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ABSTRACT

Calculations are performed on the \S <:Jd ground states of
d '

+
the H and HC) molecules using a basis set of non-integral

~ ~ I

elliptical orbitals. Different variational wavefunctions constructed

i-
for H~ involved one parameter to three par~~eter variation.

In order to l"'educe the ntunber of parameters in most commonly
0-

used basis orbitals set, the importance of the term (,+~)

Y\
over the term ;u 'Where n is a variational pararneter and the value

of cr may be given by boundary condition or cusp condition is

outlined in Chapters II and III. It is found that the two parameter
-+ <J""'

wavefunction for H~ including the ternl (~+~) , a- given by the

bound~ condition, gives lower variational energies than any wave-

function published to date for small and moderate internuclear

separations.
c;­

.In order to find out the importance of the term (I +~ )
Y\

over ;U for the two electron problem, the variational energy is

computed for the H~ molecule from unrestricted two parameter

closed shell wavefunctions including the term U+ft)<J w11ere the

value of rr is obtained from the boundary condition in one case

and from the cusp condition in the second case.

In order to take into account in-out correlation partially,

open shell calculation for the ground state of the hydrogen molecule

for R =1.4 (equilibrium internuclear separation) is perfonaed.

The results are excellent.

vi



Chapter I

INTRODUCTION

In most of the quantum mechanical stud"iea on

diatomic molecules using basis orbitals expressed in terms

of elliptioal coordinates, excellent results have ,been

obtained. 1- 6 The most commonly used basis orbitals are

I~I/~

( Y1, S, d ,m',~)' .)A~ ~ [(;f-1)( 1- J)] X
exp(- $)1 - oc:y + i.~ ¢) . (1)

In equation (1), jA. and 9 are the usual spheroidal

coordinates, given by the following expressions:

j.) (J1ra + JL b ) / ~

)) == ( ~tl -. ~ b) / ~.

," (2)

~ is the angle of rotation about the internuclear axis.

The elliptical orbital basis functions have the

advantage of describing the axially symmetric charge

distributions assooiated with valence electrons. This is

perhaps one of ·the main reasons for ,using the elliptical orbital'

'basis functions. At the same time, ,it is 'more difficult to

describe the representation of the'.epherical atomic
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distributions. (See Fig. 2, Chapter II).

As early as 1933 James and Coolidge7 calculated the H~

molecule energy using a wavefunction depending UPO~)AI )"0 ,pJ~-V,.and ft' '­

and containing a number of variational parameters. The need to account

for the correlation of the two electrons makes it necessa~ to include
-()«(P.+~~) .

the term ,iLl ~. Their 'Vravefunction involved a factor e tJJ1les

a polynomial in the five variables chosen in such a way that it

represents the correct type of symmet~ to describe l<l(j state. They

miniruized th~ H;(. molecular energy by varying the variational para-

meters.

Tney used three different variational wavefunctions, one

of 5 terms, one of 11 terms and finally one of 13 terms. 'Iheir 5

term wavefunction(4) gave the energy of -1.166 a.u. which is quite

8in agreement with the exper~nental value of -1.1744 a.u.

(4)

O. 5SCjQ 9
1

7:>,. - 6· {,Dqgr:; (PI +A,.) + Co 56'106 )1~J

After James'and Coolidge, a number of quantum mechanical

calculations were performed using elliptical orbital basis functions

1-6and excellent results have been obtained.
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In, a contrast, Slater type orbitals provide very.

good representation of essentially spherical charge distri­

butions near. atoms in the molecules, but they have the

disadvantage of not describing the valence electrons well.

Browne9-1 0 has carried out calculations using a mixed'basis

of Slater and elliptical orbitals.

The basis orbitals given by. the expression (1)
n

1nvolva the term j) where Y\. is a variational parameter:•.

Using the above set' of basis functions Hoyland11 constructed

a variational wavefunction (5)
Yl -ap

if )J. e COD~( bY) (5)

,where n, a. and b are the variational parameters and

computed the energy for H; and H2molecule.

In order to reduce the number of variational para­

meters in the above elliptical basis functions one can
n cr

replace the term ')J- by (1 +P ) where cr is not

a variational parameter but a function of other·parameters,

and see if it gives results comparable to wavefunction
Y\

involving).J • The analytical expression for 0­
(J

and the importance of the term (1 + ,p ) is described.

in the next chapter.

We investigate the wavefunction '(6) forH+2 ' using, a-
the term' (1 + P).

() -0..)). '.'

"V ( I +JJ) e CO~h( bY) (6)
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As desoribed in the next chapter the above wave~,

function gives better results than Hoyland's three parameter

wavefunction for H~ and most of the other variational

wavefunctions for small and moderate internuclear separation."

Later on"in order to see how this basis orb!tal "

works for a two electron problem, a simple product

wavefunction is constructed forH2' molecule and the enal\gy

is c~mputed.



(1)

Chapter II

A. Exact Solution

On the basis of the Born-Oppenheimer approximation

(Appendix I) the Schrodinger's equation for the' electronic

wave ~unction ot H; is'given by equation (1)

t \7~1} +( E -+- ~a +-k
b

- ~) tp== 0
~'

where \7 is the :taplacianoperator, 'If the wave£unction,

E the electronic energy in atomic unita, R the

internuclear distance, and !k.o. and 9th are the distances

'of the electron from nucleus A andB respectively. (See

1) • In equation (1) atomic -units
1ke -used (1\ :=M.=e =1) -

Figure 1

e

Radial coordinates for th~ two centre 'problem

5
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If the coordinate system "in .equation·(1) is

expressed in spheroidal coordinates," the laplacian operator
~\J is given by

\! 4 X:'~{(/-f).d}+~)(I-J);j)}+
Rot (p'_y~) 'O,M op ~

{(;l- v~ )I(J-I )( 1-~)} !¢<
. In the above equation A and iJ are the usual

spheroidal coordinates,1 3 y6 is the azimuthal angle and

j.A and V are given by the following expressions:

(See Fig 4J 2).'

~ ~ (~~+ fLb) / r< 9'

Y ( k a - 9c b) If<.
Figure 2

Spheroidal Coordinates
for" the two-oentre problem

(2)

(4) "

,~
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~
In equation (1) by putting the value of V

from equation (2) and the value of .9lo. and ~b in terms

o:r . p and j) ,the following equation is obtained:

~{(J-,) ~;} +~y{( ,-~) ~}}+ {(J-~)/(P~-</X1-P~~~

< +{ <~E( Il~-'~) + ;<RP} 1+ == O. (5)

We now try.to find a solution of the form

because the variables are separable.

We separate the equation (5) into ¢ < dependent

part and the" remaining part which depends upon )J- and '" .5)

by equating
~

d ;t -
~ .:L~

d 1l~ == - ''(Y\ 't'

In the above equation - vJ is the separation parameter•

.The .remaining part o:r (5) ~hich depends upon p, <

and V can be :ruther divided into "LJ. and .y
dependent part by making use of the separat10nal parameter

A so that f'I (p) and f'Jl -p) satisfy

d J:l }dP'L(P-I) ~ +

{ A +. ~«p-;J- m.:.}. M....·.. ••.·.0'. -(,Ii-I) .,1 -.'

, I" .'
, .... ... '-,'

(6)

\

(7) "
. i
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and

where

'- :i'

P==-R E/~ ( 10)

These differential equations will have

satisfactory, soluti~ns only if the separation,· parameters

A and m as well as p have certain definite values.
. +Obviously, the solutions to these 'equations yield the H2

wavefunct10n by equation (6).

From equation (7) we at once get

LfY\¢
~(¢) = e

The equation (9) for N'( Y) 1s quite familiar as

it appears in many problems of wave-mechanics in spheroidal

coordinates.' This equation has been discussed in great

detail, by Stratton, Morae, Chu, and Hunter. 14 They have '

shown that for given value of p andm, proper solutions

exist onl,y for certain discrete values of the constant A.

They have also shown that the functi. on N{ j)) , can be

expanded in the form

00

N( i j
m, ~/~)==L fh(Q, rn,~)

, S=o

. \

. (12)

seven
. S odd

Qeven
.Q odd
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are the associated Legendre polynomials,

and fl S are the expansion coefficients. t. is a running

quantum number which describes the various -eigenfunctions'

of the equation (9). stratton et all1 f1. have published tables

giving the separation constants and expansion coefficients

as functions ot p for the lower values of f and m.

,Now consider the remaining differential' equatio~

which is equation (8) tor m = Oe This corresponds to a

<r state because the component of the angular momentum

along the nuclear axis is zero e

In equation (13), M()J) is the radial dependent

wavefunotion and is of the form
-pp ,

MCu)==e ~(P) , (14)

where . ~ ();) is still to, be found. -

Now from the above equations it can be, shown that the _radial,

dependent' differential equation ,becomes

t- .~' o ( 15)



and

where

10

}jl _ d 'J/ d).1

'a'l _ l"J I dp'-

Equation (15) contains p .. :!:1 as regular

singular points and 00 as the irregula:r singular point.

It can be shown that the transformation

. (16)

where 1). is an independent vaz-1able, transforms the

irregular singularity to U =1 and 'regulax- singularities

to 'LA =- 0 Cl.nd U = ± 00 •

Under the .transformation (16), equation (15) takes'

the following form
. . .

~ .

(I-U)U~~+{,,_: -yup -~~(l-U)} ~~ +
{( ~R-.,p)( I+~}I (1·-lJ) .+A ~ ;} ~ =0 (17)

Since 1) = ~""I and p varies from 1 to 1~inity,
,M+/

U can vary·· trom 0 to 1. We also know that our differen-

·tial equation (14) has the singularity at u c:: 1. We

'must therefore look for substitution for y in terms ot

uwhich will remove the singular1tyat u = 1 in equation

(17).

It oan be easily shown that the following power

series expansion of y in terms of u about the point

u • 0 does not oonverge at u. 1
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If we instead' substitute
tX

~ == ( I - U)z (1t) (19)

in equation (17'), the singularity at u = 1 can be

removed. That is, we can find out the indicial equation

of the differential equation (17) by equating to zero the

coefficients of the lowest power of (1 .. u). It is necessary"

to find the indicial equation in order to get the value of ~-' .

.. ~ . for which singularity at u = 1 is removed.

The value ofOC is found to be

cX- 1- t\jp (20)

From the above discussion:1t is clear that we must
0<.-

include the term (1 - u) . which is equivalent to
RIp -,

( J+P ) in the wavefunction M(p) in order to

remove the singularity at U;;I 1 ( p:= 0() ) ~

In Sllmmary, the radial wavefunct10n for r;r-

states is of the form 1_ «.I. ..
p,p lP

. M(,P) e. (, -U) Z(lA) (21)

which combines (14), (19), and (20). By virtue of removing

the singular!ty at u.1 , Z may be taken as a single

power series in u.
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c<J

Z( V) L ?Jk
J

K:::O

The g' s are the expansion coefficients'.' The above two

equations are the exact radial wavefuncti'on.

(22)

The exact energy may be calculated by plotting

A versus p satisfying the ~ifferential equations (8) and

(9) separately for the given value of R and m. The

points of intersection correspond to different excited

states and exact energy may be obtained by making use of

equation (10) 6)

From the above discussion the exact wavefunction

for H~ground state is given by

1{(PJV ) ==f,,-~q-{t ~Kttl ea~{zo~ ~J
, ,where ? and y are the usual radial and angular

, '\

spheroidal coordinat8s e .U_ ()J.-O/ (p+l) ,

, .1 , 'y,1
(l . ~ ( f( E! f2. ) ,

R is ,the internucleai' separation, and E', the energy.

The gand f coe'ffic1ents are calculated from recurrence

formulas from the energy and separation constant. 1.6; .

"\

/1
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B. Construction of Variational wavefunctiona for the
ground state

1. Unrestricted two-parameter wavefunct10ns (28) and (29)

Obviously, an approximate (variational) wavefunction

should as much as possible refleot the exact wavefunction.

Thus, let the approximate wavefunction.be of the form (6):'

(23)

For the radial function, ~ ,we assume
<:J

·M (P)=-( I+)J-) ;. QP (24)

(25)
(J Rlcx -1

because of (21) and (22)e ,In equation (25), "an is a

va:riational parameter'.

For the angulartunotion, .. !'I{y), we assume

N(v) = CO.-1~ ( h)7) (26)

with

or ~

N())) - ( I + by ) (27)

because of (12). That is, (12) is an infinite series

involving even powers ot 1) when m = O.
'\

For ~ , we take Unity, . tor m = 0 (11)

Two wavefunctions are possible; i.e. (24) and (26)

vr (24) and (27).
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.0- -Cl)J . I

1t - (\ +}J) e.. CoA -R ( bj)) [ <:J (28)

(29).

We emphasize that cr is given explicitly in terms of a,

so the 'above wavefunctions have only Vwo variational para-

meters, a and b.

The expectation value of ~he energy, E, is given

by the following expression

t~oj

The term f 1}:to:r in the denominator of equation (24)

accounts for the normalization. (The't.omputation is described.

in Appendix II). Results obtained are given in able I •.

variational parameter b,

(1 + b)7 2) are

It is quite clear from our results that when the V

. dependent term of the wavefunction was changed from cQSh(b V \
. '28 I

to (1 + b 9 2) . it did not make any significant energy chan e.
"
, "
~.' \

This is not surprising, because taking into account the

both the terms --,~Sh(bV ) and·
....' ..

similar to the 17 dependent terms

in the exact wavefunction.

We ,found that the energy calculated from two para­

meters wavefunction (28) for the range of small and moderate

separations are even lower than those obtained from three

parameter wavetunction of Hoyland1~~ . equation (:31) ,and



TABLE I

1,

Energy and parameters :for 1So-ground state of

H~a for wavefunction (28) & (29)

Two parameter variation Two parameter variation

R/aO · _Eb _E'o a b _Ed" _Ee _Ef a b
(Exact) (Hoyland) (Clark &

stewart)

0.2 1.9286203 1.9286203 ".1964 ' .1135 ... 1.9286203 .1964 .0064

0.4 1.8007540 1.8007540 ~3795 .2202 1.8007272 1.8007540 .3795 .0243

0.8 1.5544801" 1.5544797 e7047 .4137 1.5544656 1.5544793 .7047 .0866

1.0 1.4517863 1.4511856 .8511 .5034 1.451780 1.4517763 1.4517842 .•8511 .1289

1.2 1.36~3078 1.3623066 .. 9890 .5899 1: .3623005 1.3623026 .9890 .1783

1.6 1.2159372 1 .2159331. 1.2451 .7566 1.21'59306 1.2159150 1.2450 .2980

2.0 1.1026342 1.1026237 1 .48'15 .9192 1.,102623 1.1026227 1.1025665 1.4810 .4480
'.

2.4 1.0132203 1.0131977 1.7035 1.0800 1.013"1974 1.0130551 1.7040 .6332

3.0 .9108962 .9108419 2.0183 1.3270 .910840 .9108420 .9104120 2.0180 .9930

4.0 .7960849 " .7959439 2.5149 1.7600 .7959441 .7942059 2.5150 1.9077

5.0 .7244203 .7241933 2.9987 2.2340 .724192 .7193004 2.9~90 3.4863

B't¥'If-""""'?§g;!Rtl I 1it

15
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Table I (continued)

a. The energies are given in atomio units and do not include
thenucl~ar-nuclearenergy 1/R

b. Ref. 21

c. Equation (28)

d. Ref. 11~

e. Ref. 17

f. $quation (29)
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Clark and stewart '$'7 equation (:32).

(31)

(32)

The main difference between Hoyland's wavefunction ('31')

and wave.function (28) is that the latter makes use of the
(J

term (1 + P ), where <r is a function of variational para-

meter nan, whereas Hoyland's wavefunction uses the third '
<:.

parameter c' in factor )J- . • In the same way, Clark and,

stewart also make useo! third parameter c for the term

(1 + c)L ) in their wavefunction (32).

In the earlier discussion of this chapter it was
\J

sho'Wn that it1s necessary to include the term (1 +,P)

in the exact wavefunction, and ~s further verified by our

two parameter variational wavefunction giving a_:'lower

energy than Hoyland' s and Clark and stewa:r:t I s three 'parameter

wavefunctions (j' .

2. Two parameter cusp-condition wavefunction (38)

In contrast to the condition on <J given by (25),

its value 'oanbe given to satisfy the "cusp-condit,ion"

instead.

Consider the B~ Schrodinger equation
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(33)

where

H== - R~~;U'-i>[~ {(p~- I) ~}+ffv {(, -~ );j?} +~~RJ (34)

'(again assume 1}- , is independent of ¢ )
The right hand side of the equation (33) is finite

'but the left hand side becomes inf1nite when jA. = 1 and

, .::;; = ~1, because the denominator' (;l- - -j)2) becomes zero.

In order that' Hl+ be finite for p a 1 and 7J =:!:1 I '

the numerator of Hl.( must be equated to zero at,these points. \

This necessary restrieti.on is mown as the 1f0u$pGondition~I.1a

Therefore

[;~{()/-I)t}+.~~{(l-;)~J+'~;UR]1} "0 (~5)
, ',)1 =1 9 1=1
Upon simplification:

I {;;>1} ~lf}
1\"4-0) Y , - d"M - 1.

By putting the values ef ~~ and (;)'1+ in equation (36) and
, dr C)Y

using If given in equation (28), ~e get

~ ~{- f<+0- + btuYl~ (b)}
In this case' 0- is found' to depend upon both the

variational parameters Itan as well as Db".'

(36)
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The results for the following two parameter Cusp

Condition wavefunct10n are found in Table II.
·U CJ.)J

· 1} =( \+p) e.CoA~ (bY) Co- ::. cqn.(37)]

where a- is given by (37).

It cali be seen from Tables I and II that for very

small values cf--Rthe cusp' condition- wavefunction gives the

same results ~s wavefunction (28) but as R increase~, the

wavefunction (28) gives ,better results than the' -cusp condition

wavefunction. From the results obtained it seems that

boundary condition is more important than Cusp Oondition.

~h1sproblem requires further 1nve,stigation in order to

explain ~hy~

3. Three parameter wavefunctions

For additional fiexib11ity, we may introduce three

parameter wavefunctions. 0<) . f::-

In view of the term I ~K l (jJ-J)/(~ +JTI
}<-.:o

in the exact wavefunc t10n , (22), the following wavefunction

which has a more complex )J- dependence is tried. The wave­

function used is as follows:



TABLE II Energy and parameters for I S<:r ground state of H~a for the

Wavefunction of Equation (28), with '0- given by

Equations (25) and (37)

Two-parameter variation Two-parameter variation

.R/ao _Eb _EO a b' _Ed a b
(Exact)---

0.2 1.928620) 1.9286203 e1964 ,.1135 1.9286203 .1964 .1135
0.4 '1.8007540 1.8007540 .3795 .2202 1.8007540 .3796 .2203
0.8 .1.5544801 ' 1.5544797 .7047 .4137 1.5544797 .7054 .4152
1.0 1.4517863 1.4517856 .8511 .5034 1.4517849 ' .8514 .5061
1.2 1.3623078 1.3623066 ~9890 .5899 1.3623042 e9881 .5940
1.6 1.2159372 1.2159331 . 1.2451 .7566 ' 1.2159227 1.2369 .7643
2.0 ' 1.1026342 1.1026237 1.4815 .9192 1.1025964 1 .4561 .9305·
2.4 1 c 0132203 1.0131977 1.7035 1.0800 1.0131444 1.6485 1.0960
3.0 .9108962 .9108419 2.0183 t.3270 : .9107373 1.8934 1.3475
4.0 07960849 .7959439 2.5149 1.7600 .7957618 2.2271 1.7884
5.0 .7244203 .7241933 2 0 9987 2.2340 .7239979 2.5555 2.2670

a. The energies are given in atomic units and do not include nuclear-nuclear
repulsion energy l/R

b. Ref o 21

c. Equation (28) where value "cr- is given by equation (25)
d. .Equation (28) where value (f-' is given by equation (37)

20

.'-:•.. _..,'
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where g, a and b are variational parameters and the

energy is calculated as before.

