384309 x 10

=4
.11800645 x 10

-5
»12318190 x 10

-6
-25097378 x 10

=7
.25200346 x 10

-8
54470766 x 10

-9

51823362 x 10

-9
.11896291 x 10

=10
010761030 x 10

=11
26036681 x 10

-12
22573867 x 10

-13
57035565 x 10

~14
JATT93358 x 10
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5.1 TONG RANGE CONTRIBUTIONS TO THE EINSTEIN
E
QUARTIC TERM (F4) , (3 ) , AND ENERGY (U),

(a) Corrections to (wz>;

Differentiating the 8-term agymptotic potential, Eq(3.7),
with respect to lf’] and substituting the resulting derivatives in
Eq(2.63), then using the sums CC, and SS,) defined by the Eqs(5.3),

(5.4) respectively,(&f) ean be written as

&> = (2“') Zg CC 488, +2«(2‘+|) cC,., ]

i=1

+B, [_ _z..(zm)CC +(2L+I)(2L+2)S S 4 } (5.5)

The calculated discrete cumulative 23=-shell and infinite sums
for (63') and the corregponding corrections A(Coz)=(<(o’))m— ((Laoz))u
for different shells(n) are presented in Table 4 , @m’))wis
evaluated simply by substituting the values of CC, and Ss,, from
Table 3 in Eq(5,.,5), and we find

2¢
<<602>>°°=. 3.9594480 x 10 rad. sec?

s . 2 .
The minimum correction to {3 ) appears when the discrete sums

are truncated at the 23rd shell, which is

2 26 -2
A(C\) > = —-0.0003188 x 10 raA sec
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To get the total (w ) we perform the summation in Eq(2.63) up
to the 23rd shell for actual potential (AP) which is found to be

26 2

2 2 -
(e >23)AP = 2,8001527 x 10 rad.sec .

and then we add the minimum correction to it . i.e.

2
(WD) potar= ((wZ,5)4p + B (%) gp

2 -
= 2,799833 x 1026 rad.sec 2 .



TABLE 4, ¢co*> ,F4 and (U) as a function of shell vectors
gdh/ZXni.ni.n:).wherg!a=4.2§4x10~8cm,and correspond ing
corrections A(&)";,AF“ and a(U) for 8-term potential, "
((os>y ades®> ), (E14E), (U,aU) are in units of 102¢radisec® ,

10** N(k, T}? .erg- ,10-'4ergs respectively.
& P

(@),  ae® E)n AR, (V)n AU

111 3.2362 7232 =5,3558 5681 1556 -6,6876

200 3.9276 0318 «4,6037 -.1840 <8.,2041 1.3614

220 3.8249 1346 =4.,6652 ~,1225 <5,9024 -,9403

311 3.9616  -,0021 =4,7838 ~.0039 «7.0935 .£508

222 3.9961 -.0367 =4,8018 .0140 -7.5743 <7317

400 3.9866  -.027L. -4,7904 .0027 =7.5081 6654

351 3.9634  -.0039 -4.7804 -.0074 =7.0745  .2318

420 3.9532 0062 «4,7822 «,0055 =6.,7887 -.0540

422 3.9705 =,0110 =4,7982 .0105 =7.0066 .1639.
333 53,9731 =,0136 =4,7994 0116 =7.0612 .2186

511 3,9810 -,0215 -4,8028 0150 -7.2252 3251

531 5.9647  -.0052 -4.7906 0029 -6.9526 -1100
441 53,9609 ~,0014 =4,7887 0010 =6,8723 0296

600.  3.9599 -,0005 - -4,7883 0006 =6,8522 0096

620 3.9630 -.0044 -4.7926  .0049 -6.8971  .0544

533 3.9689 -.,0095 =4,7969 0092 «6,9762 <1335

622 3.9734  -,0139 =4,8004 .0127 ~7.0511 2084

444 3.9734 -,0139 -4.8001 0124 -7.0553 2126

551 3.9707 =,0112 =4,7974 0096 =7.0196 1769

711 3.9679 =.0085 ~4,7946 0069 -6,9839 1412
640 35.9648 ~,0053 =4,7916 0039 -6,9385 0958

642 3.9598 -.0003  -4,7878 .(Q()Olji -6 ,8497 .0071 .-
00 3.959 -4,7877 - 6.8427
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(b) Corrections to the Einstein quartic term (FE) in the

Helmholtz free energy:

In the numerical evaluation of Fﬁ or F, it was convenient to
take the high temperature limit, which affects only the hyperbolic
cotangent function, coth(%} Bcd),s in their expressions. Expanding
this function in the high temperature limit and taking the first
term in the expansion, we have

cothfh @ \o 2keT (5.6)
2 kgT Hed

Substituting Eq(5.6) in Eq(2.50)}, Cp which arises in the expression

BE
for F4 can be written as

Co o 2KeT

5
e (5.7)

where <§J > - tal

Substituting Eq(5.7) in Eq(2.52), the Einstein quartic term(Fy)
can be written as

/

f‘E Mbs TV Z[QS”(I'ZM‘MI 'ﬁg,&\] (5.8)

4M2(<°°2 'ro-lal)

Differentiating the 8-term potential given by Eq(3.7) and substitu-
ting the derivatives in Eq(5.8),and then using the sums CC.s S5, »
as defined by the Eqs(5.3),(5.4) respeetively and given in Table 3,

F4E can be written as
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4 E ;

FE. N(LBT)&kp) E A.l| CC.. _R.SS
T AMA @) © aleen, siss,

=12 i.(2i.+l) CC +8L(2u+|)<_2., +_2_) SS

2L +4

£20(2041)2i+2)@i 4 3) CC,, ]

S L 1 :
_‘_E,‘[S L+2"'4(2 +’)C§ze+3"6(2 +)@i+2) R TI
~4(2i4D2i2)f2i+3) CC

2045

H2a)(zis )2 r D@ SS, T (5.9)

The discrete cumulative 23=-shell and infinite sums for FE and the
related corrections ZLF% g (FEL° - (F%)n for different shells are
presented in Table 4, The smallest correction arises when the
discrete sum over the shellg is truncated at the 23rd shell, we
find
AFy = 0,0001137 x 1012 Nk, )% erg™l,
To evaluate the total F4 for this particular shell, first the
summation is performed in Eq(5.8) up to the 23rd shell using the
actual potential(AP), and we obtain
((F4) 3)AP 1.6968875 x 10
then we add the corresponding correction to ((F%)23)AP to obtain

12 N(kBT)2 erg"l.

((F)o5)ap + AF)) ) 1gp

i

B
(Fi)motal

1.6970006 x 1012 N(leT)2 erg'l.
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(¢) Corrections to Energy (U} :
Substituting the 8-term asymptotic potential i.e.
Eq(3.7) in Eq(4.1) and using the sums CC, and SS, » we express
the energy as
4

U=1 2 (Acg v 8s,)) (5.10)

i

2 i=!
The finite cumulative 23=shell and infinite sums for U and the
corresponding corrections A&LJ==0JZQ.-GJ)h » where (U)
represents the truncated sum at the nth shell, are presented
in Table 4 . (U}, is evaluated substituting the values of ccn

and SS, from Table 3 in Eq(5.10), and we find

(U)ao = _6.8426812 x lo—Hcrgs.

The smallest correction ariges when the finite sums are truncated

at the 23rd shell .,
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5,2 LONG RANGE CONTRIBUTIONS TO THE PHONON FREQUENCIES
FOR Na AT 90° X IN THREE FUNDAMENTAL DIRECTIONS
[5o00) , |&&0] , |GG,

The calculation of the long range corrections to the
phonon frequencies from the 8-term potential requires the compu-
tation of the dynamical matrix elements, Eq(4.7). Numerical
accuracy of these elementsg can be checked deriving the following

sum rule

MZDF(Q)B MZ «(%)

-.-.Z:[Am&lzi‘m][ws@-éﬂ

~

dO

(5.11)

To derive this sum rule, first we substitute Eq(2.62) in Eq(4.7)
and get

1Ry )=2 Z[uxz A1 Gegg)] G2

where A(L) is given by Eq(2.6d}), D({) =;i¢' g(€) and g(¢) is the
potential function, then use Eq(5.12) in (5.11) and sum over

index o,

The LHS of Eq(5.11) can be computed independently with the help of
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of
the second rank tensor sums C P(Zk .Q), S, (2k ,q) given by

Eq(4.11) and the RHS is algo computed independently using the
zeroth rank tensor sums from the Eqs(4.4), (4.5). The terms

appearing on the RHS are then written as

, 4

; A@|1 ~Gos(q )= Z:/ {_@ ko) ai{(; i+l(zk‘,o,@..gm(sz, q,0)
+[(2'kFY4i+ 3)3:. —(Zk‘j l?.] [st +2 (2 k‘ d O'o)" S.z:. +2 (2 k‘ '3 o)]
deein @ I)IG, @k 00)-G, Gk, g,]

H2i42)2ir4) b, { wa(2ke0,0-3 S 4(2k,,,q,0)]} (5.13)

%jl D) C“(g'%)]:;i‘(a“jaa[%;+2(2"g:°:°)—§;+2(2"F ,g,oﬂ
+-@idalkR][G,  (2k0,0)-C, (2K,,q.0)

ik [S, (2K 0,0-5,  (2k-q,9]} (5.19)

Lettlnw d P(q) =M D“p(q) , we have presented in Tables 5a,5b,5c
the functions d P(q) and the term d° which represents the RHS of
Eq(5.11), in three fundamental directions [500},l&80| ,|&& 5],

where ¢ = (2W/a)& .

After solving the eigen-value equation of dynamical matrix,
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2 . s o . .
g(q}i(qj} =w (aj)el(aj), as we indicated before in Section 5 the
o~ [ L A :
long range corrections(contributions) to the phonon frequencies,

vs (q) :q)(%j}/zn » is obtained from the equation
AY (@) = (V.
3(23 ( &(g))oo —(vé(g))n

where ( vé (%))oo is calculated from the Ewald's method and
( vy (%))n from discrete summation.,

We have presented in Tables 6a,bb,bc (96 (%))oo’ ( 98 (%))n ,
A( 93 (g)) for three basic directions |500| ,|550] , and (54645
in their FBZ's taking different shells ( n = 5,8,12,16,23),



TABLE 5a Second rank tensor sums and sum rules for IRP, q-;(en/a) ,f(,-’
~

dups
&<\ 500

TABIE 5t &=|550)

TABLE 5c &=|&Lbb)

and d° are in units of ev/A°%.

51

direction, dwg d, » dy=0 for d.-,é(;i 0.2¢L¢lo.

o=

2 d d a
XX vy

0.2 0.2664  0.1502 0.5668

0.4  0.8267  0,5574 1.9416

0.6  1.2672 1,049  3.3664

0,8  1.,5091  1.4444  4,3979

1.0 1.5949 1.5949 4,7848

o

direction. O.l\<£,\( 0.5 , c}(x_-_, d99

dxz—.z.» d‘.ﬂ: 0, dx:ﬁé 0.
2 dxx dzz dx9

0.l 0.,10799 0.0739 0.0973

0.2 0.3919 0.2674  0,35%4
0,3 0.7278 0.5069 0,6548
0.4 0,9914 0.7036  0.8888
0.5 1.0897 0.7774 0.9765

directi0n¢ eclé b;‘<0c5 B d = d-s

XX

d = d — d L]
Xy X2 yz
(-
& dxyx dxy d

0.1 0.1429 0.0916 0.4287
0.2 0,4951 0,2780  1.4854
0.3 0.8536 0,3723  2.5607
0.4 1.0765 0.,2669 3,2295

0.5 1.1372 0.0 35,4116

4°
0.2899
1.0512
1,9628
2.6866
2.9569

d
z2Z



TABLE 6a . Frequency table and phonon corrections for LRP in
G=1£00) direction, wheregs 2f/a & , 0.2456¢1. ?’))
Q

% (g) and corrections ax(q)= (~)- (QU - (¥
are in units of 10'* c¢ps.

b \shell> 5 8 12 16 23
0.2 L 1.7276 1.6826 1,7078 1.6920 1.6862
A «0,0428 0,0002 «0,0250 =0,0093 =0.0034
T 1.2902 1.,2669 1,2841 1.2697 1.2679
A -0,0265 -0.0031 «0.0203 -0.0060 -0.0041
0.4 L 2.9832 2.9593 2.9681 2.9652 2.9638
A -0,0187 0.0052 -0,0036 -0.0007 0.0007
T 2.4392 2.,4194 2.4384 2,4316 2.4342
A _.0,0049 0.0149 -0,0041  0,0026  0,0001
0.6 L 3.6749 3.6669 3.6773 3.6710 3.6704
A -0,0047 0,0033 «0,0071 -0,0008 ~0,0002
T 343437 3.3345 3.3489 3.3440 3.3422
A -0,0033 0.0058 «0,0086 -0,0036 -0.0018
0.8 L 4,0167 4,0006 4.,0074 4,0062 4,0037
A -0,0114 0.0046 ~0,0022 =0,0009 0.0015
T 3.9292 3.9186 3.9270 3.9215 3.9181
A -0,0108 -0.0001 =0,0085 -0.,0030 0.0004
1.0 L, 4.,1337 4,1195 4,1260 4,1186 4,1185
A -0,0161 -0,0019 =0.0084 -0,0010 -0.0008

52

o0
1.6827

1.2638

2.9644

2.,4343

3.6702

3.3404

4,0053

3.9185

4,1176



TABLE 6b, Frequency table and phonon corrections for LRP in
545&01 direction, where

1n unlts of 1012 cpg,

o Shd%r 5
0.1l L 1.5073
A .0,0299
Tl 0.3900
A "O .0531
?2 0.,9129
0.2 L 2.8372
A -0,0225
Tl 00,7192
A "‘0 00794
T2 1.7256
A "‘O 00395
0.3 L 38537
A =0,0197
Tl 0.9510
A -0,0693
A =0.0350

8
1.4775
-0,0001
0.,3318
0.0047
0.9836

=0,0070

2.8053
0,0094
0.6376
0.0021
1.6984
=0,0123
3.8363
-0,0023
0.8812
0,0005
2.3322
-0,.0108

12
1,4990
-0,0216
0.3659
-0,0293%
0.,9061
-0.0195
2.8243
-0.0097
06777
-0,0380
1.7107
-0.0247
3.8397
-0,0057
0.9137
-0.,0320
25390
-0 ,0176

16
1.4855
-0,0081
0.3502
~0,0137
0.8925
-0.0060
2.8173
-0,0026
0.6574
-0,0176
1.6975
-0,0114
3.8362
-0,0023
0.6935
-0.0118
263313
-0.0100

g= 2N/a & , 0.14640.,5.
; () and corrections Av (@)= (¥ (@)=, (q))

23
1.4793
-0.0019
0.3318
0.0047
0,.8870
-0.0004
2.8161
-0.0015
0.6456
-0.0058
1.6907
-0.0046
3.8335
0.0005
0.8918
-0,0100
2.3276
-0,0062

53

oQ
1.4774

0.3366

0.8866

0.6398

1.6860

3.8340

0.8817

2.,3214



TABIE 6b continued

5

0.4

0.5

shelly 5
L 4,4808
A -0,0102
T, 1.0797
A -0.0354
Ty 2.7523
A -0,0175
L 4,9614
-0,0047
T, 1.,1195
A -0,0224
T,  2,8870

8
4,4705
0,0001
1.0321
0.0123
2.7333
0.0015
4,6809
0.0058
1.0820
0,0151
2.,8699
0,0049

12
4,4749
=-0,0042
1.0671
-0.0227
2.7405
~0,0057
4,6928
-0,0061
1.1219
-0,02%8
2.8793
-0,0045

16
4,4704
0.0003
1.0463

-0,0020
2.7353
-0.,0005
4,6900
-0,00%4
1.1009
-0,0038
2.8747
0.00009

23
4.4717
-0,0013
1.0418
0.0026
2.7328
0,0020
4.,6857
0.0010
1,9111
0.0060
2,.8706
0.0042

54

4,4707

1.,0443

2.7348

4,6867

1.0971




TABLE 6¢c . Frequency table and phonon corrections for LRP in
direction, where g=2WAE&, 0.1<840.5.