Table III gives the energy as a function of R

for optimized values of g, a, and b. " <r 'J is given

by equation (25), the boundary condition.

A second possibility uses wavefunction (28) with

a- being third variatiQnal parameter instead of being

a function of' a, band R. The energy is computed and

the results are given in Table III.

Surprisingly the three parameter wavefunction (39)

gives exactly the same results as the three parameter

wavefunction (28), using 0-, as variational parameter.

This means that additional flexibility introduced into the

\ wavefunction (28) by allowing the independent variation. of 0-

accounts for the first two terms ~ I<

L 2JK[ ()A-I) J,
~;::q . l #+1)

The value of the parameter g in wavefunction (39)·

is found to be negative' (Table III)', as expected, because .

g is positive for the exact wavefunction.

Inspection of Tables I and III show that the three

"parameter wav~!unotions give little improvement over the

two parameter ones.

,/



· TABLE III Energy and parameters for 1So- _ground state of

H;a for three parameter wavefunction

~-- :s::••. I [ ;..... .~=;;r=

Three-]arameter variation Three-parameter variation

R/ao _Eb

(Exact)
_EO a b -g _Ed a b cr

0.2 _1.9286203
0.4 1.8007540

-0.8 1.5544801
1.0 1.4517863
1.2 1.3623078
1.6 1.2159372
2.0 1.1026342
2.4 - 1.0132203
3.0 -.•9108962

4.0 .7960849
5.0 .7244203

~:;-=;;;;1fJ{ i

1.9286203
1.8007540
1.5544800
1.4517860
1.3623070
1.2159337
1.1026242
1.0131982

.9108423

.7959442

.7241'935

.1964

.3795

.7053

.8519

.9903
1.2475
1.4849
1.7082
2.0245
2.5234
3.0087

.1135

.2202

.4137

.5034

.5899

.7566

.9192
1.0800
1.3270
1.7600
2.2340

.0257 "

.0957

.3280

.4760

.6393
1.0001
1.3936
1.8092

2.4582
3.5697
4.6788

1.9286203
1.8007540
1.5544800
1.4517860
1.36.23070
1.2159337
1.1026242
1.0131982

.9108423

.7959442

.7241935

.1964 .

.3796

.7059
08530

.9919
1.2503
1.4890
1.7136
2.0317
2.5331
3.0202

.1135

.2202

.4137

.5134

.5899

.7566

.9192
1.0800
1.3270

1.7600

2.2340

.0184

.0548

.1392

.1814

.2224

.2998

.3706

.4352

.5206

.6350

.7183

a. The energies are in atomi~ units and do not include nuclear-nuclear repulsion energy 1/R

b. ~ef. 21

c. Equation (39) ;' _. ~;-

d. Equation (28) where a, b and () are tr"e'ated as variational parameters.

22

r'::,~"-:-.' "~~.l~.,:-<-",.:.-~-~,~..:'::'t!f"~~':'"'f~~'7"""_""-"":"!';-~~"~"~"~~":-"':""''''~-''''' __;....~..~~_ ..~:~~.-...:~....,... -••_~~.z_._.=.~ ' ~_"~_~.~~..~__...__~_"__.... .._._._.Ji'_'"--..::..----~--~~-~-~.~.-~.-".-..... -



(40)

.(41)

2;

4. One parameter variational wavefunction

To take into account the "Cusp Condition" (37) and

"boundary condition" (25) on er J we may.1ntroduc~. a one

parameter wavefunct~on (42).

From equations (37) and (25)

',uryo.-.·1 - ~{~ K+u-t- btan~lb1

or (). = '5([ R- btQY\l;(b) -~J + ~

[[~ - btan~(b) - kJ+ g ~ )

We can neglect the minus sign in (41) so that a is posi~ive.

Using equations,(40) and (41) in the following
/

wavefunction, .
() _ap ,{ q--=<J(6)}

1+ == (I+)t) e LoAR Lbi)) .. 0. =0-( b) (42) i
I

(43)

the oaloulated energy is listed in Table IV. We emphasize

that 'a is a function of b in equation (42)e

From Table IV it' can be seen that tor low and moderate.

internuclear separation, one parameter waveiunction (~2)

gives better results than Hirschfelder's19 two parameter

waveiunot1on (4~) •
. . '. -CAp.. 1+ == NA e CD,hR( by)

It is also found that at higher values of R the

two parameter geometric mean waveiunction20 gives better
.,

... Jl

~(

!~
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TABLE IV Energy and parameter for I So- ground state of

H+a for one.parameter wavefunction {42~
Z

L

One parameter variation. Two parameter Two parameter
variation. variation

(Hirschfelder) {geometric meanl

R/aO
·b . 0

b e-Ed _Ee-E . -E
(Exact) .'

0.2 1.9286203 1.9286203 .1134 1.92854
0.4 1.8007540 1.8007540 .•2199 1.80053

0.8 1.5544801 1.5544796 .4147
1.0 1.4517863 1.4517849 .5060 1.45149 1.451485 -
1.2 1.3623078 1.3623041 .5946
1.6 1.2159372 1.21591'99 .7672 '1.21571,

2.0 1.1026342 1.1025835 .9372 1.10244 1.102447
2.4 1.0132203 1'.0131090 1.1075·
3.0' . •9108962 .9106434 1.3673 . Q.91074 0.910765
4.0 .7960849

- --
1.8213 0.79588 0.795967.7955527

5.0 .7244203 .7237576 2.3086 0.72415 0.724298

a. The energies are given in atomic units and do not include nuclear-nuclear
repulsion energy 1/R

b. Re.f.21.

c. Equation (42)

d. Ref. 19
e. Ref, 20
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results whereas at low values of! a one parameter' wave­

function (41) gives be.tter results.

5. Summary and Conolusions

Let us now conolude this chapter with a short summary.

In this chapter we have learned that a clever two

parameter wavefunction-can give better results than some

three 'parameter wave,funotions e For example, two parameter

wavefunction '(28) gives be.tter results than most of the three

parameter wavefunctions, and the (two parameter) geometric

mean wavefunction gives the best results at higher values

of R. As the molecule dissociates, it becomes more import­

ant to take into account the probability density at moderate

electron distance. This fact is taken into account by

geometric mean function with the result of -that it gives

better results as R increases, in fact it gives better

results at large R than any other variational wavefunct1on.

We expect that the results could be further improved

if we introduce more flexibility by putting an additional

parameter into angular dependent part of the wavefunction

(28).

To the best of our lmowledge wavefunction (28) gives

lower variational energies than any wavefunction' published

to date for small and moderate internuolear separationo

In order to extend this work further, we dealt· .~ith the

two electron problem, H2 molecule, which involves correlation.

j !



Chapter III

In the previous chapter, we dealt with H;, a single

electron moving about two pr·otons. If we want to consider

any molecule or ion with more than one electron, we come across the

~any e~ectron problem and it is necessary to handle it by

approximate methods. In this chapter we will be dealing with

hydrogen molecule H2 , with two electrons which is J~e next

most complicated problem after H~. Furthermore the two electron

systems provide a bridge between comparatively simple one

electron systems. and those with many electrons.

This problem has been studied in great detail by many

workers. \ihen we deal with this problem in detail, we meet

most of the methods which are applied in many more complicated'

cases of molecular. structure. It will be worth mentioning.

. that this problem is a celebrated one· i'nthe field of

. molecular theory as well as in the-11D.4e~sta.nding~and the~ develepnent

of many electron wave mechanics.

A~ Two parameter ,unrestricted closed ~hell

wavefunction (3)

Now we will construct the simple two parameter varia-

tional wavefunction.

Consider the behavior of a system consisting of two

electrons. If we describe one of them by a wavefunction
. "

26
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I,

f( )J, ,-))1) a function of spheroidal coordinates

of this particle and the other one by a wavefunction f(j)2'~)'

the product' of these two will represent a wavefunction for the

system. (We assume a -0 state wheref is independent of r/J .)
~. '

In order to see if the term (1 +jJ.) plays an important .

. role in the wavefunction of the Htlloleclllet.b.e!rJtlJ) ~1~.ta.lten. to .~ ..

of the tOr'll'

(1) ,

where ;U and y are the usual spheroidal coordinates, a and

b are the variational parameters and the value of .0- is

given by the follo,V'ing expression

() = 0/0. - 1 (2)

where R is internuclear separation.,

From the above discussion the wavetunction 1r for the

hydrogen molecule is given by,,'"

'Vlhere

and

'lr.= It, 1+~
()

..4; = (1 +PI) e-ap'Cosh (b?l, )

0-. :\
Lf,J. = (1 +Pi e-aft,. Cosh (b ~.1)

The symbols have the same meaning 'as described above.

For hydrogen molecule, the Hamiltonian 'operator, in

atomic units, is

~ 2. I iH - _..~ \7 i \7. , . \ _..L - Q_. -t-. ..... -L
- .V, - ~ .Vj( - ?'L1a- Jt~~ JIt'b /C.!l.b .st12 F..

where the subscripts 1 and 2 refer to the electrons and the

subscripts a and b refer to the nuclei as shown in the figure(3).
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e. e
~-----------2 :L

R
Coordinate system of H2 Molecule

1 1-
In the equationl4) \I: and ~ are the '91acian operators

and their value in spheroidal coordinates is given' by the,

following expression.2~

\l~ - 4' :Q. f(/<.t :) d 1 ~ r(' ~) d 1
VI - (/(j;_~) dJI~PI -I ~j+~vl~ I-V1 a5>j +

()J~-i)~) ;/.J. (5)
(P~~I)(I_~) d ¢~ "... .

Similarly \l can be obtained by changing the
V,- ()~'

subscript from 1 to 2. Further 7Z1a' h 1b,· ~2all 9z2b.. are

related to usual spheroidal coordinates by the following "

expressions.

(6),A1a + .h1b

= }z.1 a - 9t:.1b

. }l1R =

?>1 R
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In the same way if we replace the subscript 1 by 2, we'can

obtain relations between .9l2b . and)A2' ;i)2-

The hamiltonian H given by equation (4) can also be

written as

(8) ,

neglecting 1/R, where

~

=-1- \J
,,' ,~ " ,

I I,

~,,- 9t'b '(9),'

, and, similarly

(10) :' '

.hamiltonian operators t~r'.

"

In equation (8) H1 andH2 are simply

th$ hydrogen molecular ion.

Consider a variational -wavefunction 1+.. =:4-, 11-1

given by equat~on (3) and minimize the corresponding expectation

value of the energy, which is given by

in. the
, , ,

In the above equation (11) the term J1f dT

'denominator accounts for ·the normalization of 1}

The value of energy E is found to be

•

(11)

(12)
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+where E
1

is the expectation value of the energy for H2 •

The Coulomb integral J1+; '*,. -'c 1r; 1}.2. c11; d 7;. accounts
/l.,~

for the Coulomb repulsion between the two electronic di8tribu~.

~ions. The computation of this two 'centred integral will be

discussed in Appendix IV.

The energ,is minimized by varying the variational para­

meters "aU and. "btl·. The values of energy and the optimized

values of the variational parameters are given in Table V,..and VI.

'. .
B. Two parameter Cusp-Condition closed shell

wavefunction (14) . .

Instead of using the value of <r given by ~quation (2) f,'

we can use the value of (J given to satisfy the "Cusp

Condition" described in the last chapter. The value of 0-.

satisfying the Cusp Condition is given by the£ollowing

.expression (13).

./

. i
I

<J =2 [ -R + a + b tan ~ (b)] (13)

where

Oonsider the Cusp Condition closed shell wavefunction

~ =1+;1f~
. U JA.. 4- = (1 + A) e-a" Cosh (b 1»

and value of ~ is given by equ~tion (13).

The value of en.ergy for the two P5irameter cusp. Qondit~on

wavefunction (14) as a function of internuclear distance R

is given· in Table V.
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It can be seen from the Table V that the values '::o.f

energy obtained from Cusp Condition wavefunction are better

than the wavefunction (3), which clearly shows that Cusp

Condition is more important in the case of hydrogen ~olecule

which is in contrast to H~ where the results obtained ·from

boundary condition a- are better.

The· most ready explanation for this is the presenQe

of the 1

9!12

term in the H2 H, iltonian, which is not

found inH~. This term prevents the separation of the ~

and SD variables,and hence the H~ boundary condition on

0- is, strictly speaking, not valid.

We further discuss the closed a,hell. results 'at the

end of this chapte,r e

C. Open Shell \vavefunction

actions.

in molecules make use of la:rge number~; of configuration inter-

In order to get reasonable agreement with the experi­

numbers', many quantum mechanical calculations

Now we ~ill consider the H2 problem in more detail.

As,~e know that in many cases the numbers to be calculated by

quant'Ulll mechanical calculations are already known from exp~ri­

mente In order to gain more, the results should lead to

physical insight which may lead to' new and more 'powerful

calculational methods.

mental
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The concept of configuration interaction arises from

the fact that there are several electronic states with energies

close to those of the states which are under consideration.

Moreover, some of these states have the same symmetry, so that!.

they can interact. This means that in order to get a good

approximation to the ground state, one must make use of an

improved variational treatment which mixes together these

configurations. Such an approach is known as configuration

interaction.'

As the number of onfigurations increases, the results \.

become better but at the same time the understanding of the ..

true nature of the wavefunction becomes more- difficult,. In

order to avoid this difficulty, one can instead mal{e use'·:,.of

the open shell technique coupled with extensive variation of

non linear parameters in a highly. flexible molecular orbital.

In open shell technique, the two electrons in th~ hydroge:t.l:

molecule are assigned different orbitals in order.to sep~ate

their charge distribution to some extent. This is perhaps the

simplest method of describing electron repulsion.

The method described above has the advantage of giving·:~·."

results c.omparable to a number of con~iguration interactions

and hence the physical interpretation becomes much simpler.

It is worth mentioning .at this point that the

amount of calculation needed for open shell technique is much

gr~ater than that of closed shell method.' .
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In order to make use of the variational method, we

choose the following open shell wavefunction (.15).

~ . ~.(I)¢(:l)+ 4>(') 1f (~) .

1fl .CP~+tp, 1J-~

where

and

cP -

In the above equations (16) and (17) .~ and Y are

(15)

(16) .

(17)

u8ualspheroidalcoordinates e a, ai, b and b' are variational

parameters and value of <J is given by equation (13).
"ISimilarly, the .value of <r will be given ·by the right hand

side of the equation (13) if we replace a by at . and b by

In order to simplify the work, r we assumed that

'.

the \'lavefunction (15) is - based on a sum of "products of one

electron functipns.

The quality of the results expected from wavefunction

(15) depends upon· the degree to which this wavefunction can be

made to approximate the actual molecular wavefunction. There­

fore in order to get better results the wavefunction should

have enough fleXibility. In particular, we avoid all un­

neoessary restricti~ns on the wavefunction and allow the
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computer to find the collection, of orbitals which represent

the best possible wavefunction of the chosen parametric form

by' varying the variational parameters a, at, b and b l •

D. Electron Correlation Problem

Another' distinction between a "closed shell wavefunct1q.n -J

(14) and an open shell wav~fuaQti,()n,~'(15) :eomes' :r~om-the phenomena ~f
. I

correlation.-In -the ca~ o£ HZ, there can be three kinds of

correlation: in-out correlation, left-right correlation arid

angular correlation.

In the case of in-out correlation the electrons tend

to repel each other in such a way that one electron is near

to the axis (n~clei) and the other 'isfurther out radially.

The open shell wavefunction· (15) has enough fleXibility'

in 'order to account for in-out correlation' partly by making the

function ttl co:rresponding to an orbital concentrated near to .

the axis where as the function ¢2 corresponding to more

.spread out orbital. In this way, this part'of the wavefunction

is large when, one electron is near t,o the axis and the other

is further out radially.

In ·.the 'case of left-right correlation, one electron'

tends to be on the left hand atom when.the other electron is

at the right' hand atom. Unfortunately, the wavefunction (15)

does not take into account this kind of correlation, beoause

it does not have a nodal plane between the nuclei. 22

'Finally we have, to consider angular correlation in
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: which both the electrons tend to keep the opposit~ sides of

an axial plane. I:f both the electrons have the same values

of j). and ))', which means that both of the electrons are

confined to the same cirole ~n a plane normal to the nuclear

aiCis, then they can move in such a way that they are,touching,

or at opposite ends of a diame~er, or anywhere between.

Obviously, we require the electrons to be at opposite ends of

the diameter. To do this, thereby taking into account this

angular correlation,' we must use a correlated wavefunetion18 ..

\ihich involvesthe term .9c.12 explicitly into the wavefunction·

or a configuration interaction involving r/J dependence. 22

It has peen found that the wavefunctions involving

direct dependence on Jt12 are more successful as compared to

the configuration interaction method, because in the case of

configuration, interaction we are trying ,to expand this cusp­

like behavior 'in Fo~ier series, which,is a relatively slowly

convergent expansion. On the other, hand, the correlated wave­

functions have the disadvantage that it is extreme~"t.difficult '~

to givethem any simple physical interpretation. ,I,n addition,

it is more difficult to,generalize this ,approach to many electron

systems.

To summarize, the open shell. wavefuilction.(15) takes

into account in-out correlation, but not left-right or angular
\
\

correlation.
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TABLE V Energy for ISO- Ground state of Hi
~..._l5&tF~ ttz:::::~, 5' --= Z2LL: tziZJtZ;:t::::4);:;:=: '!l2i1:!WZ!lS1!1WU ass L· az ;4tWJ_tCO b J"~ ~.~"1:\~~

.~ 1 :&:ccO ,~ewer -C ::::=I: • '=rr ~~

closed shell wave functions
~#QL "CZ:::X:;ZZ:S 1 ""'\ll!lJZT "1

9J2en shell 'tllavefuncti0l! .

" 'R/aO _Ea _Eb _EO
(Hoyland)

_Ed
(Hoyland)

_Ee

_ ..~ -... .... -e ....... ...__... ...._ ... ....- ... IilI!!,

1.30 1.13165 1.13201 1.13711

1.35 1.13297 1.13338 101)817

1.40 1.12777 1.13316 1.13209 1.13361 1.13827

1.45 1.13238 1.13288 1.13708

1.50 1.13078 1.13134 1013526

.....-=~~ ~ .., 1 ~'-;;"R:W aa "'ifit:e=t; = r

a. Equation 3
b. Equation 14
c. Hoyland's closed shell results with integral n values, Ref. 11.
d. SCF energy from Hoyland, Ref. 11

e. Equation 15

f. .All nunlbers are in atonlic units.
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TABLE VI rParameters for \ S<r Ground state of H2
~:~ ~"W"":::a;~ ,e::=.=- _'"T"~~:e. r:e~::=:~-~SiiC~~~4 3L -~ $ ~~~ ~ F .Q~~£LC::'~==;=;":;;::;

" R/aO a C be ad bd ae be ale b le

1.30 .6703 .6884 09313 .4691 06460 .9779
" 1.35 .6859 .7115 09500 .4913 .6619 1.0008

"'-•.

1.40 •9865 .7037 .7009 .7345 .9858 .5344 .6561 1.0051

1.45 .7152 .7572 09829 .5341 .6928 1.046.5
1.50 .7290 .7797 .9971 .5549 '.7078 1.0692

~. eo: :: :::::ursuu =1 sa ~ b&Ud aD: _____
, .......... acuwz •. 3' d.......... ron: ~ .. ~

c. Wavefunction (3)
d. Wavefunction (14)

e. Wavefunction (15)

t. All numbers are in atomic units.
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Open shell results

Consider the open shell wavefunction (15).· The

expression for expeotation value of energy is found to be

, (18)

'j

J
, "

,.~
~

The I ~ergy is computed only for R = 1.4, .the equilibrium

distance'and the value of energy,. along ~ith optimized

variational parameters ' a, b, aI, b' are listed in Table ,V~and VI.