5WII+ 5

0.1 L
A
T
A
0.2 L
A
T
A
0.3 L
A
T
A
0.4 L
A
i
A
0.5 L,T
A

41860

55

- “ i n
A (a)a ( vy (%))oo (3, (@), are in units of 10" cps.

1.8963
-0,0341
0.7697
-0,0314
33599
-0,0172
1,53%45
-0.0153
4.1300
-0,0082
2.2764
-0,0145
4,1476
-0,0102
2.9513
-0,0176
344959
-0,0190

8
1.8650
-0.0028
0.7336
0.0046
3.3349
0.0078
1.4978
0.0215
4,1205
0,0013
2.2550
0,0068
4,1345
0.0029
2.9361
-0,0025
3.4801
-0,0032

12
1.8854
-0,0233
0.7583
-0.0200
3.3462
~0.0035
1.5266
-0.0073
4,1282
-0,0065
2.2730
-0.0112
4,1429
-0,0055
2,9437
-0,0101
3,4840
-0,0070

16
1.8716
-0,0095
0.7458
-0.0075
3.3430
-0.0003
1.5190
0,0002
4.,1237
-0.0019

2.2673

-0,0056
4,1400
-0,0025
2.9363
-0,0026
3.4761
0,0008

23
1.8655
-0,0033
0.7398
-0,0016
3.3431
-0,0004
1.5208
-0,0016
4,1224
-0.0006
2.2646
-0,0027
4,1370
0.0004
2.9333
0.0003
3.47693
-0,00002

0

1.8622

0,7283

3.3427

1.5192

4,1218

2.2618

4.,1374

2.9336

3.47691



56

5.3 LONG RANGE CONTRIBUTION TO THE ANHARMONIC QUARTIC TERM

(F4) OF THE HELMHOLTZ FREE ENERGY FOR Na AT 90°K.

The exact calculation of F4, Egs(2.16), (2.17), (2.18),
(2.19) , involves the summation over the Brillouin zone wave
vectors. The wave vectors % =E%2ﬂ7a)g are generated from
the boundaries of the first B.Z. defined by @,4 Ry¢ b/ Ry+RgL
R+Pecdl, O R Py<R,s where p , Py s Pz are integers and
L denotes the step length. For a given step length L, this
procedure will generate 2L3 points in the whole zone.

The long range contribution to F4 from the 8-term
asymptotic potential, Eq(3.7), requires the computation of
the fourth rank wave vector dependent tensor sums EZ%XS Cg)
given by Eq(4.15). In order to get a realistic answer for
F4, the density of points in g-space must be reasonable.
Usually this requires a large numper of points distributed
uniformly in the first B.Z. We have found that for a given
step length L, the major contribution to a B.Z. sum comes
from those components of B which are either, all odd or all
even (Shukla, unpublished results) viz. Good Wave Vectors (GWV)
and L = 2,4,6.... This generates (L3/4) points in the whole
zone.

All sums over the first B.Z. were computed over the
irreducible sector (1/48th) and by suitable weighting the

results were obtained for the whole zone. We have presented

in Table 7 the numper of even good wave vectors in the 1/48th
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portion of FBZ. The number of odd good wave vectors can
be obtained from this table, since the number of odd good
wave vectors in 1/48 portion of FBZ for step length (L) is
equal to the number of even good wave vectors in 1/48
portion of FBZ for step length (L+2).

In order to assess the numerical accuracy of the
function E:"fs (3) we derive the following sum

rule

e

%;} P:FYS @) A:,‘; gm;« = %qf E gy @)

/
7 - -2
- ZZJ[ C@ 404 BOIS EAB] Gosgg.¢)

§-0

To derive this sum rule we substitute the expression for

(5.15)

F:@\‘scg) from Eq(2.14) and sum over o ,Y indices and

use Egs(2.6a), (2.6b), (2.6c), (2.6d). Now the LHS can be

computed independently from the Eq(4 15) with the help of

-1(5‘6' «(s‘o'
(2k,, q )  and

also be computed independently with the help of zero rank

( kx:,q,) The RHS can

tensor sums which can be obtained from the Egs(4.4) and (4.5).

The expressions for these terms are
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’ - 4
{; 1"5@)605(3.9:.- Z,‘ gékg)aa.‘ Si.2(2Ke,4,0)
o 3(2k;)2(2 ir2)a, (kY h] C,...(2ke, q,0)
3[Rkt )3, (2keHis D] S, | Beq )
t-(2ia) (434160 +15) Q,
+3@ke) (42140 4 1) b Cm*s (2ke, q, o)

~(2i+d)(2ira)2i 1 6) b, Siec(2ke, o)} (5.16)

20k 41 o,k S, L (2ke, g, )

k) 6@+ )2t e, 2@kI @4 DR)C, (2K g,0)
+{@ ke [2(2i+)(20 + ) (4ir15) 415 (41 3)] 3,

~(2k 6@+ @i+ Q45]B] S, | (2Ke,q,0)

+f[(.2; +)(2i+2)2i+ D2 +10)+152ix1)(2i43)] 3,
k)22t + D2l DA 47 is (@i +8)) b G, k8.0

4.[(2;.\.2)(2; +3)(2i44) (2i +11)

+15 (22.-‘-13)(2&4-4)] L’i Szé*_c(z"w Q) 0)%

(5.17)




/ ﬂ o
[Z: L°AQ@) C:s(’%,g)-_—.;{-@kg)a‘. C2£+3(2‘<’__/2 ,9)

"'szl-')(l%‘.'*?»ac -@kF)z L.J S.za...4(2kF/ 9. 0)
H@)@ir)a, ¢ ke)#+5)b] C,, (2%, 4,0)

+@"'+2)<25+4>Li 52;...@(2"9/2/")} (5.18)

We have presented in Table 8 all distinct FdP‘C'r @)
functions and the term £° which corresponds to the RHS
of Egq(5.18). This table not only shows the numerical
verification of the sum rule, Eq(5.1%), for every wave
vector g, but also displays the symmetry of E:@Kﬁ‘(g’
for we know that the transformation properties of E:Ffaai)
are decided by those of the vector g.

We have derived the expression for FE in Section (2.2)
and computed it in Section (5.1). To test our computer
program of F4 further, we set all phonon frequencies equal
to a constant,C._)E , and expect our program to produce the
answer for FE. Indeed for the step length L = 32 we have
obtained exactly the same numerical result as calculated
from Eg(2.52).

Finally as pointed out in Section 5 the long range

correction (contribution) to exact F4 is obtained from the

equation

AF‘;:-‘ (F;)m*- (F;)as
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where (F4L’is calculated from the Ewald's method and (F4)23
is calculated from discrete summation (using the simplifica-
tions outlined in Appendix Al). In both methods of

evaluations of (F4%°and (F the eigenvalues oo%@é) and
o~y

4)23
the corresponding eigenvectors Ez(gé) in Eq(2.15) or Egs
(2.7), (2.18), (2.19) have been obtained from the actual
potential (Shukla and Taylor, 1974).