Consider'the simple.molecula:t' orbital wavefunotion

be R~ 1.6 a.u.

(20), ,

:(19) "

-L
j-=
. III - Jt b1

. ltb (J) -.JTr e . e.te. . (21)

Hellman24 f6~d the dissociation energy of the ground

state of hydrogen molecule usbig the above wavefunction (19) to

be r--' 2.65 a.u. ,and the equilibrium internuolear distance to

where
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It .can be seen that these values are not in agree~ent

''lith the experimental values D = 4.72 e.v1 2 and R = 1.4 a.u.

The reason of disagreement is due to the presence of ionic
I .

terms which corresponds to unstable ionic states in the wave­

function (19). The better representation of the ground state

of hydrogen molecule may be obtained by dropping these ionic

terms. This leads to the._.· - famous function (22) 'used by

Heitler and London. 25

(22)

(23)

The wavefunction (22) leads to dissociation energy;
\

3.14e.v.~d internuclear distance R = 1 e 64. It can be seen

that the value of dissociation energy obtained from Heitler

London \'lavefunction is slightly better than that obtained from

molecular orbital wavefunction (19).

Later on the wavefunction (22) was modified',py intro~

, ,'ducing the variational parameter DC , that,is"
3 Y:2 - c( 9ta1

'4-u(I)== (~') \e .

where eX- is the variational parameter.

Using the 'value of ,tX. = 1.17, the wavefunction (22)
26gave the value of, D) = 3.76 e~v.

As early as 1933 James and Coolidge introdu~ed a

variational correlated wavefuriction which was written as a

function of elliptical coordinates including the fZ12 term

explicitly. Their thirteen term funotion gave R = 1.40 and

D ' ,= 4.698' e.v. which is in essentially complete agreement

. ·1

I
I

'''1



with experiment.
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From the Table V it can be seen that the energy cal­

. culated from two parameter closed shell wavefunotion (14) is

better than Hoyland I s 11 two .... parameter closed shell wave­

.function (24) with integral values of n.
. y\. -ap,- )

ll- == )J~e ap,Co/:.RLbv,) fl ~ e. Coj) R- (bY,- (24)

It is also found that the closed shell wavefunction

. (14) gives better results than closed shell wavefunction of

. ..... MCl,ean~~2

The open shell wavefunction (15) does not improve the

results much better- about .1 a.v. It will be worth mention­

ing at this stage that McLean2Z and WallisZU also ~ound that

their open shell wavefunction improved the hydrogen molecule

energy about .08 a.v. over the closed shell wavefunction. This

slight improvement is obtained because the open shell wave­

function (15) takes into account partly in-out correlation

which is found to be approximately·0.25 a.v. by ,~"McLean.~2 -

It is found by McLean, .- that the greatest improvement.

in B.E. comes from left-ri~t correlation ~.5 a.v.). When

~hey take left-right correlation into account, they get 'a

B.E. of 4.0858 e.v. They also find that the angular correla-

tion accounts for about .3 e.v.

It is found that the open shell wavefunction (15)

gives better results than McLeans open shell wavefunction,

even the closed shell wavefunction (14) gives 1;>etter results \

than ~McLean's open shell wavefunction.

..;
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It can' be seen from Table V that the closed shell

results ob'tained from wavefunction (14) as well as from

closed shell wave function of Hoyland are comparable to
'11S.C.F. results obtained by Hoyland., This is probably due to'

the fact that in both cases the effect of correlation is not

taken into' account. On the other hand, the results obtain~d

from open shell wavefunction (15) are better than the S!C.F.

results.,as expected.,

E. Summary and Conclusions

Let us now conc'lude this chapter with a brief summary.

In this chapter we have seen that the two parameter
0­

closed shell wavefunction (14) involving the term (1 +;U) ,

'l

1

gives better results than ,Hoyland's' two param~ter , closed
0­

shell wavefunction. It again shows the importance of (1 +/A)

over. the term .;;n even for .two electron.~ problem'

We have, also seen the slight improvement in results

obtained by open shell wavefunction due to: correlation.
, ,

This work may be further extended by performing the

S.C.F. calculation and by computing the energy for the system'
+HeH. It may also be extended by ,performing the configuration

interaction calCUlation, ,in order to, take into account the

different types of 'correlation. Th~s wi+l obviously improve

,the results to a gz-eat extent.
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Appendix' I

THE BORN-OPPENHEIMER APPROXIMATION

Consider the Schrodinger equation (1) for a system

ofn eleotrons and N Nuclei.

(1)

(2)

where 'lr is the wavefunction of the system and H' is

the exactHamiltoni~given by the following equation (2).
~

~ 1; 2- 2-;)'

\1 ·····-L ·2M~ \Z -z ~: ~ +
V'" n +VV\e +Vee

In equation (2) m is the mass of the electron and

·1s the massot.the o(1t . .. Jmel.fts. Vnn is the potential

energy due to nuclear interactions whereas Vne and Vee

represent contribution to the potent~alenergyflue: to /Due:lear.

electronio and electronic interactions respectively. The

first two terms in equation (2) correspond' to the kinetic'

energy/of nuclei an.d.the kinetic energy ()~ the eleet~ons re~pectively•. __ '-

If we make the assumption that the nucla'i·f are fixed, \
i

the HamU;:ian; He' '1for electrons is given by .

t\e - ~ ;mYt + Vn€.. +Yee. .
If we. represent Hn by

(;)

'.... (4)
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we at once get from (2),'(3) and (4)

In order to solve the Schrodinger equation (1), the

wavefunct1on, 1.t , is approximatedby: a simple prod:uct of an

electronic wavefunction, and an,· nuclear wavetunction 'Lf-V\ •

(6)

In equation .( 6) lte- is the electronic wavefunction

which is the eigen £uri.ctiol1 '. of He .so that

H '4 =Ee.4-ee. e.

and 1+". is the nuclear wavefunction, which is a function

of nuclear coordinates only"

. Equation (6) is lmown as Born-Oppenheimer Approx1ma-'

tion. 1

From equations (1), (2) and (6)
,N', 2. '

{~ (~~) .\Z~-~( fm) Yt~} Lte1tn +
( 'Jnn + "lYle + 'Vee) lte4n ". E 1t~1+",

Itc~ be e,asily shown that

, ~ " \ ~

\Z 4-e4 n \Z \Z (1re1tY\) =1+Y\\Z 1+e +
. ~ \Z~ .\Z~ + lfe ~!l1fn

and . .
, . . ~

v(tre 1}yt .1+y\\li1te .

(8) .

(10)
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From equations. (8),(9) and (10)

, we get ....

r,N :>- -I> ----i> :L . 9- 1
.L-~( *A)~ 1te~ ~n-' ~,(~tA) ~n\Z lfeJ+

11. - ; .. \7'-"1 + 1}.~ - -k ~~11+'
Ie - VtX~)1 nL FfY\ Vi.. '1'e.' .....

;2 Me<. "
;(::::./ . l:.'· .

It wenegle~t,the terms in bracket {:.

1r~! -idi~h+[!-iVL~1te +
. (?(::I L=I

(\}Y\e+ Ve.e..) 1J.ee. 1tn . ElJ.n4-e- VY\n4 elrY\ .

. (11)

(12)'" "

From equations (3) ,:(7) and (12) it follows that

It 'should be noted that equation (13) which is a

. Schrodinger equation tor 1t", .is obtained by neglecting the

terms in the bracket of equation (11) which represents a

coupling of the ,electronic and nuclear motion.

From .tne above discussion, it is clear that Born­

Oppenheimer Approximation is valid only it the terms in the

bracket of equation (11) which are i neglected, -are

small, compared to the smallest term outside the bracket,'

that is, .
N

_~(.i ,·,),·1te d.'1f.L ~~ ..'..... (;( n
eX=' '. ,
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This term represents the kinetic energy of the nuclei.

Since\! 1 f> is usually very small as compared to
. --t> Vd'1'e. . . . .\Z 1.(n I because Lre. is' only a slowly varying function

of the nuclear coordi~ates, the Born-Oppenheimer.Approxima-­

tion is usually valid.

1\



. Appendix II

COMPUTATION OF H~ ENERGY FOR 1$0- STATE

. . .

E =-} {1dPC/~))<r'e-:2a)A(~ -'PJ-Q)J + (!()J-I)~ .

I '. , . ('+~)".
. " '" +, :l. "

'-Dpo + ~(J()+tl- cf +~({t)Jd)J COA~(bY)} +
. ,'" --I

The h ltonian is.' q '. .

H-- .~" .•.. '..' {~(p.-,)~ + ~(I-.J)ffy + ~ f(1'} (4)' ,
. .' ((#J.(l_-i) d>ft .' ~ '.' . .

and Jd1'== ~~ltl;!d~ f (J_v'-) (5)

From .the, equations (1)- (5) t .. it can be shown that

( 1·)

(2)
cr -CAP .' )

1+ = (I+Jt) e CD~~ LbV.

The expectation value of theenerg:r E, for H~ . is

g1ven by the following expreasion (1) .

Jd'r ~H1;

fr~
In the above' expression the wavetunction is

. having (J = R/0..-1

48
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&K) . '. + t

~bJd)J (1+)J3<J e.~a'pJd V ~ SiV\~(bY) C()/:>~ (b Y)
J --\

. +1 0<) +1 ~ ,,' .

{J 1- /)2-(.. bY')J -'lJ.ap i!<J J 1 r ~ -~a,P ~Q""l
_I dv)) CO~I\ . I djJ e (1+,#) ~I d»Co"sK lhY),:JdjJ}J e. (1+)1.) j
. or . . . . . (6)

. E =' HCOF(1) * SUM(1) + HCOF(2) ~ SUM(2)

+ HCOF(3) * SUM(3) + HCOF(4) * SUM(4)
. .

+ HCOF(5) * SUM(5) .I [SCOF(1 )*SUM(1)+ $COF(2)~SUM(5)J (7)

In 'the above equation

HCOF(1) =- (<r+ 2a(j+ b2 - a2) BNU(1) ~ b2*BNU(2) - 2b*BNU(3)

HCOF(2) = 2(R .. a - a<r) *BNU(1)

HCOF(3) = 0-
2 * BNU( 1)

HCOF( 4) =. - cr2 * BNT!( 1) .

HCOF(5) = a2 * BNU(1)

SCOF(1) =BNU(2)

SCOF(2) = -BNU(1)

+1.. . ~.

BNU(1) =- Jd»CoAIZ (bj») - .S n;b(:ib)

-,
BNU(2) =+t . l- ~

J d» y Co;,S{;. l b~)

-, ' '

..•.. j + ~I~ {( t+i)$,Y\~C~b) - bCOIJ~ (:2b)}

. .

• J



50

For computing energy of H~ all angular integrals

are oalculated analytically as indicated. ~he radial integrals

involved are of the following general form

oCJ YY\ -:J.a/J b
. I.. ? e (I+)L) djJ.

I

where b and a are non integers and m is an integer.

Because this type of integral can not be evaluated analyti- '

cally, all radial integrals are evaluated numerically l~

double precision using a Gaussian quadrature (Appendix III).

Since ;U varies from one to infinity, the technique of

mapping an arbitrary range into (-1, 1) wi'th a side condition "

involving the use of Gauss-Legendre is used. 2
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Normally we used 32 points of Gaussian Quadrature

data, but to verify the acouracy of the integrals, a few of

the integrals were oomputed by 50 points of Gaussian

Quadrature data. They were found to be in complete agree~

'ment. Thus all radial integrals calculated numerically are '

expected to be correct at least up to nine significant

figures.

Since the variables are separable in H~ problem,

and since Rothstein'·s3 as well as our wavefunction had the

same angular dependence, the value of the parameter ' b' will,

, be ,the same in both cases. So while computing the variational

energy we took the optimized values of b for different

values of R and calculated energy as, a function of a,

b and R. While computing the energy for the wctvefunction

having different angular dependent term than Cosh (bY )1I

the variational parameter Vtb" is varied independently. The same '

procedure is used for computing the energy for the wave~

\

function having q--- as a function of. a,' and ,/b •

To minimize the energy by varying the parameters for

the given value of R, the function minim1zat1on program,

No'. 60 of Quantum Ohemistry program exchange (Indiana Univer­

sity)is used.

We 'expect the value of the variational parameters

to be correct up to ,at least four significant figures and

the value of energy to be oorrec~ to at lea~t: seven: 5'ig¢.fieari.t figUres.

I

"'I

i
I

. I

1



Appendix III

GAUSSIAN QUADRATURE INTEGRATION

In this appendix we outline briefly the principle

of Gauss I s Quadrature formula whioh is used for nume.r1cal

integration of radial integrals.

If we want to evaluate the definite integral

J+(x) dK . from a given number of values of f( x) we
()

have to see where these values should be taken in order to

get the maximum possible accuracy. It is found that the

points in interval (a, b) should not be equidistant, but

,they are symmetr~cally placed with respect to midpoint of

the interval of integration.

According to Gaussian quadrature formula4
Y\J+(X)dX~L 'Ai -t (Xl) • .

l='
where )l.i. are called the points of the formula and the Ai

are called coefficients or weights.

Quadrature formula is said to have degree of precision

m if it is exact whenever f(X) is a polynomial of degree

~ m and it is not exact for f( X) = x m+1. It can be
~

shown that~ if f( X) is a polynomial of degree not higher

than (2n -·1), then ,X"){:J. , .... - .- _.. :k~ are, the zeros of the

orthogonal polynomials in (a, b). The value of the CO~

efficients Ai are determined by-the integratian of these

_polynomials~

52



,Appendix IV

COMl'UTATION OF H2 ENERGY FOR I S <J STATE

In this appendix we describe the calculation of

variational energy for H2 molecule closed shell wavefunction.

We also describe the computation which mainly involves the

evaluation of the, Coulolrill Jiltegral. "

The expeotation value of the energy E is given by

expressi'on (1)

/

(1 )

In the above equation'the closed shell wavefunction is

(2)

(6),

'where
CJ '

¢ == (I +P) e- iAfJ CC~ ~ Lb i))

and "

() - Rla- 1

The hamiltonian H for,H2 molecule is

R ~ I I _-1- ._-,- +-k +K
H=-i \7 - J.... \7 - Q., - 9z

'b
Jt.:ta iL:lb l:t, (5). V, F2 V~ /c..\Cl

The value ot E is then found to be

E = ~Eh~ +J¢' ¢:l {~ ¢'¢f2 J7;dT~

J¢,~ ¢~ dT, d T:1

where ~~ is the hydrogen molecular ion energy.

53
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A. oomputat ion of the G0Ulomb, In~egra.l

p~l [ (?~)J 6{';' [(/I»J
where ,P" ':), , 4>, and )J-~. , 1) J. 1 tP.1. are the coordinates of

,the two electrons and ?-:::::. is the lesser of )-< I and 'p:J..
: I J'V\' .

and )-J> is the greater of )1, and A~. The PI<,. ~

are the associated gendre functions whereas ~'~" are
/.' __, K ~

the associated -"~e~ndre functions of the second kind'.

In the energy expression (6) the value of EH+
. 2

'(hydrogen mol'ecular ion energy) is computed as de,soribed

in the previous appendix on H~.

For evaluating t~e Coulomb integral

J1.+llf~-Jc.G,2~ 1}:t dt;dt; the :f'OllO~1ng Neumann expansion .in

· spheroidal coordinates' is used. 2 . .

_\ ~V.~ l-.I)('Ki-I) { lK-IMI!)}
Jt,~ R. LL t K+IMI1)

K=D M::'-K '

'fV\\" .P. \ft\' itvl L4, - ¢~ )
PI<. (v,) k. (Y,,) e

Finally the calculation of the above Coulomb integral.

requires the fO,llowing two general. kinds of radial double

integrals

- f).a,JJ., . ,~cr- n
.d,P, e. . (I+~,) jJ, PK{}-t,)

, ft,
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The above double integrals involve two variables ~I

and j):z in which is,: an irldependen:t~___ ·variable and it

varie s from 1to infinity, whereas All varies from 1 to /J-, •
In order, to evaluate this integral we have to evaluate
~. '

J -~tJPI ~o- Y\ '

.. dp, e (I+Al) )I., ~k (,M,)
I

and for eaoh value of )I, we have to evaluate
)AI' .Jdj)~ ~"().P2 ( J+p,-lf))(J,P; P

k
(It~)

I
This double integral is evaluated by numerical

integrati'on. From the above discussion it is clear that

for the evaluation of integral (8) we have to make use of'

.a second DO loop with in a» 0 loop. The second DO loop
)J ,

evaluates the integral rOP,-t (P!J) numerically for the
. .. ,

given value of )A, • Now in the first DO loop we

vary;«, by making use· of Gaussian Quadrature data, and we
. ~

evaluate the f{ )A,) .and J.; (p,) d)J~ for the given
t

value of)), • Finally we sum over all values of ~I •

The exact listing of this procedure may be seen under. the

heading "start of radial integration" in Subroutine R1 COUL

or R2 COUL {Appendix V)e

In the Neumann expansion it can be seen that K varies

from 0 to infinity, while it 1s found ,that ,significant

contribution to Coulomb integral comes only from small

values of K. In order to save some computation time, we

computed energy using 'K • 0,2 and 4 and minimized E by

.'; ,
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varying the variational parameters. Once nearly optimal

pa:r.-ameters are obtained the energy is computed using

K = 0 to 8 (even K), and it is minimized again.

To evaluate the Coulomb integral we also have to
, , , ,

evaluate angular. integrals of the form Jrt<(vlv'll d iJ ,

where n is an 'integer. 0

A separate subroutine FINnA is written to evaluate

this integral.' Although this integral can be evaluated

analytically for the given value ot K and' n,' sinc~ K

changes ~rom 0 to 8 the number of integrals to be evaluated

is very large. Hence the method of numerical 1nte~ation

using Gaussian Quadrature .data is use.d.

In order to generate PK(X) and QK(X), a separate

subroutine, XLEGRE, is written and the li~ting of the sub­

routine may be seen ,in c,omplete 'open shell listing.

(Appendix V).

B. Open-Shell Computation

The energy expression for the open shell wavefunction .

is given in Chapter III, equation (18).

This requires modification of the closed-shell

computer program by requiring the subroutine FIHPSI and

/,

OVRLAP•. The former evaluates J¢111(dT

I /

¢ _. Q+"u) .eD)J. CoA~ (b 1))

, where
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The latter evaluates the overlap integral, J1f 1; d"I

for the given value o~ the parameters.

Otherwise the open-shell calculation is the same

as the closed shell. ealculationo

. \

\ .

\
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APPENDIX V

Listing of Open Shell H:L Program and Computer Time.

All calculations were carried out on the Brock University

B5.500 computer.

The computer time required to optimize the four parameter

open shell wavefunction for H2. was 2Q min. for a single value ot R.

Single precision is used throushout except for some sub­

routines l~ich required extended precision.

The above figure should give the reader a feeling for the CAmount

of computer time required for the other calculations described intthe

thesis.
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\1 R r T[ (N :~ r , 2 0 9 ) X( 3 ).' X ( '. )
209 Fn~~ '11\ T (1 Hn, " AP ( OPT 1 \\4 A'- ) :: tt , 0 2 I~ • 1/~ , " H'" ( 0 PTIM AL ) :: tt , D2 ·4 • 1. 4 )

.rC~·JT~ ICNT+l

s r AHTOr s r G~~ FNT ****** * ** ." ? f '
.. . '" , •.••~ ••.•. .._ ~ ·.N"' "', ~ , ,..• ,. , ,.,..,.'., .",. OJ ,.·.· IoI._'.·.,~ .,..,.,... ..,., ' ~,.,''" ..". •....,.,.; ;,..,.,..;.. ;., ,..., ,.,.•,. ..,., " , .., ,.": .. ,.. ,.~,,.,.~.,,,, .., ..~ ,.,.. , ,,.,.,., ,,, .. , , ,.., , ,_ ,..,.•., - , '.."';" , "" ." 'V .,,.,.,., .. ,.,.- ..., , , .. ,.,•., ,,,. ",.", .- .., ••••,., , , ~ " ''''.' - •• , , '~"I'- ~ , _ ...,.-...•..,.~ .. ""_ ..__.._ .."'-..

\ ':i
c••••••••• ~ •••••••••••••• e •••••••••••••••• •••• e •••••••••••••••••••••••••

IF (Ir:~T"NH) to().101.,101
101 COf\JTINIJE

...,,_.._"~".' _,,~__.,_~. I_.r} ..e.'~ ~~' '_N__~_'_"'_N_~"~""""""'~"'N""'_",'",",_,_._._.N"_.._•.:-_.._N._'"'••.••" .~_.._N._'.•_..~, .._ '" .,_ _ ,.., ·" _.,.' N.•_ .,.'••NN.·.U'·.,.·, _ ,. __•., ~._.~__._"_.

END

: j

~ . '.1

THE METHOD us[n IS t·~.J.O. POWELL, COMPUfERJOURNAL 7,303(JAN. t9!'5~

THTS IS PHOGRA~ = 60 FRO~ Q.C.P.E.
c
c
c
C THt 5 SUi3 R'll UTI NF: F ( ~, f) 5 THE r'~ I I\J I MUM (] FAr: UNeT t n N a F SE,,[ RAL

C
C
c
C THE ARGUMENT LIST IS "

,.C .;..~.__.._~.~_,,_ ~.""' . .. J~!~_.I t:t~ ,_.~J.J..~.~ ..t:."!.~""N ..,Q,.f , y"'~..t~ .. J...~ !,~J~ ..,~".5 _,.N ~ ~~ ~ ,..,~._, , _ _." _~_._ .." _.._.._.__._,_."'._.~---.__
C X AND ~ 1!\~E f1r~E·nI~~E"JSTONAL ARRAYS. ON ENT.,y TO THE ·n

k,ll

C S! J ~3 HnI I T l NE X( I) M,J5 T ~3 ESE T T0 Ar~ APPRO X I ~ AT ION ra .r
C THE r"'TH VMHAHLE 4N[) Eel) TO THE ABSOLlJTE VALUE . f:
C ACGlJ~I\~Y TU WHICH ITS OPTIMUt,1 VALUE IS H[QUI~ED.

C 0 ~~ EX TT X( I) ~~ ILL BE SET Tf) THE CAL CIJ LATE D 0 P T IM lJ ~
C V,Ii. I.. I Jf nF rHE t - rH vARI /\ fj t.• E •
·c----~···~'~·..------~F-··~rfi~ ..i=·..·.."rj'E'..-,,·-s'E·":r·'-,...N;T''(j'',.·-f..~·f~:~~'···t.·ri-r~··I ..f·M"'i'Tt~ ...·.,··VA'·i~l3-~:·-'-O-F-·,.·TrlE·_·"~'~:-CT'Kfc· ..·T··T·rj";~·-~·"' ..--..----
C Ese ALE L I :'~ TTS THE ~J1 AXI \1LJ M CHAN GEl NTH E VARI " ALE SAT A
C S { NGL(S T [ P. x( .I) 11 rL L N() T f-J E CHAN GED B Y t··1 L1 Rr: THI A I~

C ESCALE*EC I l \
C I PRIN T Cf) NT r~ nLS PH r NT I NG. I FIT ISS[T TO Z[ ROT HER E ,\~ ILL
C f3 E N'n p,~ I NT I N(1. I FIT I S E (~lJ 1\ L T (J ONE THE '·V AR I AhA L[ S
c' A~lt.)··ri·~E F·,.JNCTIllN··' ri"II~'L' HE' PRT'NTED I\FTEH.E·VEt~Y 'rlr:~iER

C F' ,NeT InN v AL tJ E. SET TOT Wr] THE 1 WILL A[ '. ,Po RI N, TED AF r ER
C EVERY ITEF~ATlnN. .

c••••••••••••••••••••••••••••••••' .

nI~ENSION X(5),C(~),~(~O)

C DnlJ 8 LE PR[ CIS InN F, ESC Al [ , seE H, F H, rJ LD, F KEEP, F r' HE V, 0 L, S tJ}~ , F ," • F B, F G
C ,~_ ., 0 0 I,t a'- E _.P.f{ ~.G ..t.5...tft~,_._f ..f~..:.! ..f ..I.!_.Q.!:1..~X,!., ..!·..~J.lL~~~X~._!Ui~ ..9~~QJ1.J~..A~..!..Jl~roG_~.~J~NA ..~J)_.~._~~_Q.,G. ..~.,_Q .. 9#JlI..___
c nnIJ~~LE PRECISION A,A/\A.8,D

!\Jlf/T= 6
nf) ~·1 A(; =() •1 .. [ SC ,l\ ' .. [

C ICON MlJST BE SET Tn 1 nR 2 DEPENnrl'JG ON CONVCRGENCE: CRIT.
C
C StHi RnUT I NES REQUI RF.: Dtt CAL CF'~ ;..c_"'~..·~_ _,·__.~.··.· ·..,·..·_ ·..- < ,., ,.••, _ ,-.,.,..~""-, • .,._ "' ., , .•.,_•.,_ ~• .,~ " _ , • ., -._ .,• ., ,. ~ _.,• .,., _~••., "."' ,_._ ~.N._'..~'.'"'.""..__ · .,.~ ~,,, _.~,.-._,_ ~•.._, , .,"'•..., ., - ~ -._-_.~-_._~..-- .

s CF~ R:: 0 • () 5 I ESC ALE
JJ=N*N+N ..

.,.., " " .,.. I.\.J .\,,-,~ ,J ,),! ~ __.~ _ ., _. _ _ ,_ _.., _..'" "'_._,._ ,...'_ ,.._ w.~.__ __••__ _._._,,;_._~. , .~_,..~ ••_.w4__._.._ ..;•• _"._•.• ~_~_:.,__

K=N+1' .
P NF C~ ~; it;~~~1.~~

I Nfl.~...l.__ .'
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. I S (1 f~ 1\ 0 :: 2
CALL CALCFXCN,X,F)

gN_"~~_~"" __'__ f K.F[p.,~I\,~ ..S..E..(J:'_)..,!_~.Jl.S.,E_(,~f_l,_". __~.......__.... .._ .. .,,_.......~__. _
FKE(P= ABS(F) + ABSCF)

5 IfflNF:::t
FP=F

3 WCK)= A8SCECI»)
W( I )=ESCAI..F:

, ,_~.~.~"•._ l~. _'_."K ::: K+1.' ,.'" __ ~""'~_" __'N''''''''_'_'''''''N'''_'''''''_'''~''''''''''''''''''''_'' _,••,.,. _,..."'._••• .,.'__.._•.,.__,.._'WM'."" "''''''''.,.•.,."- _"','••.,.., ., ,.. _"'.,""'._...,••,., __,_ ,.,.•_~,_,_•.

2 cnNTINUE
. 1 ~ONTINIJE

TT[t~C=l

sUf~ =0 •
IXP:,J.J

__~~__JlQ~~_J~~~H ~ ~ ~ _
IXP=IXP+l
W(lXP)::XCI)

6 (;f1NTI~lJE

INN::1.
on 1 I=l,N
n02' J:: 1 , N
W(K)=O. ,
I F ( I - .J ) 4 , ') • '.

3 W(K)=ARSFC~(I)lc

c

c

IDIR"I=i\J+l
ILINE=1

.,..__~_r<_., Q. M,.~ ~ .. ::=,..~~ ..,~., ..~:.~~, ..I.,N..~ ?,., "'"" _"."'.,_~, .., ., .,< "'.,.~..,_,__, .,_. ., _
[) Ace =f) t~ l~ X~ seE R
f) MAG :: ~1 I N1F (n 0 \~ A(1 }I 0 • 1*DMAX)
n~ " G=i\ t~ I t\J 1 ( 0 0 M" G, 0 • 1 'Ar n Iv1 AX )
OMAG~MAX1F(D~A~J20.*DACC)

OMA~=AMAX1(OMA~,20.*nACC)

_ .. ........"'._"..._.~) ...!.}.,,~1, ..~..,.~.,.,= .....!,.,.9~ ..,!."'~.J2..,.M. ..~"'.(!.~. __"'._~~.,., ..,"'«.,,,._"'••.'.,... ,<••.,.."'..._..,..,.,••~."'....,....._••_N..._ ..-........_,....,...__'...__N ........' .-."'••M'__."~'.'_''''''__'''''_' --'''''''_

GO fa (lQ,70.71)_ITONE
/0 OL=O.

r) :: nf~AG

FP~~r:V::F

TS=5
.__._.._, __..f.,A,:=..[N...'.._.__,......_._... ~, .--,. . __,__. ~_~_"" .._ ........-._....-. .........., ..,_..._,._...__.._ ...

OA=OL .
8 OD=O-DL

l)L;:[)

S8 K=IOIR\J
on 9 I=l,N
X(T)~X(I)+DO*W(K)

·..........._-,·.... _·<."'••"'K····~,·.~..+···i·.-'·..,··."'···,"'·,.·,·,·.,·....._..."'·..,.~."'· .."'·_..,.'.·'....N ..·"·.".·.,·.,.,~,_."'_..'<••N_......._ ...__._...,_.,••"' •__• , ....--------.----.---............-_.

9 C() l'J r I NUE
CI\LL CALCFX(N,X,F)
NFCC=!\JVCC+l
GO Tn (1(),11,1:J.,13~14,96),TS

14 IF(f-F~)1~,16'24 I

t---~1-~---i~--~~~~-~f·~~-i;~~-~i~·-~·~:-i~~-f~~-~~~~~.~.~~~~~.~----~~~~~

16 IF ( I\RS(f) .. nMl\X) l",1'(,18
1'( D=f)+l)

. i

(i 0 TOR
C 18 PRINT 19

18 WRTTE (NWT,19)
-~-1-~-~6~i~fT5i;~i~V~~~-i~il~~~-f~iij~-6~f~-~~i-~I~~~~~UNCTIO~)

. . ~'\

Gfl Tn 20
... __ .. ....._.
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15 FB::F
f)H=D
(i(1 Tn ?1

24 FH=FA
nB=()A
FA=F
Ol\=[)

2 1 (1 n Tf1 (8 3.JJ ~ 3 ) , I 5 '1 RA[)

'._.•' "'~"""~N 2 '3 fl ::: r1 H.~..f~"~"~}?'~~''''''N_''''''''''"'''''''''''''''''''''''''h'''N'.' ,~, h.., N.N , ,..',••" '"' , ""',,.••, , ..

IS::1
(1f) TO !3

8 3 D=() •'5 * (DA+ f) B- ( r ,A - Fn ) / ( f) A.. nB ) )
JS=4
I'F ( ( f) A• D) * ( h.. () ~l ) ) ~ 5 , 8 ,. (3

25 15=1...~.N·c·_·~·~······,·." ..·,·..····.l·· F····C···A··'fj··s·'r···c··..o..·;··"o··fi····'····;··f'··J·j·i:,···i,:·x··)..·i\'··~· ..R··;w·~··6·N_N ; _h ' h • _ ••, , .•••••

tFe I\As(n-OB) ... nnM4X)8,8,26
C 2 6 f) =nB+ S I Gf~ F ( 0 f) t,~ " X, f) R• n1\ )

2 6 D=n8 + S I (; N( 0 f) Mt\ X, Dr~ • 0 A )
IS=l
[) f) ';1'AX=n0 ~'1 AX+0 {) ~'1 AX

~'~'_'_N'~""~'N''''''''''N''h n~1 AG~ n'b'~1 ~··G·+ ..o·..jj'"M··,f(r···-·~· ....·"'~··,.N ...._ ...._....·~··..·"..··.....,...........,·-.•_-•.-.,~..._ ..._ ••_.

I F ( 0UMAX.. DMA·X ) 8 , R~ ~ 7
27 nOHAX=f)f~AX

GO Tn 8
13 IFCF-FA)28,23,23

._ _~ ~_ [..G~_f~~ _ N.~_~..__.._ __""' _-.. ...."".,.....--._._ ,.,."",._,--... ..__
OC=DR

29 FB=F
OR=D
GO' Tn 30

12 IF(F~FB)28,28,31

31 FA=F
"~_'_I0"",._/~ ....·•.,_·~ .....,.....;.'."···,",.•.,,..··.·,·.·~ ...........H·,.~ .....,..,,~,._,.t.,.,.--.-_,._~_,..,.,_,..____ ..._. _

DA=D
GO Tn 30

11 IF(F~FA)32,10,to

32 FA=FH
OA=OI1
GO rf1 9.. -:.~,.~. ·-··'·.. ·7-1 0 L ~ 1 • ".·,"···.·" .....·.··..:.....·....~.'.,. ..,·.,....~..~, ..N ..·.N,~••_.~.~.._ ... _, •.• '.

OD~1AX=5.

FI\=FP
0"=·1.
FR=FHOLD
Df~:: 0 • . \.............,. _ _, ~ ~ f.).,;., :l'·,·:···..~···,,·····_ ·····..~·h ..r._ M---..,~_ _~_..., ••,'_N'._.__"..,._,_,••~ ,.,..••_ _ __,,-•••,-"'." ----

10 FC=f
nc=n

30 A=(OR-OC)*(F~·rC)

R=(OC-OA)*crB-FC)
__..~.._~....,...... ,.~.... J.f, ~ .' <. ~..!J~...!...~..i 0 1l.:::J}_C..2..J_.1.~1.~_1~~!~~ __.. ...._~. _.

3.3 FA=FR
OA=on
Ffi=FC
D8=DC
<;0 TU 26

.~-, _._ ~..~}_ P..::.f'l.., ~. ?:!!..J ~..~ ~11_~_!...J?~.J~.B" .."!~ f)~tL!..Q9..l !.L~ ..~-±J~~1.,_~__~_
nI=oR
FI=FH
I F ( F 8 .. Fe) 44, 4 I~ _ 4'3

i·
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r
I

/

FR=FC ~

IH1::: DC: :-' t.:. ;

(; n .T.il ,~.J ~

4715=2;:
IF «OR"O>*(D"r)C)) 4R.R,El '~l

I~ 8 T~ =3
GO Tn ~

41 f::F"I
D=f)!--OL

~M---~··'··~'·c~-'-'··~~~·~-·'·'·"""no~·s·'q···R·T'F·'('"( t) C- DF~ ) * ( f) C.. f) A) * ( f) A" UR ) / ( .f\ +B ) )

nn= SQRT«nC-OHl*(nC-UA)*(nA-OBl/CA+H» \
Dn 4 9 l =1 , ~ \ ~'

x( T) :: )( ( I l +j) * W( T;) T,.~ I'J ) \ ~}

W( I 0 I RN ) ;:: nD.* \~l ( I [) I HN ) ~

I n T. Rr~ =I L) r r~ N+ t . . . .. . .. "1\ .r)
, w ••~_._._<~~.__.,.~.._,._ ".. ,~ ".. " , , ,,, · " N..·' N.~'••."_._,,.•.~.,••,._•._.•_M_N_.'·•••,...N._~.~~._.N~__. ~,_.__.__,._.,...__.__.~.~ ._,...•._.~~_ ..~ ~__~__ _;.

4 9 Cni'~ TIN UE ' .. . .V',~

W(tLIN()=W(ILI~E)/no

IL INf~=ILli\Jf+l

IFCIPRINT"1)l)1,50,c;l
C 50 PRJ NT r; 2, I TEHe, NFCC, F.. ( x ( I ) , I :: 1'" N)

,.__~N_.. ~....,.?~.2_..".~~.,t.~ ..~r."INf=..J ..,N,J~_I.~.~., ..5.,..?,..~ .....,...,!...~I.s,.,R..G,.,!:..1~,.f..g...G..!.".t~ ..!.'.~~N'~.~.L.I_)..,..~,..J..::...t~~,_r~:L,~,...'..N.'._.._..,'~.•.•,._•...~,_,.," .....N_••' __'~M_~'__...__• .._.~._... _

52 F 0 r~ ~1 f\ T (/ l' X .11 9 H TT[ RAT I f) N., I Jj ~ I 15, 16H f lJ NeT I (J N VA. L UES, ..' f'/J

t 1. ox" :1 Hr:: , F 2 1 • 1 L~ / ( 5 E2 '•• 1 /t ') ) ._. L$;'

() (l T t) ( 5 1 ~ 5 :-4 ) ,II I P J~ I NT
5 1 Gf1 T0 (5 5, 38 ) , I Tf) N~~

55 IF (FP~(V-r·SUM) 94,95,95
~ ~_?2.__..~, ..!.J..~~t.::..[J:..B..~,_~_:,:[_. ,.._ N.__~._' """'--__' ''-' ~'_'''_~_' ~_''_''''''''''~ ''---

,-J I L=rLI i~ r:: .
94 IF (IotRN-JJ) 7,7,8~ r
o4 GOT n ( '9 2 , 7 2 ) ~ I ND ..~· : ~~

59 CONTINUE
00=1. . ~

___,,~ N __.f;n__J~L_~.1 ~~~ ~_~~.,~__~ . ~_~_~_~~~~~._~~._.~~,_~~~.~~_~~~~.

96 Gfl Tn (112,£17), [ND '
C 112 IF erp-F) 37,Qt,?1

112 IF (FP-F) 17,37,0\
-9t D=?*(Ft>+F"'2.*FHflLD)/(FP"'F)*.?

IF (J)*(FP-FHnLn·SlJt4}**~·SUM) 67.-31,3·' .'. .

---~--~-~~·-t~~!~~~~!~~i~~~·~~~~~~~~~---~-~--~---~-~~-~·.~.~.~
" K:: T• N " .' . ~. " .. ::

,it
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64
W( ~< ):2~4( [)

62 cnNT I NtJE
nn 9 7 {= ,"J t t. , N
W( T-' )al/~( I)

9 ., r nNT r NIJ ~~

">--__-6-·1_1 r) ( R ~J =_J0_'.~l_R-.:...N--:."_N ~__

ITf1Nr=1
K= rn. I H ,.J .

XP~ ." ..t .._, ,.._" 0> ,,, ~ , ••• , ••• , • ., "i._ . ..,.,••, ••.., .•_ .,.~~ .•~ ., ~ ,O> " ~.."'" ~••.•••• ~ _•., " _.~ ,........................... ••••••, ' •••4 ,. ,."' __._ Po'.".•~ ,_~..,~.•..,.