We have presented in Table 9 the total F4 as well as

O i 3
its three separate contributions viz f; ,f: , E; and

the corresponding corrections A\F’

4 235 @ function of step

length (L) .




61

AR _
TABLE 7, Number of Even Good Wave Vectors(NEGWV) of BCC lattice

® o B

10
12
14
16
18
20
22
24
26
28
30
32
34

in 1/48 portion of FBZ ag a function of step length(L)

NEGWV

14
20
30
40
55
70
91
112
140
168
204
240
285
330

36
38
40
42
A4
46
48
50
52
54
56
58
60
62
64
66
68

L

70
72
74
76
78
80
82
84
86
88
90
92
94
96
98
100
102

NEGWV

2280
2470
2660
2870
3080
3311
3542
3795
4048
4324
4600
4900
5200
5525
5850
6201
6552

L

104
106
108
110
112
114
116
118
120
122
124
126
128

NEGWV

690
7308
7714
8120
8555
8990
9455
9920

10416
10912
11440
11968
12529



TABLE g, Fourth rank tensor sums and sum rules for LRP. g= (2
all sums are units of eV/A°4 ,Even good wave vect

3

are generated from L= 8,

000

™~

F
XXXX

F
Jyyyy

F
227

F
XXYY

XX77%

yyzz
XXXy

XXX7Z

yyyx

Jyyz

ZZ2ZX

F
ZZZY

F
XXy2

F
yyxz

F %
ZZXY

“105437

~105437

“105437

-1.5042

=1,5042

=1.5042

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

o
" 4 =13,6561

200
‘109316

-0,6960
-0,6960
=0,9500
-0,9500
-1,1916
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0,0

=9.5070

220
~1.3763

-1,3763
-0.1206
-0.5436
-0.7365
-0,7365
-0.9918
0.0
-0,9918
0.0
0.0
0.0
0.0
0.0
0.3996

-6,9064

222
-0,9867

=0,9867
-0.9867
-0.3868

~O¢3868

-0,3868

0,7049

0.7049

0.7049

0.7049

0.7049

0,7049

0.2717

0.2717

0.2717

-5,2808

400
-llﬁégl

1.3779

1.3779

-0,0540

0.0540

-004077

0.0

0.0

0.0

0.0

420
~1t3035

-0.0181

1.3399

0.1700

0.0413

-0,1919

1.3247

0.0

1.3459

0.0

0.0

0.0

0.0

0.0

0.5687

0.05700

ors

62
ﬂ'/aL)£
422
~-1.3323
-0.0368
-0.,0368
0.1726
0.,1726
-0,0055
0.9348
0‘9348.
0.9481
0.0264
0.,9481
0.0264
-0,0082
043960
0.3960

=0,7266



TABLE 8§ cont.

\\\\41\ 440

F =1.3374
XXXX
F -1.3374
F 1.3100
F 0.2990
F 0.0306
F 0.0306
F 1.8619
F 0.0
F 1.8619
F 0.0
F 0.0
F 0.0
F 0.0
F 0.0
F 0.7950

©  _0.6440

442
=1,3612

-1,3612

=0,0589

0,3080

0.,1737

01737

1.3130

0'0

1.3130

0.0

0.0

0.0

0.5562

-1,4705

444
"‘l 03870

"l ® 3870

-1.38700

0,3150

0,3150

0.3150

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0,0

600

2.,0120

3.4339

3.4339

0.6372

0.6%372

0.4176

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0,0

0.0

-2,2708 12,2640

620
1.4014

1.4014

2.8153

0.5593

0,3871

0.3871

0.9206

0.0

0.9206

0.0

0.0

0.4115

8.2851

622
0.9645

0.9644

0.9644

0.3880

0.3880

0,3880

0.6465

0.6465

0.6465

-0,6465

0.6465

=0,6465

-0.2933

0.2933

0.2933

5.2209

63

800
4,2860

4,2860

4,2860

0.7716

0.7716

0.7716

0.0

0.0

0,0

0.0

0.0

0.0

0.0

17.4877




TABLE 9. Long range correction (43=(P)Kr (P),) to Fﬁ. F%, FZ,

Anharmonic quartic term(F,) as a function of step length

(L), where Fy=Fj = 2F} 4 F;

Fz, Fi‘, Fz, Fy and A are in units of I\I(}:J!’T)2 erg"'lt

and n is shell number.

3

I n FS Fx F; F,
oo ~10,7808 -4,0536 ~15.4142 ~18.0877
4 23 =10,7811 =4,0447 =37.2598 =39.9514
A 0.0002 -0.0089 - 21.8456 21.8637
6 23 =15.4319 -7 .,6848 =15,2199 -15,2822
A 0.0004 -0,0022 11.4107 11.4154
o0 «18,3410 -10,0756 -4 ,9810 -3,1718
8 23 “1.8‘34].4 "‘.}.O .0742 ‘4!9791 “301721
A 0,0004 -0,0014 -0,0019 0,001%
00 "'ZG 51759 “”’ll 05959 "'5 c8183 "'218025
10 23 20,1764 ~11.5948 -5.8180 -2,8048
A 6.3335 * "'O sGOll "‘Q 00004 930023
00 -21.,4067 -12.,6153 =6 .,421¢ -2.5980
12 23 21,4072 -12,6158 =6 ,4221 -2.5978
A 0.,0005 0.0005 0,0002 -0,0003




TABLE 9. continued

14

16

18

20

22

24

23

25

0

Fy
-22,2797
-22,2802
0.0005

~22,9276
-22.,9272
0,0005

-22,4264
-23.4270
1.0006

-2%,8220
“23.8226
0.0006

-24,1435
24,1440
0.0006

-24,4099
-24 4105
0.0006

1

Fy
~13.3372
-1%,3%80

00,0008

”13a8725
-13,8722
-0,0003

—1402823
-14,2824
0.0001

-14 ,6066
-14 ,6069
00,0003

-14,8720
-14,7802
0,0001

-15,0882
-15.0883%
0,0001

3

Fi
“6-6891
-6 ,8695

0.0004

- =7.,2110

-7.2108
-0,0003

-7 4784
~7.478%
-0,0001

-7.6932
“7.6931
-0,0001

'708695
=7 «8691
-0,0003

-8,0159
-8,0159
-0,0000

Fy
*2&4745
-204737
-0,0007

=2.3937
“203945
0.,0008

-203403
“2:3406
- 0,0002

=2.,3021
=-2,3018
-0.0003

-2«2726
”202727
0,0001

-2 ,2494
‘”2 e2498
00,0004



TABLE 9, continued

26

28

30

32

34

36

23

4]

Fy
-24c6343
“2406349
0,0006

=24 ,8260
-24,8266
0.0006

=24 , 9917
=24 ,0023
0.,0006

”2501364
-25.1370
0.0006

=25 ,2637
“2512643
0.0006

-25,3768
“2503774
0.0006

1
4

=15,2716
-15,2718
0.,0002

F

-15.,4282
”15Q4283
00,0001

-15,5635
=15,5638
0,0002

“1516817
-15.6819
0.0002

‘1507857
-15.7859
0.0002

-15t8779
‘150&782
0.0003

4

F3
~8.1400
-8,1400

0.0000

~8,2464
-8,2464
0.0000

-8,3385
-8.3386
0.0001

"8v4192
-0,0000

-8.4903
~8.490%
0.0000

-805534
-8.5535
0,0001

Fy
-2 e2012
0.0002

=2,2160
-2,2162
0.0001

“2-2032
=-2,2033
0.0001

-2;1921
-201923
0.0002

-2-1826
“‘2 91828
-0.0002

-2.1743
“201744
0.0001



TABLE 9, continued

L

38

40

42

44

46

48

50

n

23

(o]
Fy

-25.4777;17$

25,4783
0.,0006

=25 5685
-2505691
0,0006

“25-6505
=25 ,6512
0.0006

-25,7251
=25.7257
0,0006

«25.7930
=25 ,T7937
0.0006

=25 48553
-25,8559
0.0006

-25,9126
-25,9132
0,0006

1
4

-15,9604

F

=15 ,9606
0.,0002

“1600346
-16u0348
0,0002

“1601015
“1691016
0,0002

“1601623
‘1601626
0.0003

-16,2178
-16,2181
0.0002

-16,2687
~16,2690
0.0002

-16u3155
=16 3157

0.0002

Z
-8,6100
70,0000

=8,6609
-8‘6608
-0,0001

~8,7069
-8.7069
0.,0000

~8,7487
-8.,7487
0,0000

=8,7869
~8,7869
«=0,0000

-8,8219
«~0,0000

-8,8541
«8,8541

0.0000

Fy
=2,1669
-2.1670

0.0001

"2.1603
‘2.1604
0.,0001

-2 ,1544
‘2¢l545
0.0001

“231491
0,0001

0.0001

-2.1398
-2.1399
0.0001

-2,1358
«2,1359

0.0001



6. DISCUSSION

In order to calculate the long range contribution
(correction) to the quartic term of the Helmholtz free
energy (F, and FE), phonon frequencies (C)(gr» and
energy (U) it is necessary to select a long range poten-
tial as given by Eq(3.7). As shown in Table 2 the first,
second, third and fourth derivatives obtained from this
potential are in reasonable agreement with the actual
potential at large distances. It is easily seen from
Table 2 that the magnitude and sign of the derivatives
from the two potentials are very close for many shells:

u
for example, at the 18th shell, = .0028 and ¢LRP='OOZI

"

AP
E
4

shells as obtained from the 8-term potential are presen-

The corrections to Q*?>, F, , and U for different
ted in Table 4. After the third shell and except for the
8th shell, all corrections are negative for <CQF>. If we
ignore the first few shells where the asymptotic potential
has no validity, the smallest correction is obtained when
the discrete sums are truncated at the 23rd shell. All
corrections for FE are positive after the 7th shell.
Except for the first, third, and eighth shells, all correc-
tions to U from the LRP are positive.

Tables 6a, 6b, 6c show the long range corrections to
the phonon frequencies in the three principle symmetry
directions |[§00] , It to) e8]

In [&ZOOJ direction the magnitude of the smallest
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correction is found for the longitudinal mode beyond the
8th shell for £=.2 and the 23rd shell for (=.6. These
are the same as the smallest transverse mode correction
beyond the 23rd shell for =.94 .

In l& %O} direction the smallest correction is found
beyond the 23rd shell for the longitudinal mode.

In lCCb,] direction the smallest correction for the
longitudinal and transverse modes is found beyond the 23rd
shell at the BZ boundary.

Since the smallest corrections for <;02>, FE, and U
are found beyond the 23rd shell, we have examined the
correction to the exact F4 beyond this shell. We have

o i
presented in Table 9 the three terms of F4, viz. E; , E; ’

3
f; arising in the expression of F,,Eq(2.16). This table

47

also contains the corresponding corrections to each of

these 3 terms and total F, beyond the 23rd shell as a

4
function of the step length (L). It is clear from this

lo) i 3
table that the numerical magnitude of E; ’ E; ’ E;

and the total F4 change rather rapidly with the number of

points in the whole zone but the correction to F4 is

unchanged as the step length is increased from L = 38 to

2
I. = 50, This correction is found to be 0.0001 DI(K&T) crg .

~3
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7. CONCLUSION

We have developed the theory and performed the calcu-
lations for the long range contributions (corrections) to
the anharmonic quartic term (F4) in the Helmholtz free
energy, the Einstein quartic term (FE), average <C52>
Energy (U) and phonon frequencies GJqé from the 8-term
asymptotic potential with the help og'several tensor
lattice sums of rank zero, two and four obtained by the
Ewald's method. The long range corrections to the above
mentioned properties are found to be negligible beyond the

23rd shell.
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APPENDIX Al SIMPLIFICATION OF THE WAVE VECTOR DEPENDENT

FOURTH RANK DISCRETE TENSOR SUMS

In order to evaluate the fourth rank discrete tensor
sum-, Eq(2.14), which requires the summation over the discrete

lattice vectors rc, the most practical method of reducing

the computer time is to use all the 48 point group operations

of a cube for a general direct lattice vector rt

with
positive components satisfying the condition re#.rlqh

This procedure reduces the ¢ summation to shell(s) summation
and thus «(wé‘ (,.G;) needs to be computed for only one
representative point in that shell. There are four distinct

types of tensor sums and their expressions can be obtained by
the method outlined in Shukla and Wilk (1974).

@)= Z(nm)[ I

xxxx xXxXXX Cere Yy 227 Yz 2y

+ B

uy9Y Kﬂ( Cyx zz“‘cgzczx)

o ¢zzzz "3( vY zx %KC23)] (A1.1)

,(x”(@ Z @slgj

czz (Cxx %3 + 9:3 ng)

+ ¢$ C (C C

xxzz 29\ 5ex Gat Gz Gyx)

%3

C
vYyzz zx(cxz ny el c;'(g ng)}
(Al.2)
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mg(a) _Z( "s/c)

’0‘( xxxy 33 zz"'gxxz yz 923)

¥ §3 (’{ssx swc sz +g§wz Ssz sz)

S
T xz(gz,x $x Sy zzz_\,sssczx)] (Al.3)

@- Zc ns/e g8

+ &

g
Yy Xz CXS ( Yx gz + sgz SZX)

XX N XXSZ ?CX ( vy zz sgz SZ:)

+ ggth <;z<:E§J£;x'+'%y¢'§Q;i]

(Al

.4)

where C‘P.-.-. CQS(Q¢ ";) , S‘p__ Sin (Qd Y@) . o [; X2

rsg%(n: ,nj ,n:); s is the shell index, r® is the real

~

lattice shell vector; ﬁi ,n§ . n; are three positive

integers with n

sth shell, and

ng is the number of points in

n:,)/ 3 r

B P= FIC0LG B0 AR (a1

¢ (r )—- -4 C(")-r(r + T )l" BG')+ A(?')L_ S (Al.
- -3

¢x,“3|‘)— et 4C6‘)+ Ty * = (Al.

q«sz("s)'—' ": Ty¥z F4C(r) wTyvy, KO B(v‘)l,._ -

(Al.

.5)

7)

8)

72




73

where C(f\/B(}) and A(r) are given by Egs(2.6b), (2.6c),
(2.64).
The other eleven fourth rank tensor sums, indicated in the

square brackets viz.

[ 9399(83’ zzzz(G)] [ xzz(crgu\ yyzZ
[E:xx (601 sasx(Q) FE;”Z(G)/ zzz,((@\
[ 33“2«3\’ E;zxgogdl

can be obtained from Egs(al.l), (Al.2), (Al.3) and (Al.4)

@]
@]

/ "zzzy

respectively by cyclic permutation of x, y, z indices.
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APPENDIX A2. WAVE VECTOR DEPENDENT LATTICE SUMS AND EWALD'S

METHOD

In this appendix we will evaluate slowly convergent lattice

sums Cn( & I%IH), C:P(G ;3) ? c:gf%’ 2.) lg (C Q,U d[&(a q ‘,(p’)'é(.‘g g)

CALCULATION OF C_(& ,q,u) AND S_({ ,q,u)
n e ~ 1’1 ~ ~

The zeroth rank tensor cosine lattice sum is defined by
/
4%
cn(a,g,y,),_é;{,@-g,t CoolBl4-u) Goa (g 4) (82.1)

The summation over the direct lattice vectors £’ converges
slowly. However, for numerical calculations we need to
convert this sum by a rapidly convergent sum. This can be
easily done by the following Ewald's method.