AAA=O.
on {, S' 1:= 1 ~ N
TXP= TXP+ 1
W( K) =\1\1 ( 1 Xl' )
IF (AAA-AHSF(W(K)/(t») 6~,67,67

. IF .. ( AA1\ ~· A..r~ ..~..J ~ (J~ ,>...t..E..J.J..J t.J , ,~,..~'"! ,.(~..?..~, ..2..~~., "".M W _ _ ., ••, ••_ _ .._ •••••_ _ ••••••_ , ~ _ ~~•.•_ : ...,~.._._.~__~
·~·-~·'-·~~C····~"~"··,., 6 AAA=ABSF( W(' K ) I [ ( 1 ) ) . "

66 AA~= A8S(W(K)/f(r»)
67 K=K .... 1
65 CONrINUE

UDt~A(1::1.. H

____~ ~_~(~t~~~~~LrlAA~_~ ~ ~ ~

TLINF=N . . "
Gn Tn 7

37 I XP =,J,J
AA1\' =0 •
F=FHnLD

__.~."'~.~~ .....".,__~.~_......~_. fJ..fl.._.. ~..~ ...,... I ..::....t..!.J~.~,,. .._~...,....,__,......_,.... ..~..~......,~~..~._............... .~_ .._..~. ....:......__..
IXP=IXP+l
X( I ) ~.x( I ) .. !r~ ( I Xp )
TF (AAA*AAS~(E(I))~A~SF(W(IXP))) 98,99,99
IF (AAA* ARSCE([»- ~BS(~.(TXP)) 98~99,99

C 98 AAA=A8SF(W(IXP)/~(r»)

n....~ ~.~_ ......~ ..~~.......,.~...~...~ ..~..,.. _...,A...r.~...?..(,.~..( ...J..~..e..1..,t~~r;...(..,I,.L.l~__, ....:-........- ....... . . ..
9 9 CnNT t.N 1,1 E

(In Tn 72
3A AAA=AA~*(l.+nI)

Gn TO c72,106),INO
12 IF (IPRINT-2) 53~~n'50'

53 f1 0 Tr). ( 109,.8 ~ ) ,. I N.D _ ,.." , :.. ,~ ,.. ,.~ .._., ~ , ,," _ .
109 IF (AAA-O.l) 89,A9.76

89 GO Tn (20,116),·ICON
116 INn=~

Gn TO (lOO,lOl),INN
100 INN=2

~,. __ .w._.__ ,..~ ~ ~,.~.,.,..) .. ~.. ~, ,...•,..,_.., ,_.,.•~ , ,-._ _-,-, "(.---.-_-" ,_ __"'.._ ..:.....-. .,_.~ ._,_~_ _ .. -_ _...........--~fJI
Dn 102 I=l,N
K=K+ 1.
W(~<)=X( I)
X(T)=X(!)+10.*E(I)

, 102 CON TIN '.J [
FKEEP==F...........'..'_.."-~..,~....._.........,.._....._....,... c"" l. ·t~·:'· "c '·A-[··C-F..X·--·-{·t~r;-'x ..;f·--)~·..-.-··-_·--_·--~-_·,---··- ......-~~.__.__.-........-_---~_._.~-.............-.--'-----.--_......
NF"CC::NrCC+1
nOMA~=~. 1

t-----------~----------------~--------~·i
Gn TrJ lOR

76 IF (F-rp) 35.78,78
C 78 PRINT 80 . . I

II··.....,...-·~----·..···- · , , ,......... _ _., , - " ,,,····.., ·.•·"'..•.._,·.,,· •.._ " ..~._.,. ,_,. ,.~ AM.~,,_...,.•."'~.;,. __ ,.•_.__ _,_•.~,~_~. • ._••__~ _ ••_ •.•~•.-_._._ _ ••.,_~ ,,~~'" _ _ _ ..__. '",,_~._._ ,1

8 WRITE(NWT,AO)' .~

80 FnRMAT (5X,37HVA04A ACCURACY LIMITED AY ERROR~ IN ~) ~
Gn Tn 20 .

--..__.__ ._-" ... -:!



65

C THTS SUt3ROI.JTINE EVALUATES F:NCI\L FOR SURr~DUTINE VAO/.A
c•••.•••••••••••••••••••••••••••••'•••••••••••••••••••• t.' •••••••

\ A

\

107 INN=l
GO TO 35

~__"'_......~__...............f;~@..._. ...............~__..-..__.. . _~~ ~.__.._. ._.~ ~..__

C SURRt1UTINE REQtJIREO NONE"
C

c
CARnUMEN T LIS Ttt .,".

~.~._ ._._..... 9.._~_~"'._ ...._ ..._~_.... ._..}~~..__..t.!.~_."'.~_I ..H..f.._......NJJ..~..1J~~.f~f!._._n.f.~ ..._)!..A.!3..J..A-I...1..QJ!~.~~ ......_e.~...~{.'~ ~1J;_I~~ ..g. S. .... .;.~.;.,. ~__. ~
C RX 1ST HE AF~ RAY nF vARI ATI r) NALP AHA~4 ETER vALlJ:f.: s
C ENeAl IS THE RETUR~rO VALUE OF THE fUNCTION
C

START nrSEGMENT ***.*****. 4

XC T)=W(K)
11.3 CONTINUE

__"'"""' _~.__~._"' .._, ,,, ~.._..~J,.r,, t::J:.,~..2..,., .."" "' _,..__ _ _ "' ,,"' __.""""'_ _, ,. __ _._ ~ ~_~.~ ,._. ."' ._._,
GO Tn 92

106 IF (AAA·O.l) 20,20,101
20 HETUHN

J J J =.J ,J ,J +1
X(T)::W(JJJ)

................_ "'_.,.."'_., ~ ~ ..~ G(1 .~ TI ~ ,t.J.. ~",.. , ".." "' ""."'..~"" "''''.._.._"._''' _ _..,..,__. " .".._~_.~.,,._,...'~"' "'.._ _"' _.._.~ __ _..__-._.._ .._._
Gn Tn ?o

101 JlL=l
FP=F~EEP

aa fNf1=1.
C 3 5 '. f) I) H A (1 :: 0 .. 4 *S (~ r~ T f·- ( F fl • r )

j 5 \) n ~ ~ A(l :: • IJ * SQ r~ T ( F fl .. r )
rS(;HAn=l

lOR TT[F~C=IT(~~C;"l

>-- tL(__L_I F l~ C .. ~~_" )( I=--''.l--f:L-)_L)~.. .:..-5_.-:...R...:...t _

C d 1 P!{ I.N T f\ 2 , t~ " XI T
(} 1 IN RTTE( \J ~~ r " t3 2) f~ AXI T
8? _F nJ~ t~ ;\ T ( l ..?, ~.q..~ .r..L~J3.,.~ ..T.J_P..~..§,._",.,G._~.1"'MJ~ ..~.!".~•.T.~"Q "'~''''x.'w,,.~ A0 I~'l\ ) ., ,_.,."..".~ _._ __ ~_ ~ ..

fF (F-r:r<f:EP) 20,20.1tO
l1C) F=rKrEP

no 111 I:l_N

IXP=IXP+l
K=IXP+N

....--..-..__,.~.__~_......,.~.,'""'''".~'''(;,Q ....._,J...rJ.,., ....{....~ ....t.~~."'~._Ll_~J1_~t~_~ ..--. N __~__~'._~ ._,~__._,

114 WCIXP)=W(K)
GOTO 113

t15 W(TXP)=X(I)

....~....._..._ ...~_"!.,"'!"'.! .....!~...! ..... M'~!..•.!,....."'!_.~"_!.,"~ •..!.~.!_ ...,!....~....!~,.!....! ....!._>~...,'~~..~,,~....! ....!_.!....! ....!."'.!...~.!....!."~!"'..!....!.--!.....!~.~_ ..! ...!....~_, ..~~....!._! .. ~~_, ! ....~..."~ ...~...!._!.' .! .~ .! ..•.. -., •..~~ .' .'...

COMMnN IS/RM~T,u, R~ N02
DIMENSION RXCS),T(30),U(30)

~4T' =6

IF (F~FKEEP) 105,7~,t04

104 JTL=~

..~~..~.._~ _.."' _.., _." ~ ",_" F. ~~.,.~ ..,E ,"' ", ""_..,,.._..,. ~~.'" ~_.-"' ............,_~. ......,.." ,...~ .__.__ "'.._.__. ~_"'__"'.~_ ..~.. . .._._
F::FKEEP

105 TXP=,J \.J
Dn 113 I=l,N
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SCnF(~)=-RNU(l)

C STAHT THE ~~c LfAf'I ·"ND YOSHIMINE SECTION
c." .....~,.", .. "_~,~ __......,..,..,_ .....T.,Jt. J, ..?",.,."".Z..E,.B,,~~t§ ...,...,.~,LH ..f:~,~ .....I ..ttI~,t:..,Q. B,.,A".b,w..... ~JJ,.M.5N ... '.'.......,.".,~_,~ .... '-.__,.,...., ,_._'_.M_..__,_,_.,__,.,,_._.,_J.~.~__.~_. ....!.

NO=l
S lJ ~~ ( t ) =0 •

. SUM { 2 >,::1 0 • ...... ---------- ' ---:-!

11)
H~ nF ( ? ) =( 2 • E0 *R.. ? • F0 * A.. ~ • to. A' *SI GMA) *BNU( 1 )

. Hen t=" ( i ) = S I Gt~ A*S TG~,1 A*RNU( 1 ) , " . '. :,,,,,,-
.,"'...4__.-.._'_...,.,...·......,.".,.. ..·$·~,_'.'__.1V..... _ ....,...·_ ...... "' ...~.~, ••.• _ ...... A ........ _''"'' .,_••• _.~. .",OO, ._. -.'....;~...... ; ........ ;.. .v .. : ... ·_ ·•·• ...... ·.. ·_...·_·· ...·""N·~.. __• ,···· .... ,.,,..·.· ... ·._......,_-.,.~ ••u~,/o_,,.~_..~~~._ .._·_..,. ......,........ ..~......,.~,.._ ....r..~ ..............~r.,..,_._~.,._~ ..,_~ ..;._..~__·_'t --I

Hen F ( 4 ) =- S I GMA*S I G~ A*8 NU ( 1 ) , i:·'::.':·
HCOF(S)= A*A*S"'U(1) ..
~ CnF ( 1 ) =8 ~ U( 2 1

RNtl(2)=(1.(O/3~EO)+.5[O*(1.EO/A3)*( (~2+.5EO)*SINH2 - B*COSH2)
BNU(1)= ,5EO*(1.f:O/B~)* ( B*COSH2 --.5EO*SINH2) L"~'I;

SIN H'1 =( EXP ( R,-EXP ( .. R) )/2 • ' .' . . r·.>.

S I (; MA =2. * (- R+ 1\ .... J3 *S TNHf1/ ClJ SHB )
HCO F (1 ) = (S IG r~ A... ~ • EO * A*SI G!v1 Aof fl?" A*A) *BN lJ ( 1 ). B2*BNU( 2 ) - 2 , EO *8* BNU(

" ..

COSH2~ .5EO*( rXP(?EO*U) + EXP(-2.EO*8) )
STNH~= .5EO*( EXP(?FO* H)· EXPC·2.EO* A»
f1 ~j U( 1 ) = (S I NH2 + 2. E() *' A ) / C2 • E0 * B )

~Jl~ T =6
PI=3.14159~65

~__,"~~'~"N_'~'""7.,_.~.J3_.2"= e, ~.,B",.,.~ ,,'.N".'·'.'.N.'..,...·' N.'_ -....~.N·'..__." ..N.._.~'.,. ..,__.., __.."..~,__,~_~~_._,_ _.,.,.,..,.._.. ..~,_'.. ,..~ .~_,. .._'-"_.....,."...__,
B1=B*B2

C••••• THF:S( AH[THE ·NlJ INTEGRALS ..
e HNU(1) = INTEClRAL OF GOSH(8*f~*NtJ/2)COSH(f]*R*NU/2)

F =(CFNCL1*PSI rSI*FI fT) +(EN~L2*PSI PSI*FI FT)+(pr1212)~

l(PSI FI*RIHPSIl +(f'ST FI*RIHPSI) +(PF1122»1 "
~._~__'_"'''''''' ~,?( ..( .p.~.~. ,., ..~,.? I.~ E.J ,·.E. l, t" ..,.,±.."".,J.."t.P.,.,§..J,."" ,["J..2.,., .,:.~..,.{".e,.~ ..I ,.f..J.}..,)..),,., ,,,!.J, ~'"" ..t..R_" , ,. ,_, ,.._ ,..,_., ,,~_ __. .._.~_~.,:

WRITE (N~T,202) F,PF1212
202 FORMAT (1 H ," H~E NF:R GY= ft , E2 I~ • 14 , tt CaLJ L IN TE(J RAL=tt , E2 4 .1 4 )

WRTTE (NWT,700) RX(1),RX(2)IRX(3),R~(4)

STAHT OF SEGMENT *.*****.*~ 5

~..~.,.~_~_ .. ~..... S1..1' f3. R..Q,.~.J..I,_f....!.~..~~, ....._~...~.,.?£ .._.,._,t_~--!.,B_! ....~~-~.!:-L._.,....~ ....,_,._.~ ......~~_~,~. ,.._..,.~ ..._.,..,.,.,...,...._ ....._._.~_,..,_.,_ .._"~.,,,.~~ ..~,_ .._.......~__...
cnMMI) N / 5 I f~ l~~ , T ~ U, R, N0 2
o1HE ~~ SION RX(5 ) , SlJ M( 10 ) , SC() F ( 1. 0 ) , BNU( 3 ) , T C30 ) , U( 30 ), HC0 F ( 10 ) ,

lTF:RMC\O)

eRNU( 2) = Ti~ TEr; RAL 0 F GaS H( t1 *R*NU/ 2 ) C(] SH( ~l *R*NU/ 2 ) NU2
C BNLJ ( 3) = TNT EGHAL OF' COSH (, 8 *R*' NU/ 2 ) S' I NH( B*R*NUl 2 ) NU
C

700 FORMAT(lH ,4(£24.14))
RETURN

,,__~~~~.~~_.~_~~.E_r~ ...Q,~ .._ ..~__.__..__~~_..,......._,.,.... ....._._.N_.~. .._.~....,....,~.,_ ....._,..__...~.....,.~__·· ._.' .._........"...".,..._..~.._.,.,_._....-,;...,..__...._ ....._."_._N '._~,~__ "" ' "... ,.,.... ·~ .._-"'-_.._.,.-·---·i :':"'1
SEGr~ EN T 4 I S 8 3 LON r; t.

i'-'
I;

---~.-.

. p r =3 • 1 '. 1 l) 9 2 f) 5
n::f~X( t)
11 P =H /.. ( 2 )
A=r~x( 3)
AP :: f~ X ( ,~ )
CAL L n\I HL1\ r' (I~' H, f\ , B" PSI PSI ~ 0 )-----
C/\ '- L n VI, LAP (A P , J~ P " 1\ P ,8 P , F T Fl., 0 )
CAI .L F I HPST (1\ , l':~ , AP , f3 P, HI HPSI , PSI F I )
C" I ~ L .. ,R 1C0 V. t..~ __".. ( .~ '. ..!1 ~ ..!~ •.e..~.. ftE.,~ e,f,..t,.~."! ?,,,.t ,..,,., ,..".,.. ,." N ,... ", ,,.., ••.,...,, ,., ,,. , ,. _,,.. ,.,_ .., •••••_, " , , " •.,._.,..,_ ., ~~_~ . _~..

C1\ '- L EH2 P (A, il, F: NCL 1. )
CAI. L r H2 P (A r , !1 P " ~ NCL~ )
CA1_ L R;> COl) ,_ (f\. 11 , l\ P , '~iJ , P F t 1 2 ~ )
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204 FORMAT (3E24.14)
. RET URN . .i'(/,:~

.._._.,"~, .."_.~.,,"_-....~~,., _~..f: ,~,Q~.,'~ ,, '"..,,_N"_.""'~._"_'.'-'-'M"' __~__'_"_'N""""" __~.N.'~_"' '_:"-""" ,••_••,.,~.,..~ .._ ...;••,_ ,,, ,••,., ~."~ •.N ~ ~_•....'M" " _ ;..""' ,~••~ w."' ''' " , .,"':" ' •..•, ~ , _".~.. ,_,_-.-~ ;;;". l~~j

SEGMENT 5 r S 283 LONG [:,>!1
r,:' ',~~
~. .. I ,,(I\<\!

START OF SEGME-.N-r-·-*-.-*-.-·*-*-*~.-*-*~~6~~~~~~-fj
:(;,::';'

, . StJF~f~nUTINE f:'IHPSJ( A" BJtAP,HP, .. HSUM,SS'J~~) .. ' .. . .... .... ~""

C AHGUt\1 ENT LIS T
'C A,R,AP.HP, ARETHE VARIATIONAL PARAMETERS

EN~L = 2.EO*HStJM/(SSUM*R*R)
WR TT[ (N WT, 203 ) , ,.. ~.

~_"_.~ ~~,.~..~ 2.·.q.,.~-~ ..'"..E.O..H.,M.,J\..,I (.,.l "H,: "!;, ?_..X..~ ~.!..E_..N..C.,"A.,L.,.!.~_!. 2.,.~.,.x ,!,..~,!".B'"~..!.,! 2N.~tX;!._~.!,J.tS U..M."!~~!..2 ..2X..!, !.~_S S..U..M.,!~.l..._ ..__~..,*"~ ._:, ';,f
~v RI TF (N~~ T ~ 2 0 1) ENe L ~ B, HS(j M, SSU1'-1 ;. , "",

201 FORMAT (4024.14)
WRTTE (NlN T.. 2 0 l~) BNU( 1 ), BNU( 2 ). BNU( 3 )

15 HSU ~~ :: HSUfA +Hen F ( I). UM( T)
"" " '" I' c; '<~J I M=..s.~. 0 F ( 1 ) * S tJ i\1 ( 1 ) + s C[) F ( ? ) ... SUM ( I) ) _~

CENCL IS THE \/A!~II\TlnNAL [~JERGY CALCULATED FnH HT+ (QUAL Tn

sU~1 ( ) ) = 5 U~' ( 3 )... r ERM( 3 )
SI'M ( /~ ) = 'S U ~1 ( '. ) + r ERMC4 )

~._~,__~.~~._._ ...'"",__,_"., ., ..~ .. l·J.~!..("~ ..,.t~.,.,,,~§.Jl,,~;,,,~~,?, ..,?,,,,±,,,,~.! ...~~~J~tr.~.2 ..2,.. .._'._._N~~ ...'~..~_'~~__~N~ ._~_...._ _ ..._ .... ....~N~~.'--""-~.--·_. ...._"_. . ~_.;:.

7 TCI)=--TCI)
NO = NO+l
IF(Nn"2) 6~10,6

6 cnNTINU£'
HStJ/Vi=O.

------------..,;....--------------------
SIJ~·1( ])=u.
S IJ ~,l ( /~ ) =0 •
SIP1('»=O.

10 CllNT 1 NttE
nn 7 I=1~N02

">--- TT=T ( I )
~~.-;;~~ E0 .·-U-(-I-)-* ( H~i' - 1 • F 0 ) I ( ( 1 • [ 0 ... T T ) *( 1 • I-: 0 .. T I ) l
r~ "1 t J =( l~ M* ( 1 • f: 0 + T I ) ... :? • E 0 * r I ) / ( 1 • E0 - TI )
TH" P= ? EO * /\ * r~ t'11 J
t F ("r RAP" 1 • () 0 F ~ ) 70 , 7 0 , .,

70 FA~T=( EXP(4TR~P »*w
li----- TF RM( 1 ):: F ACT *( 1 • r 0 +- r~ ~11.~J..:-) _*_*....:..(...:....;,2....:..•...:..:1=::....:..0_*.-.::5:....,:1:-0..:..-1~..:-~A--=--.) _

TFR t:1 (/) = -T EH~:1 ( 1 ) * f? ~~ tJ
T t: HM( '.)= F ACT * ( 1 • [ 0 +HMU ) **(2 .. EO. S I GMA• 1 • EO)

~-----~--------- ~~~~M-~(Jl-~~~_Iw~-~w~J-1-1.*~-~~~~ ~ . ~_~. _
T[ R ~·1 (I» = T[ R ~.; ( 2 ) *q r,~ t ,
SlJ M( 1 ) = SUr'-1 ( 1 ) of. TE f~ ~1 ( 1 )
SlJ ~1 ( ? ):: 5U~~ ( 2 ) + TER ~,~ ( 2 )

C sunROUTINE REQI,IIHEf1 NONE
en t'·1 tIt f) N 15/ RM, T., U, R, NO 2

I--.-- ..._._.._ .._....D. UJr: N.~.JJt~B.H2J.L~i!.!l1J ..1Q.l~--.IJ:B..MJJJD.!llli.li.tJ.J.Ll-L~.Q1.!JJ..tJ-.QJ..~J:t~qLU.liL_.· .
; lScnF( 10)
I NWT =6
~. PT=3.14159265

r

I O=I\P

1.-- __.__ .~ 2.~ ~~1l __.__. ..~_..__~_·__~ ~.~m __ _ M_.""'.M_.M..,~.•__ M _ ••w,_.~._ .._, ,,_, ~_.
R3=R*R2 .