~r, .
Using integral representation of Lgﬁgl we can write

Sieardilatn o 5T EAMNy g i
R"’/z) £ ‘

Since the summation in Eq(A2.2) is over discrete values of‘é ’

(A2.2)

the sequence of the integration and summation are interchange-

able, and we rewrite Eg(A2.2) as

Lol igl) 5 (T ST ) -2
Zlé-g $Fl-ul ot == ECBZ: e( )f gy (A2.3)
£ R“/z)

The RHS of this equation will converge quickly for a fixed

value of the parameters 5 , g, and f for large values of y
N "~




but for small values of y there is a convergence
problem. Therefore we split the integration over the dummy

variable y into two parts at some arbitrary point o« .

o , _ ; o _uf®
Z{é.gi SAh-Yinloy) 2 (@Z M1 B4 dge-n) Je-2ly
4 r(“/z) A

Wl/z)

(A2.4)

If & is not very small the second integral in Eg(A2.4) conver-
ges rapidly. On the other hand, the dummy variable y which is
in the range Oé y{x may be very small for the first integral
and cause slow convergence, since exponential term will not be
-1 . .
able to control the term ,3“ ; we must find a transformation
~XZy® ~2/y* . :

to convert the term & to e ; this conversion can
be done by the Fourier transformation.

The sum Cnﬁquﬁ can be trivially obtained from the two follow-

ing sums defined by

maAm£~“)43@ u)44~ul
Fu =—-——— )
o 9) 4 R (A2.5)

z _iBl4 eyl iql-y _[4
F@ol))""—‘ Z e 36“ 4) uy® (A2.6)

where each of these functions are periodic in Y with the

periodicity of the lattice. We expand them in Fourier series.
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For Eg(A2.5) we have

1 S ot 48
F(,Ea»)'—‘-LGJ Fg e (A2.7)
where
ol -1 5 -2 G. Y 3
b, =V gl‘_'(gog)e dy (A2.8)

G is the reciprocal lattice vector, V is the volume of the
crystal. Noting that exp(igi.g ) =1 and substituting Eq(A2.5)

in Eq(A2.8), we get

: et [0yl 14y y* G E-w) 9.(4-4) 3
F-Z §:3jeLjé%w€ vy, (A2.9)
& [(vz) £

letting r—_4_y , We rewrite Eg(A2.9) as,

~? o~

4 __rg'ag‘ JEY )él‘(' 3
~1 =@-X
qu: 2y (e e’ €7 "d (A2.10)
~ ﬁcr@/z)
/ -
where G = q+§, v, = N lV, Ve is the volume of the real space

unit cell, and N is the number of unit cells.
The triple integration in Eg(A2.10) reduces to the following
one dimensional integral

00 , -
Fi._ ar 3n-4 ( _rnyz[e;(aﬂué)i éR(E_G)r]

P dr re (A2.11)
~an G )

o

Similarly if we repeat the same procedure for Eq(A2.6) we

obtain the corresponding Fourier coefficient as

1 ) a .z . )
2 Nt -y -»\(ZZWG)T' (B G)r
T";z‘mta jclv‘\rﬁ [e — " (A2.12)
AinG T(2) 4
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Combining Eqs(A2.11) and (A2.12) we find

o0 2 2
F“ F.z—;éwl - { “ ’ v i "V
N T

But

A 1 2
—ax? V2 _b/4a
. b
foxe Smlaxcz(g_a__) & s a,b>o (A2.14)
(o]

Hence, Eq(A2.13) can be simplified with the help of Eq(A2.14)

and we get

1 o1 /z\gn —4 .(l’,+6 )/43 (Q-—G)/A\\_)
%+% m{(&: ¢')e (- ) } (A2.15)

From Egs(A2.5) and (A2.6) the cosine sum can be written as

Q

> ot a)e L [ g Pl )

4 2\ iG.u
_..___:12_?6,(]‘;+fg )e =~ (22.16)

Substituting for FGl + F 2 from Eq(A2.15) in Eq(A2.16), we get
)

P hz) £

t 0]

Z;: ‘C;Jaﬁ D'4£'Ui9 AQ<Z~U) —U@Q

POV@) % GVZ)

iG.Y fra) ayt ~(6-6)/4ay?
DIt 4[(+~—~) +1.._'é_)e< Yy (32.17)
: @
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The expression given by Eq(A2.17) is the well known Theta
function transformation of crystal physics.

From Eq(A2.4) we can write the cosine sum

;{ﬁr-férn&o(ﬁlﬁ- ) S'(N ~ 29 G’:(C%_U\)AEL~ -\,Q-U\S

e s
*?@ 2) -ul'y™

4 G—:Cl (A2.18)
m Fév) 3Z (A4-sl)e

First we substitute Eq(A2.17) into the first integral of Eq(A2.18)
and then we multiply both sides of the resulting equation by

238 1o get

Z’i-ul C‘Qs(au‘ Ul)e 3/2_ Zé(§+i&>g

£ vf’(‘vz_) g

o g, gl }
A | dyg' "6 & Na ¥ ?
{L 99 [6 12+4l +( 19+ &) ]

1.2 z (A2.19)

Al = n-} Lu Nl
r'(“/ )Z&S(Bl-e u])e { Y)Y

In order to evaluate Cn(C:,q,g) given by Eg(A2.1l) we first
~n

evaluate the sum

2 l4-97" Cox(Elf-4,) Com(g 4)

which can be expressed as
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- o i ‘ -AYq,
VAR RCTI WS IV NP e X
- 49.4
—1 ’Q.'- n Sl ~
“2‘%‘” ul Gs(ci-yl)e
-n ~1q.4
+3 2 -0\ Gs(gu)e ™~ (82.20)

The first term of this equation is given by Eq(A2.19) whereas

the second term can be obtained from Eq(A2.19) by changing g
o~

to -g. The change g—> -gq will not affect the sum over £ but
~N ~ ~ ~

the reciprocal sum should be examined more carefully. For

this, we consider the following reciprocal sum which has the

same structure as the sum we are interested in

E(g)az n[(l,cj-rgl)e ~re (A2.21)

If we replace q by =-g in Eq(A2.21), we get
N

g(-,‘!)“—:Z ’VL(l,C:,hm = - - (az.22)

but G takes all possible values in the summation, hence Eq(A2.22)

Fa

can be written as

..;.(9,4-2)-2
EC9)= %‘1(\6+g() &= (A2.23)

Combining Egs(A2.23) and (A2.21) we get

4
Z

[5(3)+€6-g)]=>; WNG+q) GoslG )] (82.24)
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with the help of Eg(A2.24), we can write Eg(A2.20) as

2 el 1) Geg 9T > Golara) g

- Fn/)
o - " A lG. & 2
| { N (T nm% E-ts ,!.l)/43]}

I~

R ]

G+

1G4 g\
(A2.25)

¥yz
r.</)ZC°S(CM’ u[)r:\:jj e_ Ccs@ 4)

The real lattice sum in Eq(A2.25) contains a singularity when
/1\1'_;- 0 for ’4=0. To remove this singularity we subtract the

corresponding .£=O term from both sides of this equation and

obtain
/
Ch(C,,q ) ;’% ol Cas(c,u, ) Cag(q 4)
=T >"Cos|(Gaa)-u
T = |G+a)-u)
o4 ” -(5+\9.+3l)‘/49°' l+R|)4 }
{ LAﬁ N [(ia-m e +(1.l§___)€‘ 37
/ ' 2
l"(“/ )ZQ:(C[,C UM dy 4"~ 1e\'é ‘BCosQ.-g._)
"W“*@\Ul)ids el (n2.26)

The derivation of sum Sn(a ,9,u) is straightforward, since
n o~

5@ q,u)_______ h+:\.< 9,8 (a2.27)




using this equation we can obtain Sn(&,,q,g) from Eq(A2.26)
lad

and write it as

6300

_Zu (h+1
(& -G+
[ é( WG+ |ay® Y e gyl (& G+aly® ]

Zasf(e+) uqu{ dyy*®

o Ty R _ - po
22 j dy s avaY SErgral/ay ]}

RT+&)

Egs(A2.26) and (A2.28) still contain the singularity as S_>0

for g=0. Hence, the reciprocal'lattice sum in Cn(d;,0,0) and

/

Sn(a,,0,0) has to be split into two parts as?% + (gfo term) .

To find the S#O term for g=0, we have to examine the Fourier

~
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ZU" U]\Y;.n. 05433 n b !3 4(“\ (A2.28)

coefficients given by Egs(A2.11) and (A2.12). From Eg(A2.11)
we get
gyt (2R @)
Lim, F& 8“3 (d Za e‘c’r[&im g"_‘l__"_.] (A2.29)
%-’0 ~ cr@/Zs G->o0 @)

or

—GXW\ Fazw

g"“ , Y alr
G50 Y (n/z)

and similarly from Eq(A2.12) we have

o BB (G Y
G50 “ v, 7 /2) A

dr ¥ € ¢ (A2.30)

ry r e Lt (A2.31)
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Combining the two previous equations, we get

o 25
2 h-1 2 —\’3
L (F T =_1ﬂ_§__§dr re Yk @r) (A2.32)
§A9°(&+ ﬁ> 0. T'h/2) ‘o 5(

But

(8] rasz ,
(4 F &V aas)asg [drrd” o)

Q (A2.33)

2 > s e

o é_ 6
4y? 29*

Therefore the substitution of Eq(A2.33) in Eq(A2.32) gives

>/2 __5544 2
U 2\ 4w (“'4_._51 n—6 Y .
R e A

and finally the G=0 and g=0 term is
~ ~

3/2 “ 2 <\ -C/ay? |
. 142\ T -4 2 n- N

The final expression for Cn(C;,O 0) is given by

¢, (£,00)=T" %Z{S&&""“{(%ﬁ

a3, 0/2)

2 X 2
+@ ) 2 )é(ﬂ—-\&\)/"rs D&Ejdﬁ(‘j“—j—f— 9“—‘)éa/‘wz}

0

{ [G’S(le-lfdg e A ] _2‘:.} (A2.36)

n

e la\ay?

l"( W/2)

and with the help of Eq{A2.27) Sn(z;,0,0) can be obtained from

Cn(a ;,0,0). The final expression is




@l ﬁ» (69> ery™7) & "D

S

/
+@) % 141 8n G fd

m 2.2
41y
dy y" e (22
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.37)
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cancuraTIon oF c “f (6 ,q) anp s ¥f (B ,q).
n ~ n ~

The second rank cosine and sine tensor sums are obtained

from the two following equations s

CE. q)= 2

c (&, 3, 0)\ (A2.38)

ud‘a U(; m

$IE60- 2

st e

where the sine tensor sum Sn"((3 (C,,9) can also be obtained
e

from the cosine tensor sum Cn"((s (& ,q9) with the help of
ny

Eq(A2.27) as

86 0=-2-¢ 1€, v) 2.0

Substituting Cn(C ,9,u) from Eq(A2.26) into Eq(A2.38), and
~n N

. 4 !
letting 5.:'17_2' l=l-g , u—_—lg] : e._.___lg__gl we get

d "‘i -2, 7 ¢ / .
e, =2 444 Al Jdag £~ DEO]Cos3.€)
— ZG@O(+ Qd)(G@"‘QP) Enc(a)(/g.*g]o E)\%;_o

N (ch@p())o(? (A2.41)

Here we note that the argument ® in the function (Wm(a,o())“, is

the Ewald parameter and should not be confused with the tensor
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indices o(,‘b etc., and

NER ) pny o
D:é;,k,): j'_lé.¢(c, E,) (A2.43)

E(GGl,9)= T GeflGg) 4] {A

Ve r‘ ("/2) o
{6 +1G+a)7ay* L6+ 045
.[(1+_5_.)e +(1_ 5 )c (A2.44)
‘G-I-QI lﬁ’f!l

(V/,.C(G,N))‘P:ﬁm { (u u ”PA (&, u)+8' D@ u))} (A2.45)

where the dummy variable E, can assume different values

’ " . . . .
such as 4 ,4 or u arising in the following ¢ function.

B.L)= Cos(?,;ll)[ g —1 "y* (A2.46)
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/
Letting S,‘z in Egs. (A2.42) and (A2.43) and then substituting
for ¢(§,€}) from Eq.(A2.46) into these equations, we
C ] < ]
can express A“ @,e ) and 2 (@,4 ) in the following

form.

A:«;,Zl)r-%/;j { [- C2GsCe!) 642 o) L’Q s 31\—1e-¢ 292

/ Q . 2
+404 &n(@l’)i{dg 3“+ ‘e—e Y

] Q ig o
+402Gs(a) L dy v &t 3%

(A2.47)

< )

rD“(C, ¢')=- 2 ia N () ’)S:; Bnde‘ﬁ 2‘?\:26 ’G;s(m')fc‘;;_\)mé 4 92} (A2.48)
[m/z) L o

The calculation of (\X{\E&,’A))dp involves taking limits of

some functions of 4 such as t@i\(c,u) and D:(C, u) which

can be obtained in a similar manner as the fuﬁctions&n(c’,ﬁq

and D;(&,Q)‘) except that now the limit of all integrals

in Eqs(A2.47) and (A2.48) is from 0 to O instead of ¢ to

0 . The final expressions are

¢ 2 2 od e, n-q —UY*
A“@,U).—:sz)g[.-a MCo).‘,cu Sm@.u)] C( dyy e

X 2uZ
4 4Ly Sm(‘GU)LcI\) Yyt gt
4 A0%Gas®v) Cd) 3““5”2‘32% (32.49)

(14 20u% X B
D:@ W2 {CS‘m(CA—WA» Y et i2u &s@u}j&ggmé vy % (A2.50)

m/z

~2 <
Now we can examine Eqg(A2.45) for H.:,o. The term U UdUPA“@”U)




for H_?Q - can be written as

m I.Tz P (C U).-=

U+O
~n

o 2,t o ~v3y2
.fdgg"pic"u Y +4C&n(ﬁu)‘d93"*1eua
o o

m 5o {569

2
440 Cos(Bu) { dy gn*ae v ]} (A2.51)

where

c'h(,c)____,_ Sinx  Gosx

- = (A2.52)

is the first order Spherical Bessel function of the first

kind, and €im | o, 4. e u o , thus
R—'OA’&)_’ / .L:\v'n—.PO U | P—-’
. -2 %
ecm B Uy \Jp An(c,U)__?O (A2.53)

~4 NS .
The term U 12.(5, u) as u.y 0 can be written as

bm FADEV)=- 2 _lim j&* Sinbu)
8->0 hg) »»o ((~L))

i dy yig ~vty*

+2 Co.s(t?w)s 9 Mléuzs? (A2.54)

Since &lm ,Z‘Squi, Eq(A2.54) can be simplified after
X0

interchanging the process of integration and limit, we get

bm o D@u)=_2 f‘d de-z]

y->»o0 f'(n/,_) no ¥ rh+2) (A2.55)
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Substituting Egs(A2.53) and (A2.55) in (A2.45) we get

(\V & ot‘)) =r_'(___@_[a +2 “n+2] (A2.56)

n/2) A n+2)
Now the second rank cosine tensor sum, C':(P(Q/q) given

by Eq(A2.41), can be written as

«p 7 ] .
C;‘(E,g):: le[e z:g,ﬂp An(G,A).l.%Pf‘ Dn(c,e)] Cos(g.g)

c
- ZG,(G%H' qoz)(ap-l-?p) En (5/l§+3b O)

[e: n+2.