C• • • • • THES f: ARE THE NUl NTEGRALS• It '. ... • • • .'

___C__. RN II ( 1) =TNT E.G HAL (J F (C 0 SH(



I TERM(1)= FACT*Cl.EO+RMU)**CSIGMA+SlGMAP)
1. ' TEHM (?):: TEHiv1Cl).RMU
I, TERM(4): FACT*(1.E0+RMlJ).*CSTGMA+ SIGMAP"l.EO)
1·_'~· ·,_·..·~..' ·N ,' "_••'"'_ , •••~ M' .' '. ',," .,..,.,-, ' ,,'. ,,,',' ,.""""",•• >,.",,,:,,.,,,.. ,,,., , " .., ,.,,' ..,.,.. ,.. , ,' ,.,,,.. ;,,.. ····" .. •.. ,.."',"""'"."',,.,,, ·..'.''' i_·~.',,•• ,,,, "."'.,."' ,.""""' , ,.,."'..~~.,.., .., " , , ~,.•'_ " ,· _" ~." ~i"'--._ ,'_,,, ~ ,, ._~'_.N ..'~_'__, . .,,
~ TERM (3):: T ERl'~ ( 4 ) * r~ I'A lJ ,. ,

TrR t~ (5) = T F:R~~ ( 2 )* r~ MU
SU(vi ( 1. ) = 5 Ur~ ( 1 ) + TF.: H~~ ( 1 )

.\

\

68,-_..._---_.---------------------------------.:..:.._-----

SCOF(1)="8NUC2)
SCnF(2)= HNU(l)

- ~_"~~ M§,,I~~ ..R_!_~I~.~ __0f_~~~~~ __~.~Q~~.P,~~J_Ml_~_[ __~~~~·O~~.~_~~~~
C THIS ZEROS THE INTEGRAL SUMS

NO=1
SIJ~~( 1. )=0.
SUM ( 2 ) =() •
S I J ~~ ( 3 ) =0 •

..~"_.~_"__ _ .,.~,.,..~.,~..S,'~ · , ,·::.,.."..: :",., .., ,",:;.._.~.~,'M'_.~.~",.,.~.,;:.'" ..,••~~.,_.,.,.,.,.,., .........,'"'.._,._""'.""' ,~.~ _"'••;",,,. ""' ,""'".",.._"'~.~ _, ~__" , ~_~__,, _~~,_ ..~ _"__,_.~ __.._~ •.__

SUM(5):::O.
10 Cn i~ T I r~ UE

nn 7 I:l,N02

HNlI('~) =.INTEGRAL
HNI J ( .~) =I NTE~ R"L f) F
CnSH:?= .5[0*( ~:XP(I1+G) ... EXP ("[~·G)

S TNH2 :: • 5 [ n If ( F XP ( q + ~) - [ Xp ( .. d "·G ) )
ens H1:: • 'j F () ;, ( ~~ Xp ( 11 .. (J) + EXlJ ( ... I j +G) )

/~ s t NH1 '= • ') [ () "" ( r-: XP ( n.. (;) - F: XP (- tJ +n) )
nNI,'( 1) = (SINH~/(~~+G) +(SINH1Icn-G»
R ~~ lJ ( 2) =( S I i'J H2 I ( B... n)) - (~. *COS H~ I ( ( r] +G) *( H-I- G ) ) ) + ( 2. *SIN H2

.,k'~"~._..,__•••••" •.~••"'" .•"'_.,,, .. ,,',....,. ,1" / ( ..( B ~ q, ""),,, .. ,.,*., ~ .. } ,? )"!,, .. ,.'. ,~ ..§,I,r~.~J ..,},l"(,t~".,~"~I,t) .."'""~.J,',~",!" .......~.,,GJ],,,§,,tt~.,l, ..("~ ..,I,t~..~"} ..~"(JJ.~ ...G,,J.,).,,,?..."'__.......,,....~__._..H_.~.._'._......."' ..,
1 + ( / • * 5 I rJ J t 3 ! ( ( R.... r; ) * * 3 ) )
nNI' (3 ) :: ( CDS H? / ( f3 +~ ») + ( COS H 3 Ie B• G) ) .. ( 5 I NH2 / ( ( R+G) **2 ) )

l-CSINH3 /((d-Gl**2 ))

IFCNn-2) 6,10,6
6 ~ONrINUE

····,~__, ··',·..·'·"'..N._·.- .,.,.,.~,.".",. ,.,••_ ..,H..SJ,t.l..1 ..~.,Q ~'" ',..,; .~ ,..,.., , _" ~ ' ",..~, ,.,_.,..~ ,,.~..,',.."' ",.....,.~ , _,.,_,, ,,__. , .""",_'...,.:..., .-..,_..__
00 15 I=l,C; >

15 HS\I ~1 =HSUr~·+ HGO F ( I ') * SUM ( I )
__...S.......StJM= scur ( 1 ) * SI.P~ ( 1 )+ SC OF (2 '* SUM (5')

\ -.'

S t NHB ::: (E XPC t3 ) • E 'X tJ ( - i~ ) ) /2 4t

ens HR :1 (E XP ( '3 ) +FxP ( • B ) ) I 2 •
•.~,~~~ ••~ _.~._•. ,"""' '_M S TGfv1 A.,,,,..::.. ,,,. ,,? ~ ..~.( ..,: ..R"±A..,,,.t,.~~ .. ~.wS.JJ~,tt~~,/ ..~;"Q.5JJ.>r3,J,.,._,,,.,~.~.,.~ ..""_..~' ,_~ ,",.,_'.".."Mo.." ' .. '."_M•• "~ _.._"', _ 'w " •. , , '"'._.,, _, " N_..~._~ _-•••"' _ _

STNHG = (EXPC(1)-EXP("(J))/2.
COSHCl = (EXP(G)+EXP(-(i»/2.
srnMAP= 2.*C-R+D +~*STNHG/cnSH~)

su M( 3 ) = SUM ( ) ) + TE f~ M(, 3 )
StJ t,~ ( ~ ) = SUM ( 2 ).... T El~ M( 2 ) ,

~__~__~_~ ;~lJ~(~_)~~~Vlt(_~_)_± __I.~~S.A_~ ~_~~.~~~_ ..~__~._.~~_~~ ~_~~ ~_~~',

SlJ ~1 ( 5 ) =' SLJ ~1 ( 5 ) + TERt'4 ( 5 )
7 T(1)=-T(I)

Nn = Nil+l

HCnF(l)~ (S[~MA+?EO*A*SIGMA+82-A*A)*8NU(1)·B2*BNU(2)·2.£O*8*8Nur~

13)
I " >_,..,,~ ~"'..~ .,•.•N~..,.,'_'",._ _,.. '.. C['..F.C 2.).,::..(,? ...••,f:..Q.,~ ..~~.. ':-'.?N,,!..[.~?"'~'''~ ..~.,,? ..~.,'~..Q..~..,.~,.! ..§~I.,g; ..~"~.) ..,!_~.~ V.J,-t.1~- -..-.".,,"-- -, --.C"~ .,••- .. , ----,~..--..~-,.~-..---- ..

HCfJ F ( 3 ) = S I G· t~ A*5 r Gf.~ A• RNU( 1 )
HCOF(4)=-SIGMA*SIGMA*ANU(1)
HCOFCS)= A*A*R~U(l)

I

1-----... -- .

r-t
I C
l

I

TI=TCI)
W=~.~O*UCI)*(R~·l.EO)J(l.EO-TI )*Cl.EO-TI »
RMII =(. f~ M* ( 1 • EO +T I ) ..~2.~ ..~:Q*TJ ."'".J/J,J ..~~9.,.,r,J" .....,J,,,,.,.,.. ~'''',,.,''',, ..,... ,. ....,... ,......,.....,...c,

T f~ AP =(A+D) *R~~ U
'j IF (TRAP·l.00E2)70,70,7
I . lO, FACT:2( EXPC-THAP )*\~

I
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\

'"-[

fl IS 2?3 LONA

c

c

Sf ART OF S[GMFNT **********
~_.._----------~~_ ....~ .. _~-_.~---~_ ..~~_ .._-~_._~~-----~~---_.~-~---~~~~--~=~~~~~~=------ - - --~~~---

SlJ BR0 UT I'~ E R1 UL (A ~ A, AP, BP, RES UL T )
THIS SURROUTlt\,JE CAL~ULAT[S COULOMn INTEGRALS

CflMMflN IS/HM,T~V, H, NO?

BNU :0.
CNU=O.

,-""' _-.. , "'_ _ ;.,.,..~J;.~ ~J.,.tt~.,..Q! , ~ _ _ ·_.,_._..·_,,·~._ ,.. ~' N ' , _ .., •• ,__ _._..

ENU=O.
F TN0 8 NU ,A N0 CNU r (1 f~ GI VI:: N VAL lJ E 0 F K
DO 120 L=O,19 ~1

A t·1I1 ( L ... 1 ) =X
120 CONTINUE

-~~__~ QQ_~Q~1~Q~_L~1-_--__-_~_~-_~. .~~_______________________ ___~.
. . RL=L

X:: ~.• 0 .. RL+ 1 •
..... C~A...:;;..L-=-L, GAJ~ MA (X, F' ACT)

r S SI H:1 :: S SUt·~ .. P I * 2 • E f1 * ( (R/ i! • I:: 0 ) ** 3 )
'1 ~~ I r [ (6 - ~? () 1) '1 NU( 1. ), HNtJ ( ? ) , rt NU( 3 ), HSU ~~

20 1 r II f~ t1~ T (/~ E2 I~ • 1 It )
HSltl"·1 = - (P (*H *HSUi~) /~.

WH t r E (6 _2 () ?) ~.~ SU ~/1

>>- 2__0_2_F_n H1\11 AT (E 2 I• • 1 I~ )

WRITE (b,204) SSUM
204 FnRMAT ([24.14)

~" ~".., RE. T.U.R.N" ".." " ·.N '''•. ''''~ ,~", ,_,., " " ..,,, ..,,or"' ,,, ,, ,,"~ ,, ,,.. ,.,.,.. , " ' ,. •."" ,.. '"',.,,.'., ",.• " , _" •.•. '" ' ,.' .•" " ,,,••.,,-, ,., ,••._ _ .._ ••" .

END

CAL L FIN DA( K, 2 *,_ , x)
c ••••• AN" I SN UI NTEGR t\ L WHIe H WE 0£ N,O TE[) ACK, N)

.~~.".,,_~.__.Q,, ...._,,~""._..,__A.. t\j .l. J.. (. .J_2._,._J~*S.~.~-~ ,_<J~",l. ..!J..1 ~~._
C hNU(2) IS A(K,~)

CANtJ ( L 0 + 1) IS A( K, ~ l 0')
C ETC

cnM,viON /GI IFlAG
OIMENSION ANUC" 52)JZ(60)~ IfACT(4),T(30),U{60),SUM(8),V(30)

.~~~_ ,.~_.,_.~_ ..",_ _J~ f ..~..k ~__~_ ___.""~ ! [, ~ ~_~I_,._.,.,'N ..,,,.',.._ ,. ,_.., _.~_.._ " _,.__~._.._ __..-__.~ __.-....-.. ..,.
C=A
O=,'-\P
G =BP
SINHR = (EXP(R)-EXP("B»)/2.

/ CnSHR = (EXP(R)+EXP(~B»)/2.

. _.-.-..'~~__~~~_..5. J..0..r't,~~ .._=.__?_.~.._"!.._\._~J:1.±_C_~ ..±Jl.~._~i .. ~._ ..~"rLr~..!..,.Q_r~L~liB )
SINH~ = (EXP(G)~EXP(-G»/2. ·
CQSHG = (EXP(G)+[XPC-G)/2. ,

.. .' STGMAP = ~. * ( .. f~ +D + G* SIN HGIe () SHG) ..' ..' '. .... . t,: ,'"
. .P I= 3 • 1 (t 1 l) 9 26 5 . . '. '

________.. .~6_~_~..~_~.:.~_~J.!JtQ2 .._~~__c.. ~_I"Si
. U( J) = v( J ) J • r:. ,: lr,

18 0 7 ( J ) =T ( ,J ) (,i';:i,;
n0 1 111. ,..I.= 1., N0 '2 (",\,>}:~~

UCJ+NO') = veJ)
18 1 . ·z ( \wJ + Nf) 2) =.. T ( J )

__..__ -__.N n.?j". ~ ?,~ ~.,Q ..2_ M "'._.._._.~.,'.,,__, _ ••••~~_ __.-..;.__.,_. ,.. .. • _., , •• , ,. .._. ..__,_,.;{, .( i

IFCIFLAG ~EQ.O) KP =0
IF'CIFLAG .EQ.I) KP =0
Df] 102 K=O,KP,2
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TF R t\'1 :: ( ( ~ • *H ) * If ( 2 * L ) ) I F ACT
n t,J{ J =HNU +TER~\1 * ANU( ,_ + 1 )
CNfl =Cf\f U... TEH ~·1 * " Ni J (' +2 )
TF ~ ~ ~1 =((? • *G) *' * ( ;'. *L ) ) / F AC I

·ONtI ::L)NU +TERM*A"JU(L+l)
___(_'.~NI_' ·=F NU+ T[H ~1 *ANU (t. +1')

30 cnNTtNII[
Gn Tn 802 ..

~_.-_, .,.-_ ._..... _.. ~,t~ ..fi. I r ~_""...-.~_ ..~ ~ 1~..1"~",),,,",_J~"''''''M'''''''"'.~_'''''''~'''",''_'' __''N'''__, _ _ " ..,. ..'', ;.,., __,,, , ,., _,_,..,. ...:.••. , ,".~_ ,•.• w ""' •••••••, _ .., "'_ ~.;, , _ ,"'.~__ ~_~
. 116 F 0 HMAT (1 H0, tt 8 NU "N D Ci'~ U N(l TeA LCliLA r Eu TO PRE VENT UNO ER FLO W

lA T L:: " , r5 )
Wt~ I TF (6, 111) TE R~~', ANU( L + 2 )

1 1 ~l For ~ ~1 AT (1 H , 3 0 X, " T [ H ~1 -= n , E2 4.1 L~ , ".A ~ U ( l.. +~ ) =tt , F: 2 I~ • 1 4 )
802 CONTINtJE

.__"..."..._...~,_,,)~~ ...!~....r...I ._~..,.,...(.,~_!...,.,.1 ~.J_ ..!,~.? .."...~~,.,.N, ...~)....(".1-M2.,.!...,~..~_~L,~ ..,?~,,?_.,~..J1~.t~.,~!,...,......,.,......,~.,.,f_,N,.,~}._....-.,.....'~._....'_...M ...."._"._,..~.__..., ••,_~...~.,_,.• ••,'~~.•_.,_-J......,,_....~_.~,_,•._~~~ __

1 1 1 F () f~ M,l\ T (1 H ~"A NU0= If- [ 2 I~ • 1. 4 , tf ANU2= ", [ 2 4 • 14 " " BNU =", E2 4 • 14, ft

1 Cr~ II =", E2 I~ • 1 I~ )
~~ r~ TTE (6 " 1111) f) !~ U., ENU

118 FORMATC2E24.14)
Nn\~ r H[ VAL UE nF" 8NU 'A N0 CNUl S KNa~~ N

IJM 1 =
SU~12=O •
SUH3=O.
S '-' ~., 4 =0 •
SUH5=O.
SUH6:::0.

,.w........__~ ...~._... S t j M.l=,.(l...~...., ,.,~__~ ,."'__~ ~_~_~ ......_._._,.;....._....~.._. ....._.__
SUH8=O.
START OF RADIAL (Mfj) INTEGRAL SECTION
on 40 .J= 1, NO?P
1I \J =U( ,J )
ZJ=Z(I.J)

__~_~_, .. ,.~ ~..t 1.. J.,..~,..(,...B,.,.~_~.·,.,~,., ..t.,.!_~,.9 ±_!_~,1 ,.." ...,..t,'.:'"?~.~..,~.,~!.~.,!~.J..__.,_'- [_~'" ..t~..~..::~'".~L'" __.,_.,L _,.__.,~_. ,_,~.._..-.....,_~_
~J 1=2 • F.: 0 *U"I * (Rlv1 ,. 1 • [ 0 ) / ( ( 1 • EO" ZJ ) * ( 1 • EO'" l J' »

.. 'r R t\ P = 2. *C* .x ~~ ,I 1
IF (TRJ\P-l.OOE?)70,70,71

70 F NX=EXP ( - TH1\ r.) * ( ( 1 • + X ~·11 J t ) ** ,( 2 .. *5 I GMA ) ) * \'41
CALL XL£GRE (X~1U1,K~2,VALQ)

XTFMP 2 =F NX"* VAL (~ ".
XTl~IPl= XTFtv1P2*XMlJ1..*XMUl
CAl.L XLEGHE (XMUt,K:,1,VALP)
XTFMPl~=fNX·~\lALP

XTF:t~P3= 'XTEMP4*X~Ut*X~1Ul

on 50 L =1,N02P
~ ~~fM1L?_~[Q~__IJiJ~(~~Ak§ __~11_tl__bl..~!1~_J__I~_XM!!L __~ ._. ~~~__.~_. :,

RQ = 1. + (X ~1 U 1. .. 1. • ) I ) • '
BET A ::: ( ( XMU1 + 1 • ) .. ~ • *R(~.) I ( Xf~ U 1, .. 1.)
F1FTA2=RETA*t1ETA
7L=ZCL)
UL=IJCl)

.. ,.~"._ ...,_._,.._...,.,......, .. XMtJ? ..,= (,1.... /,,(.:~, .... !,Ll..CT..A.J.. t.~~.(_(,t ...~...~..X.t1 ..UJ...J...! ..H.'~._T_A_~.J,.~l1Jtt_!_~" t. J_,!,{..~.l1.!J...!..."~_t ...l...l ,__~____ '
1* ( 1 .. RET A2 ) I ( 1 • - fj ET f\ * l L ) )

\~ 2 =I. JL * (,x M lJ 1- t • ) * ( 1 ... 8 t: TA? ) / ( ~ • * ( 1 ... RET A* ZL ) *'. 2 )
F NY=r xp ( .. 2 • *0 * X ~1 UI.? ) * ( ( 1 • + Xt\1 U~ ) *• (2 • *S I G~1 AP ) ) -If W2
CALL xt.E(1RE (XMU2,K,1-VALP)
YT[ M,p 1=FNY*VALP
TEMP =XTEMP1*YTEMP1 ,

~-~-----~~i;i---;~ii~-f---~--~f~~------------;i~·~;~~~~~~.-~-~~-----------~------~.--- ,
5 IJ ~1 3 == SU~11 + XT.E fv1 P 2 *YTE I~ P ~,

SI.J ~.~ 5 =SU ~1 r; + rEM P
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7 15 42. LnNG

8 IS

S.E GtAF.: NT

SEGMENT

RES ULT=H[ S t, JLT*P I *p r*(R**5 ) 18.
fiETURN

1 12 F nR ~1 AT (1 H ," 5 UM,. = ",f E2 4 • 1 IJ , " SUM 2=", F: 2 4 • 1 I...," SUM'3=" , E2 4 • llJ 'J.
1 1. H , 1 X, " sUt··1 ,~ =n , E? L~ • 14 , "S tJ M5=" , E2 't • 14 , " SUM 6 =tt , E2 4·. 14 I

, _ ..,.._.._ N ••,.J 1· ~t _..,! ,1 ~.,'~ ..,~.~..,§J!.,~~,.{.,:: ..~~..:~.~ _,f;.2.~~ ! ..J ~!,..~"..~.~ ~J}..,~.,.,~"= ~,~.,,! ~.,?.~t ..!,..l ~.L_.J " " ,.., ".".."_,,., ,," ,.~ _, _.~ _._ _, _
CANU2 I SAN lJ (2 ) .