f'("/z) “p (h +2) (A2.57)

«p
To derive the second rank sine tensor sum Sn ((:, q)
~

substitute Eq(A2.57) in Eq(A2.40) and obtain

dfp ! s
8,G)= 2[4, 86,03 Vs )

— Z(Gd_‘,qu) +q{;) E (C,IG-WI o)

B 4}“@ : unu
F(n1-1) (h.pj)
2

(A2.58)
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AL btz %( 5 o) O By g Y
4t cos(ca)+esm@:,o]§ grEs eyt
+44 &n@l)i‘ dy 3“+4 &t 32% (A2.59)
D €4)-_2 “ §[z;zc,s(u)+ s;n(al)]f ) o Y

._ZI.ZSAn@L)r:lg y”ze"e v } (32.60)
o

TR o (1 (81 I s B g

- q+rq 2
_2 (43 3“ 36’(‘:""‘ ~D/43

) “ 5 -4 +\) /4
(545 970 VA

£ _a aaaq))’ L]
+2Sd§, 9“ Q@"'"“'y/q‘i } (A2.61)

Q
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o«PY r$
C P P 6212)‘

CALCULATION OF
n

L) o
dﬁ,q) AND <E;

The fourth rank cosine and sine tensor sums are given by

oprd 94
.q)= C@.,q,u ,

. (@ g) Sa30pa5op n( q ~)u=.-o (A2.62)

«pss

5 (C.9)= o S(Q,Q,g) (A2.63)

o ~ Q»y@upguvaua\ v =0

To evaluate S:P?‘\(C, q) once again we use Eq(A2.27), which

allows us to obtain the sine tensor sum from the cosine tensor.

gy «pY S
= @3)=—29|E- C‘ji ., q) (a2.64)

Substituting C:(C,Q,LO from Eq(A2.26) into Eq(A2.62), we find
n ~ ™~

CyFTC :Ei[ 4, . < ,
n.(a’3)== Z 1 {&1%'%f€f C;ﬂz,! )

ORI AR AT AW IS WG WAL
it J;fﬁs‘a o+ &(9“0’85‘“* YN é\(3, 8) Ac“(c/ 4')} Cos(g.4)

4—%@ +Q«Y@p+ ACRTN )@é +9y) E:. (Clg+gl L
6 e

Ue O
~
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where

CE.B)- D, 8) B¢, ) (82.66)
5:((;, 2)= N, 8. 2) (A2.67)
A;(G, E>=- 0‘92@') ¢(5 E) (A2.68)

and the differential operators appearing in Egs (A2.66),

(A2.67), (A2.68) are defined by

o@ (%,)_ A" _gE—ia\ +15 g“j;z -is E_afl. (A2.69)

ag’ %

-1 4% -2 d |
0@3@)_'.45‘5 3 T +3E e (A2.70)
% @.)—— ‘Jz 5“‘;2 (A2.71)

The function E (C [G,,.u u) is defined previously in Eqg(A2.44).

The full expression for the last term in Eg(A2.65), (R (C’“»d

¥d

is

(Rié;,o())“ By = Lim ( oy, UgUy Uy C:( G, )

4o
(:"3 U“”F"" ustp 1‘"’5‘ ) ‘%"L""Xp‘cudu&"'x;x Y% 6‘+ #U&)Bh(z:“)

+U’( F&Us-{- ’3&8 +SXS(56‘)A(C' U)) (A2.72)

. c .
Explicit expressions for Cn (a, 1') etc. can be obtained
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following the procedure outlined in the section of the

of
calculation of Cnp(cl q) etc. The final results are

C (Z: L)=_2 { (6% Gosee)-6 L1 Sl ) 2 1582 2 Goss ¢)

"@/z) m
/ i 4 - ‘2 2
+1554 3 Sin(tL )]Ld3 grietY

nei _('2y2

+[_8 Csl,S,Ln(C;t' )..24&1“51.\1(51')] {033 y €
ol
’ ; 0 “ _4’1. 2
+24[ BU*GsG) + bt Sm(BL) i dy y"*3e Y
&
'3 u / o n+s £'3y2
w3250 ) [ Ay y"e
o

, _.l’z 2
+1647 Gse) fwcb g e }
o

(A2.73)

B(&z)

w 7
{[ Gisin@r) 3028 cos@z')_ac,z"‘sanmd’ﬂfds gty
of

[0vz2)
+6[EH Gt~ St )] [ 39 o gl
—12 62" st (0 { dy g+ Ly
.—813@3@” dy BMS _4232} (A2.74)

(R (&, (3('))«@.“_.‘;~ is evaluated as follows. The contributions
from the functions U UUPQIU(C (G u) and U (J\J'd (5,‘. )B(G u}

as U-» 0 is zero. The proof is similar to the calculation
»
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outlined in Egs(A2.51) and (A2.52). The nonzero contribution

arises from (J4 J:‘P}_‘&“,,f,)fﬁf"(ﬂlu) . Substituting for Afn(c,,u)
from Eq(A2.49), we get

(Rn@"‘)«p‘sé‘ = 'F‘(%/-ﬂ' (é:cp sﬁ . S(N g&d * iv&ﬁ )

o 2
. ~1, —~u Yz
i": . § G2 6 w) JRCD (:lg g e

(V'
2 SCM@U) j n+1 _.u"91
40 — QAQ y e

ol 242
4 Cas@0) Ty g2 &Y

2]

(A2.75)

But
AI —‘ ]
im Z Sinz _ﬁyjl
Z50

and

g.m 7 i &> 4 (Handbook of Mat-Fonet.;p.437, 1970, A romo witz)
—»0

Thus, Eq(A2.75) is reduced to the following form

@cn@:“))« pyd ='F§T/Z'\(£" Sudr Savdgr é:c‘o' Sed )

4 o0 4 2 @"+2 40(“"'4 (A2.76)
.[G 3-;."’ 5 (n+z)+ Mm+4)

Combining Egs (A2.64), (A2.65) and (A2.76) we can evaluate

oprE
the sine tensor sum S P (Q,q) . The final expression is
n ~




m

N Z[Q “Aulelytg C, D)

12 Sashlps saad(lﬂf*‘ pd U+ Ipv ety bty + gp'%’la) E’:@/l )
(80 480 M 18V ) ANE ] sy 0
+Z;(c“ +)Gp +20¥Gy + 1) G+ 20) Ei(c,@.»f al, )

2 53 Ao n+l 0(““'3

-ﬁ-ﬂ-i;-) I(n ,,.) (h+3) 1‘)\"9&«{"' J‘J‘x "'£\' SN‘) (A2.77)

where Cs(l,',l) and 5:(&’4) are given by

CE)- _P("_)ﬂa“zsm(uuzn GosBt) 324 Sin(Be)

5Ll GsGO-15 38;.11@1)” dy y"* e"t

8N GsBe), 245 Cosfe)- 2447 *sin b)) ( dy yiegt Y
+24[“zf¢3$n¢4)+ & e*CosEe) - lS.;n(l:,()] gd dy 9“*4e"¢ v*
_3z[a¢‘as(cz}+¢’$“@)} f "‘33 n+6 e—"»’-

+16¢ Sm(ﬁi)f dy y" ¥ e » 3‘} (A2.78)
B@f):-——s { [ 522G sBl)-300 Gt L) 2L Sm(l;l)-l [dsy e yov

2

+G[Bl£2&“@[)~ C,L st(CJ)_‘_ &“@ﬂ)] i d 9!lq-z "lcj
+12[CL GS{CJL)-\-E S&Y\WJ LAH gn+4 6—413

-3 1.4 &V\éﬁ) jooe\g \)VH'G éﬁzz&z} (A2.79)
oL
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s e
and the quantities An.(a' 1) and En(L',[G.Q.",O) have been

defined by Egs(A2.5%9) and (A2.61), respectively.
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