CANfJ 0 I SA NU( 1 )

START OF SfGMfNT ********** 9

._~ +••_._ _,_,_,_~.~ te..R.Q. -~.~~T..,~ ~ E_ B,.2..~. Q"'~Lt~ ~( ~..~.~ ~, l ..,.." ~.J?! ,~~t~.e~!..~ J~_,~,.§Jl!:.,I. ! ,__ "' ' ,., ',,_ ,_.." ~ ,.,.. ~ _~ "." ~.__ ~._,,__~ _
C THIS ·SU8f<OUTINE.CALCUI,ATES C()ULnM~ INTEGRALS

CrlMMnN, IS/r-~~~,'T,V, R, N02
CnMtvjfl N / G/ I r L AG

St.1tv1 (4) =SUM I~

SUM (5) =$UMC)

1E? If. 1 (t , " I F ACT'~ ::: ft ~ E2 a • 11~ )
RK=K

'~'~'_"".' """""''''''''''_'''''''''''., s.L!, .. ~~ T,,~ ..~,.f..§.tl,.~,.I ..!,J ?,,,!..,..~J~..~ ! !, ! } ~ ~_J..f,.~ g".1_~4J~ ..2!~..!_f_.~.£ ..I~~_?_2 ..! ..!~[~CT" t:?_}_!_l.[,~S T ( 4l-l. __
~~HTTE(6, 1 13) t<,RF:SUL T

11 3 F' nR tvi 1\ T( 1H , tt RF.: S tl LT(" ... I 3 , ") = ", E2 4 .1 4 )
102 COf\JTINIIE

sU~v1 (l) =S U~1 7
SliM (8) =SUMB
WRTT( (6~112) SUM

SI , ~1 2 =SU ~~ 2 + TF: t·1 P *XMU3*XMU3
SII t·1 ,~ =SUM ~~ + XTr:-. ~1 p I~ * YTE t\~ P3

I J .~~' ..6 " ::: ~ V,.~.:1 ~~ ,. ,. ",! "I Ett.P ,.."" ""' w ,.,,"'..,, _ .._ •.' ••N.__.'..~_."'_••,_"' " ..__ , .,,_.,.,..N'.~.."'.••N ""_~ _ _._, ,._..".~_.'••N" ~ ~_ _ .._ .._..• _.~.._, .

TE~~P =XTEMP4*yTE~1Pl*XMU3,IrXMU3

SUMB =SUM8 + TEMP
171 CON1'INUE
50 cnNTINuE
71 C01'·JTINltE

_.,_._~..~..Q._.., G.. rl ..t.'J...,I,."~ ,.~~t ..t:-J ~,,, ,. ., ,,,..,.,., , , _ ~"""'.._ _N_ N_N -....*._,.•_,.__w_..~ _,.._.~_..'~, "'_.."..__ _ .._,__ ,,_._._~ _.,.N _ ..__...-...·.. ' .~ ,__•.....;..__._._.__

SlJH (1.) =SUMl
SlJM (2) =SIJt~2

SUM (3) =SUM3

I F ACT ( 1) .= ( ANU( 1) + BNlJ) * ( ANU( 1) +f1 NU) * ( SU I'~ ( 1 ) +.SU t'v1 ( 2 ) ) )
IF ACT ( ~) :: (( A "J U( 2) +GN U) * ( ANlJ ( 2) + ENU), *( 5 UM( ·3 ) +SUtJl ( I. )))

_ _~~.~ "'.J E. ~~ G..,I".( )..;.~.M.' .."~::..,.,•.,.••( ( J1,.r:J 1J.,( J".l M.:t.t1.,~ ..~;~,.".'-._._~~.,,( ..6..NJ.L.<.,.?,..) _.!..t ..N,J} l,_"..,.! L..§..~} ..J.~ ( ?..'- !,..~.,l)..~ ( f) ?.._) 1.~..<~..J.._~_.,),_
I F /\ CT ( l~) = «( A ~J U( 1 ) +() NU) *( ANU( 2) +CNU) * ( ~ UM(7 ) +SUM ( R ) ) ) * ( • 1 • )
WRITE (6,114)fFACT

1 14 FnH~i! AT (1 H , tt I f ACT 1=",. E24 • 1. l~, " I F ACT 2=.. , Ei'! 4 • 14, . "I f ACT 3:: " ,

TF Iv1 P ~ X1 EMP 2 *YT[ ~,1 P 1* XMIJ 2 Jet X11.1" 2
St.Hrl =~lIM7 t fEMP

C XMlJ3 Fn~ INlrGH~'I..S tA~ITH LT'~ITS XMUt TO INFINITY
r~ p = 3. * XtvilJ 1 I 2 •
X ~,1 U3 :: (R P* ( 1 • + l ,~ ) -- 2 • *X r·111 1*7L ) / ( 1 • • ZL )
ItJ 1 = ? *UL * ( RP.. X ~1 t.) 1 ) / ( ( 1 ... It.. ) *." 2 )---
THAP ::: 2.*D*XMlf)
IF (THl\P .. t.OOE,;?) 1'10,170,171

1 '70 FNY?= EX P ( ",, __T.f~ Ap ) .. " , ~ (.<.J .•.";~ ~".~~J ..'-..~.,.? ~,,,.~.,,~,,? ..!.".~ ..5._1~G".~~,.~ ~..J..J..~..,~tJw" _." M _ _ _~••~.,_._ _ .._.~",. _., ..

C 1\ l. L XL l <1 HF ( Xt1 U .1 , ~< , 2 , VAL Q )

YTFMP3= FNY?*VALQ
TFHP =XTEMP~~*YT[~AP1
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BNIJ =BNlJ +TEr~~1*ANU(I...+1.)

CNU ~CNU+TERl~*.I\NlJ(L+2)

TERM=«(~-G )**(2*L))/FACT..·_~_·_····~ ..····..····l)·..i,i' I~'J ··"···_~·· .. ,···;;··l5··'N··U·~····· ..·········_'··+·'T··E···R·NM·'·;···A··~TlT·(····t~-+··i·-)- .._·····_·~----~- ..._...._N........_ .. ~.......__~ ._... ~......_ .. ..._......__-_...~.-._.__._._-

[NIT =ENU+TERM*ANI}CL+2)
30 CONTINUE

120 cnNTINUE
Dfj 30 L =0, 1 t3, 1
Rl. =L ....
X::2.0*RL+l.
CALL GAHMA (X.'FACT)

. l F r~ ~1 =((C3 ... G ) *'* ( 2 *L , ) / F AC r

RE~ULT~O.

nn 180 Jc:l,N02
'" _.JJ -' .~} }.. .. ~. ...v :;. , ~'.~N_ ~ N.._N.N.~.' "'- "'.._.N_.~~~ ""..N_ "' _ ~ .._"..N ,.;.~._..,..,.;..,. _M_'~_._N.'_M__'•..• ,,~ ~,~."' •._ ,'••_••_..," ".••".~_ "~N..•N.""._N."' "'_~,..,_-'" ._.._~_

180 l(..J)=T(J)
00181 J= 1,N02
U( \oj + NfJ?) = v( ,I)

" .

; .,

------ --~-~....-_._----_.-

18 1 Z ( ,J +N(] 2) :: .. T ( J )
NO?P=2*N02
IF(IFLAG .EQ.O) KP =0

0(1 102 K=O,KP,2
R~ll J =0 •

.-....__...... '0-

nTHE~\JSION ANIJ( J?),.7C60), IFACT(3)IT(30),U(60),SUM(6),V(30)
Rrf\L IFI\CT
~::I\

D="P
, r; :; [i P

STNHH ::r (CXf'(~~)"'EXP{-B))/?---
Cfl SHd = ([ xP ( B ) + FXP ( .. n) )/ 2.
S TGt"1 1\ = 2. * ( - H+ C -+ 8 * SIN Hfi / ens HR )

,_.__"w.•~. __."._.) J.N __~ .0 __ ~. __,.w <. f:..X..P(.~~,.J..: ..~ ~.. J? ,,(.,~,".~.:!.) ...!_.l ~.,.~_,., ,.., _.._...,. M'.'._._••__•__ ~,,,.._,_·,"", _,,•••, _ .,., , _,••, _ _ ,,,.. ,.-,.-.- _,_"_._.._._.__._ _.~
cn~H(', = ([XP(G)+EXPC"'(l))/2.
SIGMAP= 2 .. *(-R+D +G*STNH(l/COSHG)
P T:: 3 • 1 IJ 15 9 :~ 6 5 .

Gn TO R02
WRITE (6,116) L

1 1 6 f n~) ~1 ~ ...T .~ ...{J .rJ Q~~_!.~ ....,..Jl.~ ..tL......~.t,jJt ...._G"JtU...,....!i.O.J.~"'~Q ..Bl...-G..~..!.b,..~~I.f;_Q._ ......_I.D_...P_~_[ ..yJ~~.~~I .._J1!!.Q._~ ..B..fJ~..Q_.tL,._~_.~
lAT L=u,I5)

\4 HTTE (6, 1 t I) TER ~~ .. A~Jl J ( L+ 2 j
1 17 F nh~ ~'1 1\ T (1 H ,,3 (1 X, " TEH M=", E2 4 • 1/~, tt ANU( L+ 2 ) :; tt .' E2 4 • 14 )
B0 2 ~ o' NT t NUE

WRTTF (6, 1· 1 1 .). AN 'J ( 1') , ANU( 2·) , RNl' , CN t.1
1 1 1 FOR tv1 AT (1 H ~ U ANU0=. ", E? 4 .1 4 , .. ANU2 =: tt, [2 4 • 1 I~ , .. ANU =", E24 • 1 It .~ ,.···.., · ······ ..·..·i"C··N.. i. i..;"t;··~ ··.. f~·2·4·-~-·i· ..4N..)_ ~ ,._ __ _, _.._'~ _,,_ ,. -:" N._ _•••_w.•,. , ~__~".. .._.M•••_ _ •., """;..": ~~~_ ..~,••..._ _~.._~- -._.._-~-.'

'WHITE (6,11{\) ONU,ENU
11 8 FOR MAT ( '2 E2 4 • 1. l~)

CNI...I=O.
DNlJ=O •

.. ~ ~.,.. __.E..~j.. ~ .1...::::'..0 w ·._._.._. •· •. _ •• · · w,.. ,•••• ~••_ •.-.._ _ ..~ N • •.•_. ._~~._~•._ __••••_~.,_~_...

: FINO 8NU ANO CNU FOR GIVEN VALlJE OF K
no 120 L=O,19 ,1
CALL FTNOA(~,2*L,X'

. :,. • • • • A~II J rSNUl NTEGHI\l lAI HIe H W[ DENOTED A( K, N)-
: ANU(l) IS ACK,())
:~_M~.., ~.__..~"..~..~·, ..~· ~ <~ ,2,._ !.,.~ ~ ~.K.!.,l~.~" ,_ ~.__ __ _
:.. !\Nft(LO+l) IS ACt<,2LO) .
: FTC

ANl.J(L+1)=X
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c

c

c

~~ 1=2 • EO * lLJ * ( I~ ~~ .. t • r 0 ) / (.( 1. EO· ZJ ) * ( 1 • EO -Z J. ) )
THAP = (C +n)*X~1lJ 1

........... _'''"'N''~" ' r. [. .w' ( I.R.A",e.~ ..J .•...Q.,() ,[.,2,.1..?.Jt~..ZJ1l,.Z.J , ".,.,_~,."'_._m.N _ N.' N__'.',.,••••.•,'" ,. , '"M _'.~,~• ............... _ , ~ _ , ~__.,._. ..__,

70 FNX~EXP(-TRAP) *{(l.+XMlJl)**(SJGMA +SIGMAP» *Wl
CAL L XL[ GRE (X ~1 U1 Jt K, ? Jt VAL (~ )
XTr ~1P 2 =FNX*VAL Q

YTEMP3= FNY2*VALQ
TFMP =XTEMP3*YTE~·~P~

........ ~ .l. t ,~. 2 ~_,.." ! ~..~~__tt(_w~~__,±'". ~..T..~..~1 ..e __ ,_..,."' _.N_._.~ _~~~.lL~.,,~.K!1lJ~1 ..~N'"_,.__~_~••_.~ . ~~~_... .~.........
SttM'~ =SU~1i~ +XTEMP4*YTEMP3 .
StIM~ =SUM6 + TEMP

111 CnNTINfJt
. ~ 0 cn~, TIN Ut

/1. Cn~~TT.NUE

_ _, ~, ..Q.." ,G n.N..,I I N..'...t.~ , ,., ~., _........:.. _..", _._ , _ .;..._,_,.._ _.,.._ "' -.:,.. ~.,,_ __._,., _ ~''',.., ,.;....~, _ N , ••••.•, • ......~.._ .. _

SlJ ~ (1) ,= S,JM1 .
SqM (2) =SUM~.

S,jfv1 (3) =SUN3

R (~ = 1. + (X t~ 1J 1 - 1 • ) / 3 •
BET A =((. XMl,J 1+1. ) - 2 .* R (~ ) I ( X~. U1- 1 • )

~__......_.__......__.J~.r..T..A.?.~..B..~..I_~..~J~'"t_I ..8....._.._.._,._~__.....~.._~..N_,._...~_' ....,.._..._,._.....,.._.'"_.....__.........,....'".~......_.._.....""__._.~.,..~...~_._.__.....".... "...__._." ~...._,~..,_ .._,__..__
ZL=Z(L)
lJl..=U(L)
Xt\1 U2 ::' ( 1 • I ( 2 • *nF: T f\ ) ) * ( ( 1.• - XM'J 1 ) +BET A* ( XMU1+1 • ) + ( X ~"1 , J 1 ... 1'. )

XTE tv! P 1= XTEMP2 ... X~~ , , 1 * X~1 U1
C'A LL XL E(l r, E (X tA ~J 1 Jt K, 1 , VALP)

.", '.~.N ..~._.'"'" .."..w ' .•. 1.t~..M~ ..~-+ =':. t,~ ..~ X..~..,y ~,.,l.~...f~..".. ,"'" ·,·" w'· , ,· · ·, , '.,.M.N _ .,. _,. "' ~ _ _ ,_"' _·_'_.N' ,. _.__,_~._..__._ _ ~,.._._'.M_ ...,.,_._,~;.
XTr ~; P3= XTr MP L~ *X~1 U1*XMU1 .
DO 50 '- =1,Nn2P
XMt J? F () R I NT EG. RAL S WTTH L Jt~ ITS 1 Tn XMUt .

XMU 3 :: (H P * ( 1. • +ZL ) - 2 • *X ~(1 U1* l L ) / ( 1 ... ZL )
~~ 3 = 2. *.UL *(RP• X ~v1 U1 ) I ( (.1 • - ZL . ) *.*2 )

-.N..' .••, , _. .._ ). ~5., .;~..~ - ~ ~..,G~.,f.),. .? ~..~ ~ .1...~).. ,~, _ _ , , , ..", 'w ,,,,_••••,.,._ ,•••., w., , , ~.N.~•.,..,., .•., , " "'.._..,_, ,~..·, _""" _'_.M ,..._..., _.__._.~._
IF (TRAP~1.00E?) 170,170,171

170 F ~J Y'2 ~ r XP ( .. THAP) * ( ( 1 ."+ XMU3·) *•. (SI GMA +SI G~~ AP » *w3
CALL XLEGRE (XMlJ3,K,2,VALQ)

1*(1·RETA2)/(1.MAET~*ZL »
\~ 2 =UL *( X~1 U1- 1 • ) * (1 • - HETA 2 ) / (2 • * ( 1 • • BET A*ZL l ** 2 ) ".

._",~~.~__ ~.__ ~ .,I..r 4..f) :: ,~ G_.±." ..! ), ~"''f:.. tt..ll.,~ _, , ", >•••,.."" ".· , •••.~••.;,•."", M~'.M ' M"."'_"' ,.,_ "' ,.~..,.••• , ,".,,...~ H••,... ~ "" ,•••"' _.,._ _ ...",.~.,.j:~_ _ .:..,. .
FNY=EXP(~TRAP) *(1.+XMU2)**CSIGMA +SIGMAP1) *W2
CAL L XLEG R[ (X ~~ U2 , K, 1 , VALP )
YT[ ~·1 P 1 ::: f NY* V,A L P ,
TFMP =XTEMP1*YTEr~P1

SU~~ 1 =SU~11 + TEMp*)( MlJ 2 *Xi~ LJ ~.
._-"...__._.~..._,.S.. ~..t,~ ..J.,.~~....".~..,~..~..~...),..,.__.,_.±..~ ...I ...E,..t1,.p..,~_.!...Y..I..t.l1.l?..!,..~_.,.._~__~,__.,..~..~~....._..._"_~_., .....~_..__.:.."'-_.......__...,.:.__~...-~,_. ._..__.

Sl.Hv1S =SUM5 + TEMP
X~1 U3 F 0 H I NTEGRAL S ~1 1 rH L I ~1 :r T S XMU1 Tn JNFl Nr TY
RP = 3."JtXMUll?

j r1H THE VALUF f) F BNlJ Af~ DeN U I S KN(J ~'I f~

StIHl==O.
SUH2=O.
S I J ~'1 3 =0 •
SIJ~~ll=O.

, 5 U~, 5 =_0_. . --.;.........--0..-.-,.;.,._

SI'Ht~=O •
ST /\ RT nF RA[) I " I. (M U) I NT [ GRAL ~ CCT I lJ N

() fl./I n, ) ,~ J.~. ~ ..n.?.e·." "_ _,, "' ,. ".., ,.,,,..,.,,.,., ,, , _,,..., ,,,.,..,,.,.., " , ,,,..,,,,,.,,, ., , _.. '"." _..~. ..-_ _._..__> ,

UJ=U(,J)
7J:: Z ( ,J )
XH" 1=( R1',1 * ( 1 • F 0 +Z" ) -? • [0 *Z\oj , I ( t • EO· Z,J )

.c

fI,
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SU H (4) =S I ,,~ l~

S I J M (l)) ~ S tI t~ 5
S I' f.1 ((,) =S l H·i ()
~~ R r T[ (6, 1 1?) S lJ~f

1 1::? Fn l' ~~ "T (l H , tt SUM t = It, E~ 4 • 1 l~ , .. SU~~ 2=tt, F' 2 II • 14," SUM 3=tt , E~ I~ • 14 /
1 1H, 1 X, " SIJ~1 I. =tt ~ ( '2 4 • 14 , " St. J tv1 5 :: " , E~ 4 • 1 I~ , " SUM 6 =tt I E~ /4 • 1 4 / )----

C ANIJ2 TS ANUC?)
C A't\j t1 0 I SAN lJ (. 1 ) .'

J F ACT ( 1 ):: ( ( 0 NtJ .+RN" ) **? ) *(SlJ M( 1 ) +5 lJ M( 2 ) )
--~--~~t--F~"A ··C"·~r-(-·2·'f ;~('~('E'N~U----'-""+"c"i~","j);-;"2'-')"';-(""5'i~iM-'('·-4·)··+·· S··U··'M"'{"3'-)'"j'···_·~"····--··'·_'·-·-··-'-'··- __ - ,~._._.-...--_ -.~,_.--._---

IFACT(3)::(CDNU +RNtJ )*(ENIJ tCNU) *2.)* (SUM(S) +SUM(6»)
1*(-1. )

.----.---~.- .. "-.-_._---...---_.-_..--.-----~S·T·AR-T-··O·F-·-S··EGM·r.NT--*-;;;-****-;-;_·,-O'---

SUBf~()UTINE XLEGR[ (X,N,INOEX,VAL.)
C X IS THE VALlJ( OF I\RGlJl~ENT

HFfURN
40 IF(INDEX.EO.2) GO TO 50

............_" ,,, y,.~,., .;,.= J~ ,,, ., , ,..., __ "' _..,,. ,, ,, "" __._._ '_'.~4 _·..;·-...N'__ N_·_.~.,_ _ _.._._ x ,__~._. ._•••••

RETURN
~ 0 TE ~1 P = Ans( ( 1 • E0+ X ) / ( 1 • EO" x) )

VAL=.5*ALOG(TEM·f)

403 LnN~9 TSSEG~1ENT

NM=N~l

R~\! =~!

no 30 =
R~,1 =M

JOT r R t:1 ? =TEH tv1 ? + ( 1 • E0 I RM )* P( M!III 1 ) *P( N., M)
V t\ L=TER~~11 'w Tr R;'-1? - ( 1 • EO I RN ) *P ( N-1 )

on lO .K=3,N
RK=K

10 P(K) =X*P(K~1)-P(K·?)+X*P(K-l)·(X*P(K·l'·P(K·2»/(R~)IF (I N0 EX. E'Q"~'2"j'" G(i· ·rn· 2 0 ·8 •••• •• • ·«· " .. , .•~ .. ,.. .. _ •.• " ..~ •....... ,,,, •••.,. • ....., '. • .•. _. ".

VAL=P(N)
HETURN

C N IS THE DEGREE OF PDLYNOMIAL
C VAL IS PN(X) OR QN(X) , DEPENDING IF INDEX IS 1 OR 2 RESPECTIVELY

D I ~·1 FN S ION 'p ( 80 )
--~ ......._~...~.-- I F~ ...,"(··N· ..:··~E·~·:....··O···).,....··G..ri...·-..To··-~li-o.....--........------~~-."----.,---..,..-...---_._,-. .-...--------------..--

P ( 1 ):: X
P(2)~1.5fO*X*X-.5EO

20 cnNT{NU[
T ~_ t·1 P = A(3 S( ( 1 • E0 +x)/ ( 1 • E0 - x) )

~ ~_~_I_[..B_~.~_~,~~~~~Q ...~_ti_~_t~_~h~.~l_~~.~ ...El N ~ ~~_~ ~ ~ i~~

I F (N. EQ• J) 'G 0 T0 7 0
TF (N.EQ.2) GO TO ~o

T[R~1?=P(N-1 )

~~ R I TE· (6, 11 4) TF ACT
1 14 FnR ~'1 AT (1 H , " rF ACT 1. =n, E2 4 • 1 I~ , tt I F ACT 2 =tt 1 E2 4 • 14 ~ "I F ACT 3 :: t1 ,

..-,. v -..•.• " .._.J f. 2.~l ;..,.. "., ,,, , ,,.,_, ".." "' ~ _ " ,',~ _..v.;.""".•.•_, """'•••.,," ,."' ,,.., _".'_ ,, _ .." "'_ __.."' _ "h." ".,""~,.. "~,, ~_.•_ .......••" ..""..., " _ ,'_ ".'"••".~••" ..~ "' ,_. ._ _,..,

RK=K
RFSllLT=RESULT+(2.*RK+1.)*(IfACTCt)+IFACTC2)+IFACT(3»)
\~ R I TF: ( (" 1 1 3) K ~ ~, E5 , 'L T

--1-'-1-3-f-"nR~1l\T(lH, ttRFSULT(", 13, U) er ",E24.14)
102 cnNTINU£

..~__.'" ~ _.__ ~. _..~R ~ S.. V_~.~ ..,I.::..~.~ ~.JLh ..I.!.~",!. ..~",.p_ ..r..~..,t.B..,~ ..:~..~".?_~3~_.,! .."..,_ " "_.., "",.. ~,"..~., ".,."' .."'w.·•. ··.."'_"' ,..'"_••.,"~ ·.,"" ·, ..• "'_ ,...... ._ ' _ -. .._ ..

F~ETURN

END



5

START OF SFGMFNT .********* 11---------------

~~ r TII HN
60 r:nNTTNuF

TE l~ f\~ ? =( 3 • .I 2 •. ) *P ( N· 1 )
VA,' :; T. kMl-TERM2
RF:TUf?N

7 0 VAI.. =Tf Rt~ 1• 1 •
RETURN
[NO
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6 ,0.000002174177495455326,-.0000003889700573876955
'7 ,.000000033Q8.18010181043/

_~,_~.,.._~~.~..:::....)(T_~_~te__.. .:_:.~__· _. ...~~....-_._... ..............~_.-.-.. _
Fl=1.000
y=x

1 CONTINUE

SIJRROUTINE· GAM~~A (XTFMP,\/ALUEP) t

C__~~~ ...~_.."IH .T....~" ....Rn.~.T.. ]. ~!. ~'N' .,.~ •• ~l::.'G..l}l~,.~.I,!~,,~... ,,I.,ttf,."."..QA.~,.~~1,~,.,.,".f.JL~,..G.,I.,j".g ...~ ...,,_P.[_"....;~.......J,.,.N .."...QrUl,.~. ~ ..f:..,._~ ..~_~..,~.f.J ...~!..Q ..~~._'\ ',;.~
C VIA THE CHEBYSHEV rXPANSlni~ GIV[N IN MATH.cor~p.15,195(1961) .::J
C VAl UE 1ST HE VAL U[ 0 F GAM r~ l\ ( Y ) ~,.';)~

ont.1 HL. E PRE CIS InN X. Y, F 1 , A( 1 t~ ) , p , VAL UE ;.:,.'~
oAl A AI 0 • Il 2 ~ 7 A it 3 j ') 0 9 8 I~ 6 7 ~ ,f () • 4 1 lli h 0 3 3 0 4 2 t) '. 3 0 6 ,f 0 • 0 8 1 5 7 (, 9 19 2 'l 7 5 2 8 AS' .; . .

1 ,O,07424q01074?OQ4Q?,-.00026~9A1RR874n3R32,O.01115404382Q06992

2 . ,·.00285?~31A647n~119,O.0021n3~57920612205,-.0009192675950399503 ~. i

"'-~---"'--"~'3 ~--"-~'";~"O""~N'6'()' o~ii~'8"'cj'4'"~3'" ~"":1"'n"6"'9"9"8"'i"""ii"'j~"'6~~""':"":"·'·o"()·'6~?"'3··R'·6~·4'·?·'8'··3'··3·'7'~5· ·2··'6·"3·'?;·..5·····..·~ .._·.._'-----.,------_·,--------~_·i. i~,i

4 ,. 0 • () 0 0 1 17 3 ? 8 3 t 0 2 ? II 0 <) IJ 0 , - • 0 0 0 0 5 l~ 3 1 8 3 8 6 2 8 0 t 3 5 0 9
5' ~o.on002281404115366023,-.000008052343363483095

.~."' __••~~.._M ,. "' ••••••••••• _ ••••••••••••__••• _ _ ••__ _ __.. _ ••••••~!~~~:!=:p~~:::.-:~.:~:~:~~~:!:::=~;:~:~:~:~~:~:~:~~;:';:~c:"Jt ,,-=__
SlJHf~nUTINE FTNOACK,N,VAl)
CQtv1MON IS/R~~,T,.U, R, N02'
oI "'1 ENS ION U( 30 ,., T ( ~ 0 , , UP ( 30 ) ,. TP( 30 l"....... ..._

IFCY.LE.l.000)GO .TO 2
Y=Y"1.0DO
Fl=Fl*Y._.__._.......,._'_.._..~"0 .....T~n ....~ 1. --" ......-...__._,..-.....-..,_.......--_._~.---- ..._,-._-........__.........--.........._--'-~ •._~.~-,.,.~--_. __.._..~_..---'_._._-_.._-----_._----' _·~_ ..·t" ·.i ~;

2 CnNTIN tJ[ f/t,~
I r (·Y • LT. 0.· 0 00 ) (;.a Tn 4 U····~:i
p =()'. () D0 ·:I':Nt

on ~ I =t .. 1 B f:: ,:,:'
J 1.:: 19 • T. ..' '. . '. .. ....' . ". '. ' .. ·t'; •. (·~1

-~~-~_·_·~3M ....,~" ....p...~.,.( "p~+. (~.(.. ·{..i··")'~·)'·_*"y--·!~~~'· __...-.......M._~_~_"--'''--.-- .._~---_.--,-~ .._._ _ N._._:••...•.".•.,......._..,... __•.,_...._......__........--...~..N--...·.--:....--..·~_·t·:.·l;-,

P=1 • 0 0 rr+ P . , ~.~

P=P/(Y*(Y+1.000)

VALUEP=VALUE
..,~ _.,_.. __ ~_ R.E.r u,R-ti.__~,__~_.._ __~_...-.-, _ ~,~_ ~,~ _~ _~..w. ._- __..--.._ _ ..- __•.. , .. ~_.__.~.__~~

END' .'
. SEGHENT 11 IS 111 LONG

VALUE =fl*P
V/\ L. U.E P=VAL UE

._~ _ , , .,R..[ ..I l),..R..N "..".,.".,., ,.".., ,_.,.,.._,..,.."_ , _ ,,.,.,~._ __. M'..M_'.'._.M.__'_._.,.•__, _~, ;,.._..__ '_'.W M_..~.._ ~."'" .,•••_,_~ • ~_..~__ __.-.~__~~,••__._. ..

4 CON T TNU[ . '{ .':/~:~,

Wf~ I TE ( 6 J 5 ) X f.l;;::l{:~:}:
FnR~1AT(lJ6H ERROR YN DGAt\~MA ROUTINE, VALUF or: ARGl.lM[NT IS ',024.16) "":'1,;

SEGMENT 12 l~ 123 LONG"

..-...--"~-_._----..__..._-- .~ .
...

. - .......=:: .~._-- -- ..... __ .__.:....._.-..._---_.~"----_. __.._:-.._- ..- ...._-~...- -~~~._._.~--~--.,.--~:-._.;_ ... _,...... -...._~--.......--_.__.. , ..~... '.,'



..
.': .

60 LnNG

---- ._---_.-----

GLl Tn 16
15 CONTINUE

___________B_~J!~_})_ .._~_~~~ .. ~_~~~ ~ ~M~M~ ~~~.

~11\1 U( I~) =: 1 • I 3 •
GD Til 16

16 cnNTINuE

F~ ".J! J ( ?) =(S I ~ H2 / ( B+G») • (2. *cas H2 I ( ,( A+G) *( 13+ G) ) ) +( I.!. *SIN H2
l/((B+G ) **3))

.~._..." .._ _..,_ IF. f ~ T..A(]. .. E..9 .~ .,9...-'-..QJl_",.T.~).,,, ..,..!_~,._ _._. __ _..,....__~ ". ., __..___. ..~.. _.M .~ _-...• ~. ~ __

. HNI J ( 3'> =(·5 I N~ 3 ) / ( r3 .. G)
8 i\J If ( /'.) =( SIN H 3 I ( 8 *II G») • {2. *Cf] SH3/ ( ( B· G) * ( B- G ) ) ) +( 2. * SIN H3

l/((B"G ) **3»

r,~ F l\ L NI J

f) 0 2 () I =1 , Nn2
lJ P ( I). =U( I )

20 TP(I) =TC!)
NO=1
\/ A1_ =f) .•=---- ~ _

1 0 ~ n t\1 TIN tiL
o0 7 1:: 1 , Nn2 ,~

_~_.__:~~~._. __~._..~.~.I ..I..~ .._ ( 1. .• £ 9 t. l~_ ..~~..~_.,J._.) J..t ..2..!~..,t..Q, __~_ _..M ~.._ _~_,_ __' _m__ _._ __._._.._. __•__ _ _ _.._.~ _ _ _ ....., .,.-.~._.__.

~ =UPCI)/2.EO
Ct\I.L XLEGH[ (NIJ,K,1,PK)
\I At,. =\l " L + \~ *PK* ( NU**.N )

76

C 8 N1.1 CIi) := J·N TEGRAL nr (C aSH ( f3'" HP ) * t-J U ) .. NU*NU
COSH?= .5(0*( [XP(R+~) + EXP (-B-G))

•••.' M••_N M••_ 5..J.~..~.. ?..~ , ,! ?.~,.Q..~ { "., t~NX ..~..,<..Jl..,! § )M.., ~., t~..X..~..,"~ ~..'~~M~.'~ •••?_ ),_ M_~._. •. M_~.' ...•N.~~ __•__ _N.~_._ _.~__••""•.•_·_~_~__

C(J SH.1 = •., E0 *( F: XP( A- G) + EXP ( .. B+G) )
S'lNH3= .5[0*( EXPC{l-(1). • EXP C"8+G»
RNIJ(1) =(SINH?)/(A+(])

R2:::8*8
B3::13*A~

C • • • • • THF SEA RET H~~ NUl NTE(l RAL S • • • • • • .' • •
c 8 NI J ( 1) =I NTEGRAl~"" .n F (C aSH ( ti +RP ) * f\I U )

C HNlj(2) =INTEGR.L\L OF (GOSH(fl+8P)*NU)*NU*NU
C RNII()) =INTEGf~t\.L OF (Ci]SH(B"RP)*,~IJ)

. C(P·1 MnN / S/ r~ M, T • U, ~ , Na2
oT~ t; NSI () N RX( 5 ) , 5U~vi ( 30 ) , RN'j ( I~ ) .' T( 30 ) , U( 30 ) , TERMel 0 )

~.~._~.. .~ ~t.~L ..I_" ~~Q.,~__N..,.oN> """"'_N._~ ~__, .."MN._..."..,.,.,.M.__M ;. ~" _~_._. _._ __~.•__. _

P I =.3·. t I~ 15 9 2 6 5.
O;:I\P
G=A'P

START OF SEGMENT .**.****** 14
~UARnUTINE OVRI.AP (A', A, AP, BP, SSUM,IT~G)

c
C

~~"'__N_--'_""TLLJ,~....".S..~L.~,,~,.Q.,~!_T._!: ...~....._.~.Y..~~.L~ ..I ..~~~._E2.Y.~.!li:_~~I.~~J~~_9_~ AL FnR S!!BB~Q._~~TJ~~:..._S~ALe F X
C ARGU~ENT LIST
C AIl!i, AP, BP, AR[ THE VAHrAT ION AI. PAHAM ETERS
C SIJRRflUTINE HFQIIIREO NONE

., TP(J): -fPC!)
Nfl = Nn+l

_~._~ ~ _ I f~ ( ~ D._~..~..,~ '.N ~_!.....!.~.Q ..:! t-_.~._....,._ .,.,....., __._ _ _.__ _,., __ ___..__._ ~_ _._ ___,_ _.0>••_ _ _.,••_ , ._ __• ~• .__.._ ..

6 C(1 NTIN UE ' ;~

f~ E,. UR N . ,.'::~
END
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...

SFGt,,1ENT 18IS 18.LfJNG:

'201 FORMAT (3E24.14)
RETURN

~.~ ..__..~~.I.r:L~_. ....-.~_.,._.---~-_._~_ ..-..__,_, ~"'._~..,..~~ __."..~_..,,"'.._~...,.,..« .-. ....,....,....._",.__.N_ .., .•~.· 1_ __~"' 4.. _._;~ _-'-_.~ _

14 IS 193 LONGSEG~~ ENT

SEGMENT 15 IS 13 LONG
. , SEG~~.ENT 16 IS .. 1'38 Lf]N...G. .

••~...__.N__'~_....._ ....N •••"_._.~_...~_~__,_~._...~-_·,···_·'--~··..~"..•••...-,·"·'S·'E'..G\1·E··..~··"T-··'~·_'·M··-i··j'·· ..·...i-s·..·'--,·'o..,,·-s's..._..·C"..h'N G-----·..·...--'--·.......-..·~~_·-
START OF SEGMENT *.******** 18

SEGMENT 30 IS 7· LONG

'··N·'(i·~~ ..·f3··E· ·RN··"··{j·.,F..·..·'·..s··y·"f\fT·'~~ ..·X-..-·E..RRri·..t~·"s......'·-n-I~~f ..·E-C·"f··~~TfN··_·=·'·_(r~~ ..N __.._ .._.N..~.~..'_~.__...-:~~ .•._... ......~w_.~..-__-...-.A-.._..........-.._...._.-,

PHT SIZE = 11.6.; TnTt\L SEG~1ENT ST(E = 3'508 WI]Rl1SJ

ESTIMAT[O C.ORE STORAGE REQUIREt\1[NT == 7232 \~ORUS;

S t ~J HfJ = (E XP ( t~ ) ... FXp ( .. ~l ) ) I 2 •
Cns Hn = ([ Xp ( n ) .. EXP ( ... t1 ) ) / 2 •
S [~MA = 2. *( -H+A ~~~*s TNHfl/COSI~B)

STNH(; :: CEXP((])-FXP(~G))/?.

CnSHG ~ (·EXPCG)+ExPC .. r;) )/2.
S TG~1 (~ P:: 2.·k ( • t~ +0 +G*SIN H(J I (~ 0 5 HG)

NO = NI] +.1
I F ( Nn~?) 6 p 1 0., n

_M _~._,,.• ., f1..~. G.n..;..,J. ;:-, ..•" .., ..;;.. ,.~.::: " , _ , " •..., ' ,. ,.., ,.,.,.•" _,.•.•_ ~ _ •.".""..,_••••.,•••".•,., ~.~,, .•_.,.,."" ,.•'•....,••,. ,., ,.._ .,.,." ".,."_, ,..~.".,."".,.~ , ~ , ,_.,. _" ,, ,..", "._ " .., .."•..•..•_ ,. _ _

SSUM:( 8NU(1) +BNilC3 ) *SUt~(2) "''CBNU(2) + BNU(4»*SUr~

l*(PI *R*R*R/'~.)

\~ R I TE (6, 20 1) RN U( 1 ), ANU( 2) , 5 SUM

on 7 I=l,Nn~

TI=T(I)
......,,~~.,_,__~ .."~ .".~".,"" .."..~..?, .•...f.9 ..~..IJ...,(....1N .)••••~._.( •••~,••r1...~.._!....., ...f.:,.9....)..(.....{....(...,J,w~., ..~...Q.,~,.I ...J"N._.......2...~~..~...J,...! ..f;..Q.~_I.J.,,~~_.~2N_). "__"_~~_""' ' ~

Rj'v1 U=(HM*( 1 • [ 0 +T'r 1 .. ? • EO" TI ) / ( 1 • EO· r I )
fR AP := (/~+D) *F~~'i1U

IF (TRA~-1.00E~)/O,70,7

C STI\RT THE Me LrA~~ ANI) YOSHIMINF SECTION
C THIS Z['~US THF: INTEGRAL SUMS

"~N,~""""",,,,,~~,,,v""''''''N ~J. r,J.~.1
S tJ (,1 ( t ) ~
5 lP1 ( ? ) =0 ~

10 CONTINUE

70 FACT=( EXP(·TRA~ »*W
TE t~ M( 1 ) = F ACT * <. 1 • E0 + :~ t~ lJ ) .• *(SI GMA.f- SrGMA? ) .. \ "

,_._~~~~ ......~ ....T. E.g,.M..."...,J ...?,) ..=: .......IJ~JI ..M...( ...1.J.,..~"g."M ...U...~...,g.~.J;1~ ...~ ~.. ~__~ ,__._,_,_~.__._~,_~__....__...-.._._..__~._.,....~ :.' _~__
StJ t,~ ( 1. ) = SU i\~ ( 1. ).... TER~~ ( 1 )
S(I f~ (? ) = SUM ( 2 ) + T F: HMC2 )

7 T(T)= .... T(!)
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